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Abstract

The compressor stall/surge model of Moore and Gre-
itzer (11} is extended to include the spool dynamics.
This results in a model with four states, where the new
state is the B-parameter. The effect of a time vary-
ing B-parameter on the post stall transients of an axial
compressor is demonstrated through simulations of a
compression system with speed control.

1 Introduction

The low order model of Moore and Greitzer [11] for the
post stall transients of axial compression systems has
been used extensively in stall/surge analysis and con-
trol. In the original work of Moore and Greitzer, the
compressor speed is assumed constant. If the equilib-
rium of the compression systems is located to the left of
the surge line, which passes through the local maxima
of the compressor characteristic, the flow becomes un-
stable. Dependent on certain system parameters, and
as will be demonstrated, compressor speed, the insta-
bility can take the form of either rotating stall, surge or
both. Surge is an axisymmetric oscillation of the flow
and rotating stall is characterized by regions of reduced
flow that rotates around the annuf,us of the compres-
sor. These oscillations severely reduces the compressor
efficiency and can possibly damage the compressor. A
number of approaches to control of surge and rotating
stall have been proposed. A review of t%ne different ap-
proaches can be found in [1].

In [7] it was concluded that low values of Greitzer’s B-
parameter B leads to rotating stall, while high values
of B leads to surge. As B is proportional to the an-
gular speed of the machine, it is of major concern to
stall/surge controller design to include the spool dy-
namics in a stall/surge-model. A model for centrifugal
compressors with nonconstant speed was presented in
[2]. In [5] a similar model was derived, and surge and
speed control was investigated. However, as the mod-
els of42] and [5] are developed for centrifugal machines,
they do not include the equations for rotating stall.

In table 1, the development in stall/surge modeling and
control is outlined. In [8] it was demonstrated that the
model of [6] also applies to centrifugal compressors. It
seems that the modeling and control of an axial com-
pression system including both rotating stall and spool
speed is an open problem. The problem is also listed
among topics for further research in {7]. In this paper
we propose an extension to the Moore/Greitzer model
that includes the B-parameter as a state.

| Author(s) | states [[A/CTM/C/S |
Greitzer (6] b,V A M
Hansen et.al [§] [ ] C M
several (see [1]), incl. | @, ¥ A/C|C
Gravdahl/Egeland {3]
Moore/Greitzer [11 v, J A M
several (see [I]), incl. | ©,¥,J A C
Gravdahl/Egeland [4]
Fink et.al [2] e, ¥, B C M
Gravdahl/Egeland [5] | ¢,¥%,B C MCS
Gravdahl/Egeland ¢,V . JB{A MS
(this paper)

Table 1: Development in compressor stall/surge-
control. A=Axial, C=Centrifugal, M=Modeling,
C=stall/surge control, S=Speed-control
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Figure 1: Compression system

2 Preliminaries

The compression system consists of an inlet duct, in-
let guide vanes (IGV), variable speed axial compressor,
exit duct, plenum volume and a throttle. The throttle
can be regarded as a simplified model of a turbine. The
system is shown in figure 1. Our aim is to develop a
model for this system in the form

z = f(z), (1)

where 2z = (®, ¥, J, B)T and @ is the circumferen-
tially averaged flow coefficient, ¥ is the total-to-static
pressure rise coefficient, J is the squared amplitude of
angular variation (rotating stall) and B is Greitzer’s
B-parameter, which is proportional to the speed of the
compressor. The modeling of the compression system
relies heavily on the modeling in [11], however the as-
sumption of constant angular speed w, and thus con-
stant B, is relaxed and a momentum balance for the
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spool is included. In [11] nondimensional time was de-
fined as Ut

MG = 7 (2)

where U is the spool speed at mean radius, R is the
mean compressor radius and ¢ is time. As we in this
paper consider time varying U, this normalization will
not be used. Instead we propose to use

§= 'f'v (3)

where Uy is the desired constant velocity of the wheel.
Note that if Uy = U = const, we have that £ = {pq.
All distances are nondimensionalized wrt R, that is the
nondimensional duct lengths, are defined as

lf= = and lg = —. 4)

The axial coordinate is denoted n and the circumfer-
ential coordinate is the wheel angle 8. Greitzer’s B-
parameter is defined as
a U V
= /-2 (5)
2a, V A.L.
where a, is the speed of sound, V}, is the plenum volume,

A, is the compressor duct flow area and L, is the total
length of compressor and ducts. B and U is related as

AL (6)

