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Abstract

We present in this paper a novel nonlinear model predic-
tive control scheme that guarantees closed-loop stability.
The scheme can be applied to both stable and unstable
systems with input constraints. The objective functional
to be minimized consists of an integral square error (ISE)
part over a finite time horizon plus a quadratic terminal
cost. The terminal state penalty matrix of the terminal
cost term has to be chosen as the solution of an appropri-
ate Lyapunov equation. Furthermore, the setup includes a
terminal inequality constraint that forces the states at the
end of the finite horizon to lie within a prescribed termi-
nal region. If the Jacobian linearization of the nonlinear
system to be controlled is stabilizable, we prove that fea-
sibility of the open-loop optimal control problem at time
t = 0 implies asymptotic stability of the closed-loop sys-
tem. The size of the region of attraction is only restricted
by the requirement for feasibility of the optimization prob-
lem due to the input and terminal inequality constraints
and is thus maximal in some sense.

1 Introduction

The history of model predictive control (MPC) began with
an attempt to use the powerful computer technology to
improve the control of processes that are constrained, mul-
tivariable and uncertain [5, 18]. In the last decade, many
formulations have been developed for linear or nonlinear
systems [6, 9], that found successful applications especially
in the process industries [15, 17]. But still no completely
satisfying approach is known, that gives both computa-
tional attractiveness and guaranteed closed-loop stability.
This paper represents an attempt in that direction.

In general, the MPC problem is formulated as solving
on-line a finite horizon open-loop optimal control prob-
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lem subject to system dynamics and constraints involving
states and inputs. However, as shown in [1], this gen-
eral form of MPC does not guarantee closed-loop stability,
because a finite horizon criterion cannot deliver asymp-
totic stability. Closed-loop stability can only be achieved
by tuning design parameters such as prediction horizon
and control horizon. Therefore, Bitmead [1] suggested an
infinite horizon method (closely related to LQ control),
which, however, results in an optimization problem that
can generally be solved only for unconstrained linear sys-
tems.

For linear systems with constraints, the work of Rawl-
ings and Muske [16] represents a significant leap forward
in the MPC theory, where nominal closed-loop stability
is guaranteed, independent of the specification of the de-
sired control performance. For constrained nonlinear sys-
tems, a few restricted results can be found in the liter-
ature (e.g. [7, 11, 14, 19]), where Mayne and Michalska
have contributed some very important issues. They have
shown in [10, 12] that under some strong assumptions, fi-
nite horizon MPC is able to stabilize a class of nonlinear
systems with constraints. The finite horizon constrained
optimal control problem is posed as minimizing a standard
quadratic objective functional subject to an additional ter-
minal state equality constraint requiring the states to be
zero at the end of the finite prediction horizon. However,
from a computational point of view, an exact satisfac-
tion of the terminal equality constraint requires an infinite
number of iterations in the nonlinear case. An approxi-
mate satisfaction means that the achieved stability is lost
inside the region of approximation. In order to avoid this,
they extended their work in [13] with a terminal inequal-
ity constraint such that the states are on the boundary of
a terminal region at the end of a variable prediction hori-
zon. They suggested a dual-mode receding horizon control
scheme with a local linear state feedback controller inside
the terminal region and a receding horizon controller out-
side the terminal region. Closed-loop control with this
scheme is implemented by switching between the two con-
trollers, depending on the states being inside or outside



the terminal region.

In this paper, we introduce a quasi-infinite horizon non-
linear MPC scheme that optimizes on-line an objective
functional including a finite horizon cost and a terminal
cost, subject to systems dynamics, input constraints and
an additional terminal state inequality constraint. The
feasibility of the terminal inequality constraint implies
that the states at the end of the finite horizon are in a pre-
scribed terminal region, in which the terminal states are
penalized in such a way that the terminal cost bounds the
infinite horizon cost of the nonlinear system controlled by
a local linear state feedback. Thus, the proposed nonlinear
model predictive controller has a quasi-infinite prediction
horizon, but the input profile to be determined on-line
is only of finite nature. If the Jacobian linearization of
the nonlinear system to be controlled is stabilizable, the
unique positive definite, symmetric solution of an appro-
priate Lyapunov equation can serve as terminal penalty
matrix, and a neighborhood of the origin serving as ter-
minal region can be determined off-line. The closed-loop
asymptotic stability is then guaranteed by the feasibility
of the open-loop optimal control problem at time ¢ = 0.
Because the local linear state feedback is only used to cal-
culate the terminal penalty matrix and the terminal region
off-line, no switching between controllers is needed in cal-
culating the closed-loop control, no matter whether the
states are inside or outside the terminal region.

