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ABSTRACT

Parallel-cascade realizations of truncated Volterra systems imple-
ment higher-order systems using a parallel connection of mul-
tiplicative combinations of lower-order systems. Such rediza-
tions are modular and permit efficient approximations of truncated
Volterra systems.  Frequency-domain realizations of the least-
mean-square (LM S) adaptivefilter and the normalized LM S adap-
tive filter that implements the system model using the parallel-
cascade structure are presented in this paper. Computational com-
plexity analysis and simulation results show that the normalized
frequency-domain, parallel-cascade LM S adaptive quadratic filter
has the advantages of computational simplicity and superior per-
formance over direct form realizations.

1. INTRODUCTION

Truncated Volterra system models have found a variety of usesin
adaptive filtering applications in the recent past. One difficulty
with Volterra system models is the large number of coefficients
they require to adequately characterizethe behavior of many phys-
ical systems. Parallel-cascade realizations that implement higher-
order Volterra systems as parallel combinations of multiplicative
connections of lower-order systems were recently shown to be
capable of approximating truncated Volterra systems efficiently
[1, 2]. Stochastic gradient adaptive filters employing such struc-
tures were also presented in these papers. This paper introduces
frequency-domain realizations of block-adaptive parallel-cascade
truncated Volterrafilters. A frequency-domain implementation of
direct form adaptive Volterra filtersis described in [3]. We demon-
strate using a variety of experiments that frequency-domain real-
izations of parallel-cascade adaptive Volterra filters exhibit faster
convergencespeedsand lower computational complexity thantheir
direct form counterparts.

For the sake of simplicity , all the derivations and experiments
in this paper are done for homogeneous quadratic systems with
input-output relationship

N—-1 N-1

y(n) = Z Z ha(m1, m2)z(n — my)x(n —m2), (1)
m1=0 mo=0

where hz (m1, m2) represents the coefficients of the quadratic ker-
nel, N denotes the memory length in number of samples, and
z(n) and y(n) are the input and output signals, respectively, of
the system. We assume that the coefficients are symmetric so that
ha(mi, m2) = ha(ma2, m1), and that the coefficients as well as
the input signals are real-valued.
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2. BLOCK ADAPTIVE REALIZATIONS

We consider a block-adaptive truncated quadratic filter whose co-
efficients for the {th input block is defined by the matrix H(?). We
assumein our discussion that the block length M = 2N and that
the distance between the starting samples of adjacent segmentsis
N samples. Let h(s, 5;1) denotethe (2, 5)th element of H(). Be-
cause of the symmetry of coefficients h(s, j;1), H({) can be de-
fined as a symmetric matrix. Then, the output of the adaptivefilter
during the lth block is given by

d(IN4n) =x"(IN+n)H()x(IN+n); 0 <n < N—1, (2)
where the N-element input vector x(IN + n) is defined as
x(IN +n) =[2(IN+n), -, e(IN+n-N+1)]". (3

L et us expressthe coefficient matrix H(!) using singular value de-
composition as
H() =Y ai(yu(ul (1), @)
=1
where r is the rank of H(!), o;({)’s are its singular values and
u;(!)’s are the corresponding singular vectors. Substituting (4) in
(2) resultsin

T

d(IN +n) =" oil)y?(IN +n), (5)

=1

wherey; (IN +n) = uf (1)x(IN +n) isthe output of alinear filter
whose coefficients are defined by the singular vector u;(7). Thus,
the output of a homogeneous quadratic filter can be obtained asa
weighted sum of the squared outputs of r linear filters as shownin
Figure 1. This structure is known as a parallel-cascade realization
of the quadraticfilter. Oneadvantageof parallel-cascadesystemsis
that reduced complexity approximations can be easily obtained by
discarding the branches corresponding to lower values of the sin-
gular values of the coefficient matrix.

The coefficientsof ablock LM S adaptivefilter that attemptsto
reduce the sum of the squared estimation errors

Ji = Z_: (d(lN +n) =Y oy (N + n)) (6)

n=0 =1



a.()

Figure 1: Block diagram of a parallel-cascade realization of aho-
mogeneous quadratic Volterrafilter.

during each iteration are updated as

(I+1)=eid) %aif(lz)
=o;(l) +p Z_: e(IN + n)y?(lN +n) @)
and - aJ
(1) =u(l) - %aui(lz)

e(IN+n)xy:(IN+n)x(IN+n). (8

+2u2m

where i isa posmve step size.