U =bB, whereb 2 2a,
Ve

3 Modeling

3.1 Spool dynamics
The momentum balance of the spool can be written

dw
I'Et— =Tt — T¢, (7)
where w is the angular speed, I is the spool moment
of inertia, and 7; and 7, are the drive (turbine) torque
and compressor torque respectively. Using w = 2U/R,

(3) and (5), the spool dynamics (7) can be written
4a,1Uq [AcLcdB

=T — Te. 8

R? Vp d¢ Tt~ Te (8)

As in [2], torques are nondimensionalized according to
_ _ _ Tt — Te

r=r,-I.= SARUT (9)

where p is the constant inlet density. Now, equation (8)
can be written

dB
E = Ale(Ft bl I‘c), (10)
where the constant A; is defined as
a pR3A,
A= b. 11
1T oIU, (11)

As the compressor torque equals the change of angular
momentum of the fluid [9], the compressor torque can

be written
Te = mthipctip, (12)
where Ryp is the radius of the rotor and Clip is the
tangential velocity of the fluid as it leaves the rotor.
Using the slip factor
A Ctip
= — 13
T, (13)

equation (12) can be written

Rgip
=2 U. (14)

For simplicity, the inlet tangential velocity of the gas
has been ignored in 7.. The compressor mass flow is

given by
me = pAUg. (15)
Combining (12) and (15) gives

Te = 0Mg

_ thz'p 2
Te = 0pAc R U<, (16)
and by (9) the nondimensional compressor torque is
Riip\?
T.=c ( 1‘2") ®. (17)

3.2 Compressor
The pressure rise over a single blade row is [10]

PE— P _ _ d_¢
where o
= T (19)

is the local axial flow coefficient, F(¢) is the pressure
rise coefficient in the blade passage and 7 is a coeffi-

cient of pressure rise lag. According to [11], %? can be
calculated as

o _ (9¢ o¢
E B < at >rotor * ( 6t ) stator ' (20)

Using (3) it is seen that
) sex, s
Ot ) oror OO

30 3¢
_ Ugd¢ | 89 U(1)
= Roetow r Y
o8\  _ Uad
<-a—t—) stator B R 86’ (22)

where the unsteadiness of the flow through the sta-
tor passage reflects the accelerations associated with
transients effects. For the rotor there is also unsteadi-
ness due to the rotor blades moving with velocity U(¢)
through a circumferential nonuniform flow. Consider-
ing a compressor of IV stages, we get

P _ ey L (330, U38
_Zl_pUz =NF(¢) - 2a (2 o€ + Uqg 39) ’ (23)

where

0’ R
T NtUy;
is a constant. Note that if U({) = const and Ug = U
such that £ = £y, equation (23) is reduced to equation
5) in [11]. Tt is noted that the flow coefficient ¢ can
epend on both £ and 6, even though the atmospheric

stagnation pressure pr is constant. The average of ¢
around the wheel is defined as

(24)

27
o [ ole.0)00 2 8(6). (25)
0
Further
8= () +9(6,6)and h=h(E,0),  (26)

where A is a circumferential coefficient.



3.3 Entrance duct and guide vanes

The fact that the rotational speed of the wheel now is
assumed time varying does not change the conditions
upstream of the compressor. Therefore the equations
stated in [11] are still valid, and will be presented here.
The pressure difference over the IGVs, where the flow
is axial, can be written

p1—po _ 1 2
= =Kgh
where 0 < K¢ < 1 is the entrance recovery coefficient.

If the IGVs are lossless Kg = 1. Upstream of the IGV
irrotational flow is assumed so that a (unsteady) veloc-

ity potential é exists. The gradient of é gives axial and
circumferential velocity coefficients everywhere in the
entrance duct. At the IGV entrance point (denoted by

subscript '0’) we have

(¢n)o = B(€) +9(&,8) and (gg)o = h(£,6),  (28)
where partial derivation wrt n and 6 is denoted by sub-
scripts. Applying Bernoulli’s equation we get

PL_BY _ 2 (g2 4 12) + (d) (29)
pU2 - 2 €10

where the term (435)0 is due to unsteadiness in ® and
g- A straight inlet duct of nondimensional length I; is
considered, and the velocity potential can be written

$=(n+1)8() + ¢ m), (30)

where ¢’ is a disturbance velocity potential such that

#| =0, (8o =g(¢6) and (d)o = h(&,0)-

n=-
' (31)
Equation (29) can now be written
pr — P 1 dd -
=@ ) g + G (32)

3.4 Exit ducts and guide vanes

Downstream of the compressor the flow is complicated
and rotational. As inﬁjll], the pressure p in the exit
duct is assumed to differ only slightly from the static
plenum pressure p,(£), such that the pressure coefficient
P satisfies Laplace’s equation.