The paper is structured as follows: Section 2 describes
the proposed quasi-infinite horizon nonlinear MPC prob-
lem. Section 3 gives some preliminary results about a
region of attraction and a performance bound of the non-
linear system controlled by a local linear state feedback.
A procedure for determining the terminal region and the
terminal penalty matrix off-line is outlined. In Section 4,
closed-loop stability is discussed and sufficient stability
conditions are given. Simulation results for an unstable
system are shown in Section 5.

2 Problem setup

The class of systems to be controlled is described by the
following general nonlinear set of ODEs

@(t) = f (z(t),u(t), =(0) =0 (1)
with state vector x(t) € IR™, input vector u(t) € IR™ and
subject to input constraints u(t) € U. We consider in this
paper the state feedback case and thus assume that all
states are measurable. It is also assumed that

Al) f: R" x R™ — IR"™ is twice continuously dif-
ferentiable and f(0,0) = 0. Thus, 0 € IR" is an
equilibrium of the system,

U C IR™ is compact, convex and 0 € IR™ is
contained in its interior,

A2)
A3) system (1) has a unique solution for any initial
condition xy € IR™ and any piecewise continu-
ous u(-) : [0,00) = U.

We shall first introduce some notation: For any vector
x € IR"™, ||z|| denotes the 2—norm and the weighted norm
||lz||p is defined by ||z||3 := T Pz, where P is an arbi-
trary Hermitian, positive definite matrix. For any Hermi-
tian matrix A, Apmaz(A4) and A (A) denote the largest
and the smallest real part of the eigenvalues of the matrix
A, and ||A|| stands for the induced 2—norm of A. In order
to distinguish clearly between the “real” system and the
system model used to predict the future “within” the con-
troller, we denote the internal variables in the controller
by a bar (z,u) to indicate that the predicted values need
not and will not be the same as the actual values.

In the following, we describe the problem setup for the
introduced quasi-infinite horizon nonlinear MPC scheme.
The open-loop optimal control problem at time ¢ is for-
mulated as

min J ((t), 4(")) (2)

with

t+ T,
J(z(t),u() = /t (l2(m 2(t), Ollg + lla(r)|z) dr

+HlE(t + Tps2(t), Ol (3)
subject to
& = f(z,0), 2(52(t),1) = 2(t) (1a)
u(r) e U (4b)
Z(t+ Ty z(t),t) € Q, (4c)

where @ € R"™ "™ and R € IR™*™ denote positive def-
inite, symmetric weighting matrices; 7}, is a finite hori-
zon; Z(-;x(t),t) is the trajectory of (4a) driven by @(-) :
[t,t + Tp] — U. Note the initial condition in (4a): The
system model used to predict the future in the controller
is initialized by the actual, measured system states.

The objective functional (3) consists of a finite horizon
standard cost to specify the desired control performance
and a terminal cost to penalize the states at the end of
the finite horizon. The terminal inequality constraint (4c)
will force the states at the end of the finite horizon to
be in some neighborhood of the origin, called here ter-
minal region . As we will see, in the terminal region,
the quadratic terminal cost ||Z(t + Tp; x(t),t)||% bounds
the infinite horizon cost of the nonlinear system model
controlled fictitiously by a local linear state feedback, i.e.,

o0

2 (t + Tp; 2(t),t)|| P 2/ (lz(r; (), t) g + lla(r)l%) dr
t+Tp

u = Kz Vz(t + Tp; x(t),t) € Q. (5)

The positive definite and symmetric terminal penalty ma-
triz P € IR™*™ together with the terminal region Q2 is de-
termined off-line such that inequality (5) holds true and
the input constraints are satisfied. If we substitute (5)
into (3), we have

J (x(t),u) > /too (lz(rs2(®), Ol + lla(n)lE) dr,



where u(7) = Kz(r;x(t),t) for 7 > ¢t + T,. In this sense,
the prediction horizon of the proposed nonlinear predictive
controller expands quasi to infinity.