The above update algorithm exhibits show slow and input-
dependent convergence behavior similar to the characteristics of
direct form LM S adaptivefilters. In what follows, wederive anor-
malized filter that shows superior convergence behavior.

2.1. Normalized LM S Adaptive Parallel-Cascade Filters

Let a',‘(l + 1) = a',‘(l) + Aa’,‘(l) and u,'(l + 1) = u,‘(l) + Aui(l)
be the coefficients updated during the iterations on the sth branch
for the ith block of data. We wish to choose Aa; (1) and Au;(1)
such that
d(IN + 1) =" (o:(l) + Loi(1) FIN +n);
=1

n=0,...,N—1, 9)
whereg; (IN+n) = (u;(1) + Aui(1))" x(IN+n). Our goal isto
solvefor As;(1) and Au;(I) by minimizing the magnitude of the
increments definedas . _, (||Aa','(l)||2 + ||Au,'(l)||2), subject
to the equality of (9). For this purpose, we define a cost function

T

cy =" (1acO)* + | 2u0)]*) + A0 x

=1

: (d(lN +m)—

m=0

> (ol + Aoi(l) N + m)) , (10)

=1

where A(1) isaLagrangemultiplier. We note herethat weemploy a
singleconstraintin (10). Even though this constraint can be met by
choices of coefficientsthat do not force the error values at eachin-
stant to be zero, thisformulation resultsin arelatively simple adap-
tive filter structure. Experimental results presented later show that

the adaptivefilter that results from this approach performsin asu-
perior manner to competing structures.

In order to solve for As;(1) and Au;(l), we take the partial
derivativesof C'(1) with respectto Ao;(1) and Au;(1), and equate
the results to zero to get

oc(ly =
anop — 200 Z:: (IN+m)=0 (1)
and
N—-1
aic;(f()l) = 28u(l) = 22(1) _O(ai(l) + Aoy(l)) x
§i(IN+m)x(IN +m) =0, (12
respectively.

Solving for Ae;(1) and Au;(1) from (11) and (12) requires
the simultaneous solution of a set of 2r coupled, nonlinear equa-
tions. In what follows, we employ an approximation similar to
that used for deriving the time-domain realization of the normal-
ized LMS adaptive parallel-cascade Volterra filter in [2]. We as-
sume that the coefficients experience only small changes during
the updates so that we can employ the approximate relationships
a',‘(l) ] a',‘(l) + Aa’,‘(l) and u,‘(l) ] u,‘(l) + Aui(l) in appro-
priate parts of the derivation. Even though this approximation can
berigorously justified only during thefinal stagesof adaptation, ex-
perimental results have shownthat the resulting algorithm provides
fast convergence behavior at the initial stages of operation of the
adaptivefilter also.

Multiplying (11) with §2(IN + n), adding 20 ()32 (IN +
n) to the result, then using o;(I) and u;(l) to approximate
(os(1) + Aoi(l)) and (ui(l) + Aue(l)), respectively, on the
right-hand-side of the resulting equations and adding the results
over all ¢ gives

r N-—1
2e(IN +1n) = A1) Y >yl (IN +m)y(IN +n).  (13)
1=1 m=0
The derivation of this step assumesthat the constraintin (9) is sat-
isfied by the solution. Adding (13) over al » in the block gives

23 e(IN+n) =20 |y I, (14)

wherey;:(l) = [y:(IN), ys(IN + 1), ...
similar manner, we can show that

Z (IN 4+n) = (1 Za NXOy:i (D], (15)

JUi(IN+N =1 Ina

WhereXEll) = [x(IN),x(IN + 1),..., (IN + N —1)]. Com-
bining (14) with (15) and solving for A() gives
Al = e (16)

Po(1) + Pu(l)’

where P.(1) = z "e(IN +n), Po() = ST |lyi(D]*, and
Puly=3_,0 ()IIX() O]

Substituting (16) in (11) and (12) after invoking the slow co-
efficient variation approximation gives the desired solutions for
Aoi(l) and Au;(l) . Employing the resulting expressionsin the
coefficient update equations may create large fluctuations in the
coefficients. Consequently, the normalized block LMS adaptive



parallel-cascadefilter changesthe coefficients afraction of thedis-
tance suggested by the solution to the constrained optimization
problem. Thus, the coefficient updates are given by
N-1
. — g 1 2
oi(l+1) = oi() + ZuA(1) D yiN+m) (A7)
m=0

and

N-1
wi(l+1) = w()+pA(1) D o)y (IN+m)x(IN+m), (18)
m=0
where 1 isapositive step sizevalueand A(1) isgiven by (16). De-
riving arigorous bound on u for the stable operation of the adaptive
filter is difficult. However, we can show using heuristic arguments
that a choice of x in the rang (0,2) should result in a stable algo-
rithm. In general, we use much smaller valuesof the step size than
the upper bound of 2.