JAY pa(&) —p 2
P=——=- VP=0. 33
o (33)
The axial Euler equation {12] is used to find the pressure

drop across the exit duct. Generally we have in the x-
coordinate
dp _ dCy

- = , 34
dz P dt (34)
where C; is the velocity component along the x-axis,

the axial flow velocity. Employing the chosen nondi-
mensionalization of time and distance,

d Usd . d_14d

T R ™ & TRy (35)
we get

dpg _ 2_1_

4 -pU R(Pn)E (36)

iC: _ Usd g

= = FE G} (37)

Inserting (36) and (37) in (34) we get the following ex-
pression for axial Euler equation, evaluated at E, where
time varying U has been taken into account

(Pn)E = g_l;% {(‘i;n)oU}

au

= 2% |nedot + GG

From (28) we have

] . (38)

($ae)o = B¢(€) + (Fre)o- (39)
Inserting (28) and (39) into (38) we get
Uy [d® -, Uy dU -,
(P = 7 [ 52 + Ghedo| + 3 2 (26 + o]
40
We want that P = 0 for at the duct exit. Thus, (40)
L7 A
e [0~ 100 ~
Usd ~
rr [-me©-4]. @

Finally we get

BoPE — (Phe = gt |l - (m = DG
Ug dU

Da e [152(0) - (m — @] (42

where, as in [10] and [11], the compressor duct flow
parameter m has been included. It is noted that if
U (&) =const and Uy = U such that { = £y, equation
(42) is reduced to equation (20) in [11].

+

3.5 Overall pressure balance

Using the preceding calculations, we now want to cal-
culate the net pressure rise from the upstream reservoir
total pressure pr to the plenum static pressure p, at the
discharge of the exit duct. This is done by combining
equations (23), (27), (32) and (42) according to

B2 _ e - Lt — o 10t 2 528
= (VF(@)- 50 - +legh + D)5

PIiE U
Us N0 1
+ ((1 - m)ﬁd*1> (d¢)o = 5(1—KG)h2
Ud dUu g
+ 54 g (1226 = (m — 1(#)
]. <1 U T
~5 (2(¢£n)0 + U—d‘(¢no)0> ) (43)
where 9 96 5% 5 5
_ 992 5,99 99
25+ ~ “ac Tt a6
= 2524 2o+ Bl (40)

has been used. By defining *
0(E) = 2P |y, (p) = NF(g) - =¢* (45)
- pU2 ’ [ - 2

1 U
L) =l 4 ls 9+ = mo(U) = (L-m) 7f — 1,

U
and assuming K¢ = 1, (43) can be written
dd -
U(E) = Pe() = 1(U)=7 +mu(U)(de)o

dg
Ug dU 7
e g (120 — (m—1(@)

1/ Uz
o (W ) . )

1Notice that lc # LcR. As in [2] Lc used in the definition of
B is a constant. See equation (5).




which, with the usual assumptions, reduces to equation
(26) in [11]. Equation (46) requires knowledge of the
disturbance velocity potential ¢' and its derivatives. As
@' satisfies Laplace’s equation,V2¢' = 0, it has a Fourier
series. As an approximation only the first term of this
series is used, which means

(@1)o = —(Bpe)o- (47)
Switching notation to
Y(E8) 2 () = (Fo=-Yes,  (48)
equation (46) is written
U(E) = pol(® ~Yos) - zc(U)% + mu(U)Ye
Ug dU
+77 g (120 — (m-1Y(E,0))
_i% <2Y§ee + U%Yoao) . (49)

We now want to express equation (49) in terms of vary-
ing B instead of varying U. Using (5) it is seen that

U(E) = $el® - Yos) - zc(B)i’gi + ma(B)Y:
RLLNER GRS )
—51; (21’509 + I;—gYéoo) : (50)

Integrating (50) over one cycle wrt 6 we get

d®  U,TA 1 [
V(O HA(B) T HE -5 18(0) = 5 [ (8 —Yin)ds.
dg 27 Jo
(51)
3.6 Plenum mass balance
The mass balance in the plenum can be written
d
= (ppVy) = m, = m, (52)

where p, is the plenum density, m, is the mass flow
entering the plenum from the compressor, and m; is the
mass flow leaving through the throttle. Assuming the
pressure variations in the plenum isentropic, we have

dpp ai

_—= == - . 53
2 = grme—m) (53)
By nondimensionalizing pressure with pU?, mass flow
with pU A,, transforming to nondimensional time £, and
taking account for (5), (53) can be written

d¥ A 2 dB
where R
= b.
As .0 (55)
Using (10) we get
d¥ A,
—(—E =35 (® — &r) — 2AT'BY. (56)

The model of the compression system now consists of
the torque balance for the spool (10), the local mo-

mentum balance (50), the annulus averaged momentum
balance (51) and the mass balance of the plenum (56).