The optimal solution of (2) with (3) subject to (4)
at time ¢, (existence assumed), will be denoted by
a*(x(t),t) : [t,t +Tp] — U and the corresponding op-
timal value by J*(z(t)) := J(x(t),u*(-)). In the MPC
implementation, the input profile is applied to the system
only until the next measurement becomes available. We
assume that this will be the case every § time-units. So §
denotes the “sampling time” and the closed-loop control
is defined by

u* (1) = a*(r;2(t),t),7 € [t,t + J]. (6)

With the new measurement, the optimization problem will
be solved again. Thus, the local linear state feedback con-
troller will never be directly applied to the system. It
is only used to determine the terminal penalty matrix P
and the terminal region € off-line, as described in the next
section.

3 Preliminary results

By slight modification of the associated content in [13],
we present preliminary results about a region of attrac-
tion and a performance bound of the nonlinear system
controlled by a local linear state feedback. These results
allow us to outline a procedure to systematically deter-
mine the terminal region and the terminal penalty matrix,
and will be used to prove closed-loop stability of the pro-
posed control scheme. Since the terminal region and the
terminal penalty matrix can be calculated off-line, vari-
ables without a bar will be used in this section.
We consider the Jacobian linearization of (1) at the ori-
gin
& = Ax + Bu, (7)

where A := %(0,0) and B := %(0,0). If (7) is sta-
bilizable, then a linear state feedback w = Ka can be
determined such that Ax := A 4+ BK is asymptotically
stable. Thus, the closed-loop system

z = f(x,Kx) (8)

is locally asymptotically stable. The following lemma can
be stated.

Lemma 1 Suppose that the Jacobian linearization of (1)
at the origin is stabilizable. Then,

(a) the Lyapunov equation
(A + k)T P+ P (A +6I) = —-Q*  (9)
with Q* = Q + KTRK and k € [0, — Aoz (Ak)) ad-

mits a unique positive definite and symmetric solution
P,

(b) there exists a constant o € (0,00) specifying a neigh-
borhood §) of the origin in the form of

Q:={z € R"|z" Pz < a} (10)

such that such that Kz € U, for all x € Q, and Q is
invariant for (8).

Sketch of the proof: Since Q* is positive definite and sym-
metric, (a) is true by the general conditions for the solv-
ability of Lyapunov equation.

Due to 0 € IR™ being contained in the interior of U, we
can always find an ag € (0, 00) such that K& € U, for all
zeM ={xecR|e"Pr<am}.

Let o € (0,0a4] specify a region in the form of (10).
Since a < aq, the input constraints are satisfied in 2 and
need not be concerned.

We differentiate &’ Px along a trajectory of (8) and
obtain

im(t)TPm(t) =x(t)T (AL P + PAg)x(t)

dt
+2x(t) P (z(1)) ,

where ¢(x) := f(x, Kx)— Agx. The term involving ¢(x)
in the above inequality is bounded above as follows:

(11)

P -
' Po(x) < ”—¢ z||%, 12
¢(x) < i (P) |zl (12)
where Ly := sup {%—aﬂ)u |z € Qx# 0}. Now we choose
an « € (0, ;] such that in
1y < 5 Amin(P) (13)
PPl
Then, inequality (12) leads to
2l Pop(x) < k-xlPx. (14)
Substituting (14) into (11) yields
La(t) Palt) < ()" Q'2(),  (15)

dt
where (9) is used.