2.2. Frequency-Domain Realizations
2.2.1. LMSAdaptive Parallel-Cascade Filter

We start our discussion by considering the update equationsfor the
coefficients given by (7) and (8). We notethat o;(!) is ascalar el-
ement. Thereis no significant computational simplification possi-
ble by implementing (7) in the frequency-domain. Consequently,
our algorithm implements the updates for the scaling factorsin the
time-domain, using the expressionin (7).

Let g;,:(m) denote the mth element of the gradient vector of
thelth segment

aJ
au,l = —4201

Then
gs, l =—4 Z a'z
(20)

Using arguments similar to the derivation of the frequency-domain
direct form adaptivequadraticfilter [ 3], wecan showthat (8) canbe
implemented in thefrequency-domain using the overlap-savetech-
niquein the following manner.

Let us define awindowed version of the product signal

e(IN+n)y;(IN +n)x(IN +n). (19)

e(IN 4+ n)y;(IN + n)z(IN +n —m) .

0; 0<n<N-1
€y, (n) = { e((l = DN+ n)yi((l = YN + n); (21)
N <n<2N -1,

andlet £,, , (k) denotethe 2N-point DFT of é,, ,(n). Then

2N -1
Z El/ l ) (_N)km§

0<m<2N—-1, (22

gii(m) = —4oi(1

where X" (k) denotesthe complex conjugateof X; (k). Inasimilar
manner, let us define two windowed signals

. _J gii(m); 0<m<N-1

gin(m) = { 0; N<m<2N -1 @3
and

. ) ougi(m); 0<m<N-1

i y(m) = 0; N<m<2N-1. (@4

Also, let V., ;(k) and U, ; (k) represent the 2N-point DFTs of
gi,i(m) and @;,1(m), respectively. We can obtain the frequency-
domain implementation of the update equation as

Table 1: Frequency-domain LMS parallel-cascade realization of
the adaptive quadratic filter.

Given: xo = [0,---,0,2(0),---,&(N — )]T
=[z(IN=N),---,a(IN+ N-1)]";1>1
d;=[0,---,0,d(IN),---,d(IN+ N — 1)]T
Compute at block timel, 1 <1 < r:
Xl(k) = DFT {Xl}
Vii = [§:(0), -+, gia(2N = 1)]"
= IDFT { Xy (k)U, 1 (k)}

(k
1(21) - [0 ) '701g12,l(N [ Avgil(ZN - 1)]T
1= [ 70,cl(l]\7)7~~~,d(l]\7—|—N—l)]T

er=di—d;=1[0,---,0,e(IN), -, e(IN+ N - 1)]T
é}/ul =10, 70769171(N)7"'7éyul(2N_ 1)]T
By, (k) =DFT{éy 4}
gi1 = [g:,:(0),- gz (2N = 1]"

= IDFT {ai(1) By, 1 (k) X[ () }
gAi’l:[givl(O)7"'7gll(N )707"'70]T
Vooi(k) = DFT{gi}
Uigp1(k) = Uii(k) + 26V g, 1 (k)
Vc, 1 =€ yl(2l)

oi(l+1)=0i(1) + uVo,

Uir (k) = Ui (k) = 529, (k) (25)

Thelth segment of the output sequencey; (IN + n) for theith lin-
ear filter can be calculated by taking the 2N -point inverse DFT of
the product X (k)U; : (k) and retaining the first N samples of the
resulting sequence,i.e.,

2N-—1

=3 e
(26)

The complete set of equations describing the frequency-
domain realization of the LM S adaptive parallel-cascade quadratic
filterisgivenin Table 1. Assuming that computationtheof Z-point
DFTsrequire £log (L) complex multiplications, we can show that
the complexity of implementing oneblock of the adaptive parallel-
cascade quadratic filter in the frequency-domain corresponds to
(4r N+ N)log2(2N)+7r N +r /4 complex multiplications. This
number compareswith (8N? +4N)logz(2N)+10N?+3N com-
plex multiplications required by the frequency-domaindirect form
filter [3] and +(3N° + 3N? 4 2V') complex multiplications per
block for the time-domain realization of the block-adaptive direct
form filter. Since the maximum number of branches we need for
systems with NV-sample memory isr = N, the maximum com-
plexity of the systemis about half of that of the frequency-domain
realization of the direct form filter. For implementationsinvolving
lower values of r, the complexity can be significantly lower.

yi(IN +n) 0<n<N-—-1.