3.7 Characteristics
The compression systems characteristics are taken from
[11]. The usual 3rd order polynomial steady state com-
pressor characteristic is employed:

¥e(®) = vt H(1+ 265 ~1) - 22 - 17), (57)

¢ ¢ 2'W 2w ’

where the parameters 9.9, H and W are defined in [11].
The compressor characteristic can also be plotted as a
family of curves, one line for each rotational speed, with
the surge line passing through the local maxima of the
constant speed lines. However, when using the nondi-
mensionalizing employed here , these lines collapse into
a single curve ¥.(¢) [2], and the surge line collapses into
the local maximum v¥.(¢). When the compressor is in
rotating stall the characteristic is given by

0.0) = v+ (13 - D+ 35 - 1) 69)

The throttle characteristics is taken to be
&7 = 1VU. (59)

3.8 Galerkin procedure
As previously assumed Y is approximated with the first
term in a Fourier series, that i1s Y is represented by a
single harmonic function Y™ of unknown time varying
amplitude A(¢):

Y™ = WA(¢)sin( — r(£)), (60)
where r(£) is an unknown phase angle. From (50), we
get

I d®  UA
o= o (0B 1T e
R ()
1 bB
-5 (2)’500 + -U—dYéoo)) (61)
Defining ¢ = 8 — r(£), we get from (60)
Y= W% sin¢ — WA(§) cos (Z—z. (62)

The model developed thus far includes partial deriva-
tives of Y. A Galerkin approximation is to be used
to produce a set of ordinary differential equations. A
residue R, is defined as

A
REY - Y, (63)

The Galerkin approximation is calculated using the
weight functions

h]_ = 1, hl = sin C, hz = COSC (64)
and the inner product
1 27
(Roh)= 5= [ ROMQ.  (65)
T Jo

Calculating (R, h;) = 0 for ¢ = 1,2,3 and using (57)
give after some lengthy algebra

1 [ dd UsTA,

3= [ VD= +1(BY G + 1520
1 [ , _UgTAy(m — 1) dA
W A Y.(¢)sin CdC———b————A(é) + d_ﬁmB

1 [ dr , bB
7| #e()eos Cl=—(Gemp—3 74O, (60

where m/y = (3 —mp) and ¢ = & + WA()sin (. Ex-

amining the last equation in (66), it is recognized that



the integral vanishes, and assuming A # 0 the phase
angle r satisfies

dr o Xin

2Uq

T =—_2Us p

&~ T"mp(Bla (67)
Notice that time varying B implicates that the phase
angle 7 is not a constant, which was the case in [11].

3.9 Final model

By evaluating the integrals in (66), using (10}, (54) and
rearranging, we get the following model for the com-
pression system

@ H _‘I'—q/)co §£_ __{
&z lc(B)( 7 Tty -Va-3)
1, ¢ s IeUTA
_§(W 1)° - TH <I>> (68)
d¥ Ay
G el
e J<1 (W 1 4
_2UdI‘A1(m—1)W 3aH (70)
3bH (1-mpa)W
dB 2 2
E = Aer =A1(’U.—TC)B (71)
where J is defined as the square of the stall amplitude
A
J() = A*(¢), (72)

and v = 7 is the speed control. The model (68) is
in the desired form of (1). Notice that the model is
highly coupled, so that an acceleration of U should have
impact on all states. It should be noted that the model
developed in this paper can be reduced to other well
knowtil1 compression system models. This is summed up
in table 2.

Changes made [ Redefine Gives the
to (68)-(71) nondim. model of
time acc. to
J=0,8=0 [¢=% Greitzer [6]
U=UnT=0
%% =0,U=Uq | E=% Moore/Greitzer
r=0 (11]
J=0 £ :=twy Fink et.al. [2]

Table 2: Relation with other models. (wy is the Helmholtz
frequency)

4 Simulations

Here some simulations of the model will be presented.