Since P > 0 and Q* > 0, inequality (15) implies that
the region ) defined by (10) is invariant for (8). Moreover,
any trajectory of (8) starting in {2 staysin 2 and converges
to the origin. a

If we use the notation introduced in Section 2 for inter-
nal variables in the controller, integrating (15) from ¢+ T,
to oo with initial state Z(t + Tp;x(t),t) € Q yields (5).
The solution P of (9) and the region € in the form of (10)
are able to serve as terminal penalty matrix and terminal
region. A procedure can be stated to determine a terminal
penalty matrix P and a terminal region Q (preferably as
large as possible) off-line:

Step 1: solve a control problem based on the Jacobian
linearization to get a locally stabilizing linear
state feedback matrix K,



Step 2: choose a constant & € [0, —Anae(Ak)) and
solve the Lyapunov equation (9) to get a pos-
itive definite and symmetric P,

find the largest possible @; € (0,00) such that
Kx e U, for all € ),

find the largest possible a € (0, a;] in (10) such
that inequality (13) is satisfied in 2, or less con-
servatively, such that the optimal value of the
simple optimization problem is nonpositive:

Step 3:

Step 4:

max {z"P¢(x) — k- 2" Pz | 2" Pz < a} .(16)

A discussion on the optimization problem (16) and on
finding the maximum a4 in Step 3 can be found in [13].

4 Asymptotic stability result

In this section, we make use of the notation introduced
in Section 2 and distinguish between the predicted val-
ues in the controller and the actual ones in the “real”
system. That is, we use Z(-;x(t),t) to denote the pre-
dicted trajectory of the system model (4a) starting from
the actual, measured state x(t) and driven by u(-), when
the prediction is made at “real” time t. Now we address
the asymptotic stability of the closed-loop system with the
proposed quasi-infinite horizon nonlinear model predictive
controller (6):

&(t) = f (x(t),u" (1)),
Theorem 1 Suppose that

z(0) = xo. (17)

(a) assumptions A1) — A3) are satisfied,

(b) the Jacobian linearization of the nonlinear system (1)
is stabilizable,

(c¢) the open-loop optimal control problem (2) with (3)
subject to (4) is feasible at time t = 0,

(d) for xy = 0, the optimization problem can be globally
optimally solved.

Then, for small sampling time § > 0 and in the absence
of disturbances, the closed-loop system (17) is nominally
asymptotically stable. Let X C IR™ denote the set of all
initial states for which assumption (c) is satisfied, then,
X gives a region of attraction for the closed-loop system.

Sketch of the proof: According to the principle of MPC,
the optimization problem (2) — (4) has to be solved re-
peatedly, whenever new measurements are available. So
closed-loop stability requires first the feasibility of the op-
timization problem at each time. Following a standard
argument also used for example in [7, 13, 16], we can show
that, for the nominal system without disturbances and for
small sampling time § > 0, the feasibility of the optimiza-
tion problem at time ¢t = 0 implies its feasibility for all
t > 0. Thus, for any initial state &y € X, the optimiza-
tion problem is feasible at each time.

In oder to prove closed-loop stability, we secondly show
that the optimal value function is strictly decreasing,
as long as the closed-loop system is not at the origin.
To do this, we start out with the optimal input pro-
file w*(-;x(t),t) : [t,t + Tp] — U determined at time ¢
and construct a feasible (but not necessarily optimal) so-
lution to the optimization problem at time t + §. For
this feasible input profile we can compute the correspond-
ing value of the objective functional that we denote by
J(x(t+90)) := J(x(t + ), u(-)) and show that

t+6
J(z(t +0)) < J*(=(t)) —/ (l(M)IE + llu(r)IZ) dr.

It is clear that the optimal solution at time ¢ + § will be
not worse than the feasible one. Thus, we have

t+6
T (@(t +0)) < T (2(t)) —/ ()G + lu(r)lI%) dr.