2.2.2. NLMS Adaptive Parallel-Cascade Filter

The only significant difference between the normalized and unnor-
malized algorithms is that the normalized algorithm requires cal-
culation of the normalization factor A(7). We can update the scalar
elementsa; (1) and A(1) efficiently inthetime-domain. Let f; :(m)



denote the mth element of the increment vector in (18) for the Ith
segment. Then

2N -1

fia(m) = o4i(1) Z %,z(k)Xl*(k)ej(%)km;O <m < 2N-1,
k=0

@7
where Y (k) = X1(k)U;,i (k). Let us defineawindowed signal
z i ;0 0<Z <N-1
fia(m) ={ Jatmi Rsms IVl @
Now, the coefficient can be updated as
Uia1(k) = Usa(k) + mAOV 5,0 (k), (29)

where V4, 1 (k) representsthe 2N -point DFT of f; ().

3. EXPERIMENTAL RESULTS

The adaptive filters were used in a system identification problem
in which the unknown system was a homogeneous quadratic filter
whose coefficients were given by

1.5

ha(i, §) = ; 0<1i,j <63

2m[1.52 + (i — %)2 +(j— %)2]1,5 ’

(30)
The adaptive Volterra filter was implemented using a homoge-
neous quadratic system model with 64-sample memory, and the
data block size M was chosen to be 128, twice the system mem-
ory length. For the parallel-cascade realizations, the coefficients
a; and the sth element of the linear filter coefficient vector u; were
initialized to 1 and all other coefficients were initialized to zero.
The coefficients of the direct form LMS adaptive filter were ini-
tialized to the values corresponding to the initial coefficient val-
ues of the adaptive parallel-cascade filter. The desired response
signal d(n) was obtained by adding to the output of the unknown
system a zero-mean, white, Gaussian noise that was uncorrelated
with the input signal and with variance equal to 0.001. Theresults
presented in this section are averages obtained over fifty indepen-
dent runs. The convergencebehavior of the normalized direct form
LMSquadraticfilter was much slower than that of its unnormalized
counterpart, and therefore the results are not included in this pa-
per. The input sequence was obtained as the output of a one-pole
filter with transfer function A(z) = 0.8/(1 — 0.62™") when its
input wasan i.i.d. Gaussian signal with zero mean value and vari-
ance egualsto 0.1. Figure 2 shows the mean-square-error (M SE)
between the adaptive filter output and the desired response signal
for the LM S direct form, LMS parallel-cascade and the normalized
LMS parallel-cascade adaptive filters. The step sizes for the three
adaptivefilterswere selected in suchaway that the steady-state ex-
Cess mean-square estimation error was approximately the samefor
all threefilters. The step sizes selected and the corresponding ex-
cessmean-squareerror valuesaregivenin Table2. We seefromthe
figure that the normalized LMS parallel-cascade realization con-
verges much faster than the other two filters. Figure 3 shows the
evolution of the mean-square error for the NLMS parallel-cascade
filter employing three cases of 4, 16 and 64 branches in the sys-
tem when a step size value of ¢+ = 0.015 was employed. All three
curves exhibit similar convergence behaviors, but reach slightly
different steady-statevalues. We observefrom thisresult that much
reduced complexity without a significant loss of performance can
be achieved with parallel-cascade approximations for the system
model in this experiment.

Table 2: Parameters and excess MSE in the Experiment.

l Type | i | excessMSE ||
LMSdirect form 1.408E-05 | 7.881E-07
LMS Perallel-cascade | 5.791E-04 | 8.055E-07
NLMS Parallel-cascade | 1.500E-02 | 8.001E-07
10
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Figure 2: MSE of the system output.

4. CONCLUDING REMARKS

This paper presented frequency-domain realizations of adaptive
parallel-cascade quadratic filters. The greatest advantage of these
algorithmsistheir reduced computational complexity over the cor-
responding direct form realizations. The computational complex-
ity of the parallel-cascade adaptive filter can be further reduced
when the underlying system kernels have low rank or can be ad-
equately represented using low-rank coefficient matrices. The ef-
ficiency of the frequency-domain parallel-cascade realizations as
well astheir performance should make adaptive Volterra filters at-
tractive and feasible in many practical applications.
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Figure 3: MSE for 4, 16, and 64 branches.