For speed control, a simple P-type controller of the form

Ty =c(Us - U), (73)

will be used. The nondimensional drive torque I’

is used as the control, and feedback from compressor
speed U is assumed. Initial values were chosen as

(®o Ty Jo Bo) = (0.55 0.65 0.05 0.1), (74)

such that the (®, ¥)-trajectory starts on the stable part
of the compressor characteristic as can be seen in fig-
ure 2. In [5] compressor speed was controlled in a sim-
ilar manner, and stability was proven using Lyapunovs

theorem. Work on this subject for the model (68)-(71)
is underway. The desired speed was set to Uy = 215m/s
in both the following simulations. Numerical values for
the parameters in the model are given in appendix A.

4.1 Unstable equilibrium, v = 0.5

In figure 2, a simulation of the system is shown. The
throttle gain was set at v = 0.5 so that the equilibrium
is to the left of the local maximum of the characteris-
tic. As can be seen from figure 2, the compressor goes
into rotating stall as B (and thus compressor speef U)
is low. Moreover, when the applied torque from the
speed controller cause B to increase, the stall amplitude
J falls off and the compressor goes into surge. This is
what could be expected according to [7]. The surge os-
cillations have a period of £ ~ 180, which correspond
to a surge frequency of about 10Hz. A desired speed
of Uy = 215 corresponds to a desired B-parameter of
By = Uy/b = 2.23. After { ~ 1500 this value is reached.
As the compressor torque I'; varies with ¢, see equa-
tion (17), we would expect oscillations in speed U as the
compressor is in surge. This is confirmed by the lower
right plot in figure 2. In the upper plot of figure 3, the
trajectory starts on the stable part of the characteristic,
then rotating stall occurs and the trajectory approaches
the intersection of the throttle and in-stall characteris-
tics. As B increases the resulting surge oscillations are
clearly visible.

Figure 2: Simulation of the system (68)-(71). Low B leads
to rotating stall, and high B leads to surge.

4.2 Stable equilibrium vy = 0.65

In figure 4, the impact of the spool dynamics on a sta-
ble equilibrium of the compression system is illustrated.
Initial values were unchan%ed. The throttle gain was set
at v = 0.65, giving a stable equilibrium, and the speed
controller gain was chosen as ¢ = 1. The dotted tra-
jectories show the system response to a speed change
from U = 0.05 to U = 215. It can be seen that the
acceleration of U affects the other states of the model.
This is due to the couplings with speed U and torque I'
in the model. Of special interest is the stall amplitude.
The initial value of J SO) = 0.05 grows to nearly fully
developed rotating stall as the machine is accelerating,
but is quickly damped out as desired speed is reached.
The response is also plotted in the lower plot of ﬁgure 3.
Simulations show that this stalling can be avoided by
accelerating the compressor at a lower rate, that is by
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Figure 3: Simulations result superimposed on the com-
pression system characteristics. The compres-
sor characteristic, the in-stall characteristic and
the throttle characteristic are drawn with solid,
dashed and dash-dot lines respectively.

using a smaller c.

In contrast, the solid trajectories in figure 4 show the
response without the spool dynamics. Now, the initial
value J(0) = 0.05 is damped out very quickly, and @
and ¥ converges to their equilibrium values. The only
transient effects are due to the initial conditions.

L e

Yo 200 4006500 800 1000

Figure 4: Stable equilibrium with and without B-
dynamics

5 Conclusion and further work

A Moore-Greitzer axial compressor model with spool
dynamics has been derived. This results in a model
with time varying B-parameter. Through simulations
it has been demonstrated that the model is capable of
demonstrating both rotating stall and surge, and that
the type of instability depends on the compressor speed.

Compressor speed was controlled with a simple propor-
tional control law. Further work includes 1) Stabil-

ity analysis and stall/surge control design for variable
speed compressors, 2) The use of both speed control and
stall/surge control to achieve rapid acceleration without
stalling, and 3) Inclusion of higher harmonics in rotat-
ing stall, that is include more terms in the Fourier series
of ¢'. This will be the subject of future publications.

A Numerical values used in simulations

Sym. | value Sym. | value [ Sym. | value
R 0.lm p 11554 | a, | 3402
{ E 3 { I 2 Lc 3m
Vs 1.5m” A, 0.0lm?| a 0.3
H 0.18 W 0.25 Peo 0.3
I 0.03kgm”’ || m 1.75 g 0.9

Table 3: Compression system parameters used in simulations
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