Then, we define a function V(&) for the closed-loop sys-
tem (17) as V(x) := J*(x) and show that it has the prop-
erties that V(0) = 0, V(x) > 0 for  # 0 and V(x)
is continuous at = 0. Hence, using a standard argu-
ment (e.g. [8]) we can prove that the closed-loop system
is stable. Furthermore, we can show that x(t) — 0 as
t — oo, without having to use a continuous differentia-
bility assumption on V(x). Thus, the closed-loop system
is asymptotically stable. Finally, we can prove by contra-
diction that X is invariant for the closed-loop system and
hence belongs to the region of attraction for the closed-
loop system. For a complete proof see [3]. O

Remark 4.1 When applying this control scheme to prac-
tical systems, the numerical optimization employed may
not find the globally optimal input profile at every time
step, but may for example be caught in a local optimum.
Even though optimal performance might be lost this way,
stability can be guaranteed nevertheless, as the stability
guarantee does not depend on the optimality of the solu-
tion found but merely on its feasibility. Indeed, starting
with the shifted feasible solution from the previous step,
the optimizer can find an another feasible solution that is
not worse than the shifted one at each step.

5 Example

As an example for demonstrating the proposed control
scheme, we consider the following nonlinear system:

T = Ty + U(05 + 055[71)
i‘z = + U(05 — 21’2) .

(18a)
(18b)

This system is a modification of the system used in [10] in
that it is unstable and its linearized system is stabilizable
(not controllable). In addition, it is assumed that the
input u suffers the following constraint:

U={ue R'-20<u<20}. (19)



For this unstable constrained system, assumptions Al) —
A3) are satisfied. The weighting matrices @) and R in the
objective functional (3) are chosen as

0.5 0.0
Q‘(o.o o.5>’ E=10.

In order to find a terminal penalty matrix P and a largest
possible terminal region 2, we follow the procedure de-
scribed in Section 3. First, solving the linear optimal con-
trol problem with the weighting matrices given in (20) for
the linearized system, we get a linear locally stabilizing
state feedback matrix

(20)

K =1]2.118 2.118]. (21)
The largest eigenvalue of the closed-loop linearized sys-
tem iS Apaz(Ax) = —1.0. Then, we choose a constant
k = 0.95 which implies that the unique solution of the
Lyapunov equation (9)

P <16.5926 11.5926> (22)

11.5926 16.5926

is positive definite, symmetric and can be used as termi-
nal penalty matrix. After that, a; = 12.5 is found to
specify a region in which the linear feedback control sat-
isfies the input constraint (19). Finally, we find a region
Q = {x € R?*|z" Pz < 0.025} such that inequality (13)
is satisfied. However, this region is very small, because

of the small value (0.1774) of )‘m‘(]’;l(lp). From the simple

optimization (16), we can however easily derive a less con-
servative terminal region:

Q={zeRz"Pz <07} . (23)

The open-loop optimal control problem described
by (2) — (4) is solved in discrete time with a sampling
time of § = 0.1 time-units and a prediction horizon of
T, = 1.5 time-units. A few trajectories corresponding
to different initial conditions of the unstable constrained
system (18) controlled by the proposed controller with pa-
rameters (20), (22) and (23) are shown in Fig. 1. The solid
lines represent closed-loop trajectories; the dashed line is
the boundary of the terminal region given by (23); the
dash-dotted lines denote the predicted open-loop trajec-
tories that are found by solving the optimization problem
at time ¢ = 0 and are only of finite horizon. It is clearly
seen that the finite horizon open-loop trajectories end in
the terminal region, as expected to be achieved by the
terminal inequality constraint.

It should be emphasized that the linear state feedback
K in (21) is not explicitly used to calculate the closed-
loop control. The closed-loop control is determined by
solving on-line the optimization problem given by (2) —
(4) repeatedly. For the chosen prediction horizon T}, and
sampling time §, the optimization problem is feasible at
each time. Thus, for the nominal system without distur-
bances, the stability conditions given in Section 4 are all

L L L L L L L L L
~ -08 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

Figure 1: Trajectories from different initial states.

satisfied. The closed-loop trajectories in Fig. 1 are guar-
anteed to converge to the origin. Time profiles for the
closed-loop system (not presented) show that the input
constraint (19) is not violated.

The proposed nonlinear MPC scheme has significant
computational advantages when compared to other ap-
proaches. To show this, we compare the proposed con-
troller (called controller A) to two other predictive con-
trollers (B, C):

A : P given by (22), terminal inequality constraint x(t +
Tp;x(t),t) € Q with Q given by (23), T, = 1.5,
B : P =0, no terminal constraint, T), = 3.5,

C: P = 0, terminal equality constraint (¢t +
Tp;x(t),t) =0, T, = 3.5.

Controller A is designed with the proposed method and
has guaranteed stability. For controller B, there is no ter-
minal constraint and the terminal states are not penal-
ized. This controller corresponds to the general form of
MPC usually used for applications. Closed-loop stabil-
ity can only be achieved by tuning the horizon T},. Here,
T, = 3.5 time-units is the shortest horizon determined by
trial and error such that the closed-loop system is stable,
(for T, = 1.5 time-units, the closed-loop system is unsta-
ble). For controller C, the well-known terminal equality
constraint Z(t+ Tp; x(t),t) = 0 is used. Hence, a terminal
state penalty does not make sense. Closed-loop stability is
also guaranteed, if the optimization problem at time ¢ = 0
is feasible.

For a total simulation of 10 time-units, the elapsed CPU
times are shown in Table 1 for some different initial condi-
tions, where the controllers A, B and C use the same opti-
mization routine and the same integration algorithm with
the same numerical parameters (optimality tolerance, fea-
sibility tolerance, integration step, etc.). The symbol “x”
in Table 1 indicates that the optimization problem is not
feasible at time ¢t = 0. It is clearly seen that controller A
needs significantly less CPU time than controllers B and
C. Here, controller B might be treated somewhat unfairly.
In practice, one can use techniques such as blocking or



Table 1: Comparison of elapsed CPU time

Initial state Elapsed CPU time (s)

x1(0) 22(0) | Contr. A | Contr. B | Contr. C
—0.683 | —0.864 859 1521 *
—0.523 | 0.744 818 1492 *
0.808 0.121 615 1638 *
0.774 | —0.222 570 1522 59729
0.292 0.228 820 1724 *
—0.08 | —0.804 696 1544 2093

confounding to reduce on-line computation time. How-
ever, an important drawback of controller B is that sta-
bility can only be achieved by tuning parameters such as
the prediction horizon. The big difficulty for controller C
is the infeasibility of the optimization problem caused by
the terminal equality constraint.

6 Conclusions

In this paper we proposed a quasi-infinite horizon non-
linear MPC scheme with guaranteed stability. The setup
differs from the standard setup with quadratic objective
functional only in that a terminal state penalty term
(x(t + T,)Y Pz(t + T,)) is added to the finite horizon ob-
jective functional and an additional terminal inequality
constraint (x(t + 1)) € ) has to be satisfied. These two
terms do however not constitute additional tuning param-
eters that can be chosen freely, but have to be determined
according to the procedure given in the paper. We have
proven that asymptotic stability of the closed-loop sys-
tem is guaranteed by the feasibility of the optimization
problem at time ¢ = 0, independent of the choice of the
performance parameters (Q and R in the quadratic objec-
tive functional. Thus, a separation between performance
and stability issues is achieved in some sense. Terminal
state penalty matrix P and terminal region 2 can be de-
termined off-line in a straightforward manner, essentially
involving the solution of a linear stabilization problem and
a Lyapunov equation.

The main advantage of this scheme is its guaranteed
asymptotic stability that does not need to assume that
the optimal solution to the minimization problem is found
at each time. In addition, the quasi-infinite horizon non-
linear MPC scheme is computationally more attractive
than other nonlinear MPC schemes that also guarantee
asymptotic stability (terminal equality constraint, infinite
horizon). This was also demonstrated with the control of
an unstable and constrained system. The computational
burden involved with this scheme can be further reduced,
when the open-loop system is asymptotically stable [2].
We have furthermore extended this approach to synthe-
size a robust nonlinear predictive controller. A preliminary
discussion and first result can be found in [4].
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