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7KH SUREOHP RI LQWHUHVW LV WKH HVWLPDWLRQ RI WKH SDUDPH�
WHUV RI KDUPRQLFV LQ WKH SUHVHQFH RI DGGLWLYH DQG PXOWLSOLFD�
WLYH QRLVH� ([SUHVVLRQV IRU WKH DV\PSWRWLF SHUIRUPDQFH RI
WKH F\FOLF�YDULDQFH �&9� EDVHG PHWKRG DUH GHULYHG ZKHQ
WKH PXOWLSOLFDWLYH QRLVH KDV QRQ�]HUR PHDQ� :H VKRZ WKDW
WKH &9�EDVHG PHWKRG PD\ \LHOG PRUH DFFXUDWH UHVXOWV WKDQ
PHWKRGV EDVHG RQ WKH F\FOLF PHDQ �&0�� GHSHQGLQJ XSRQ
WKH FRORU RI WKH QRLVH DQG WKH LQWULQVLF DQG ORFDO 615V�
3HUIRUPDQFH LV DQDO\]HG LQ GHWDLO IRU VHYHUDO VSHFLDO FDVHV
RI WKH PXOWLSOLFDWLYH QRLVH� VXFK DV ZKLWH *DXVVLDQ� $5 DQG
JHQHUDOL]HG�*DXVVLDQ QRLVH�
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&RQVLGHU WKH GLVFUHWH�WLPH KDUPRQLF VLJQDO LQ PXOWLSOLFDWLYH
DQG DGGLWLYH QRLVH
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:H PDNH WKH IROORZLQJ DVVXPSWLRQV� �$6�� �� DQG �� DUH
GHWHUPLQLVWLF FRQVWDQWV LQ ��� { �� DQG �b{� {@ UHVSHFWLYHO\�
�$6�� V�W� LV D UHDO VWDWLRQDU\ PL[LQJ SURFHVV ZLWK PHDQ xV
DQG YDULDQFH }�V � �$6�� y�W� LV D UHDO VWDWLRQDU\ PL[LQJ
SURFHVV ZLWK ]HUR�PHDQ DQG YDULDQFH }�y � �$6�� V�W� DQG
y�W� DUH PXWXDOO\ LQGHSHQGHQW� 7KH PL[LQJ SURSHUW\
LPSOLHV WKDW VDPSOHV RI WKH SURFHVV WKDW DUH ZHOO VHSDUDWHG
LQ WLPH DUH DSSUR[LPDWHO\ LQGHSHQGHQW >�� SS� �����@� 7KH
PL[LQJ FRQGLWLRQ ZH DVVXPH LV WKDW WKH FXPXODQWV DUH DEVR�
OXWHO\ VXPPDEOH
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7KH REVHUYHG VLJQDO [�W� LV F\FORVWDWLRQDU\ VLQFH LWV PR�
PHQWV DUH SHULRGLFDOO\ WLPH�YDU\LQJ� &\FOLF PRPHQWV DQG
WKHLU FRQVLVWHQW HVWLPDWHV KDYH EHHQ SURSRVHG LQ >�@� 6LQFH
V�W� DQG y�W� DUH DVVXPHG PL[LQJ� WKHVH HVWLPDWHV FRQYHUJH
LQ PHDQ VTXDUH DQG DUH DV\PSWRWLFDOO\ QRUPDO >�@� 8VLQJ
WKH WZR nUVW�RUGHU F\FOLF VWDWLVWLFV� FRQVLVWHQW HVWLPDWRUV RI
WKH KDUPRQLF SDUDPHWHUV KDYH EHHQ SURSRVHG LQ >�@� 7KLV
F\FOLF DSSURDFK LV EDVHG RQ WKH &\FOH�0HDQ �&0� ZKHQ
xV � �� DQG RQ WKH &\FOLF 9DULDQFH �&9� ZKHQ xV  ��
7KH F\FOLF PHDQ LV HVWLPDWHG YLD WKH QRUPDOL]HG ')7�
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7KH XQNQRZQ SDUDPHWHUV DUH HVWLPDWHG LQ >�@ YLD
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,I xV  �� WKH &0 FRQWDLQV QR LQIRUPDWLRQ DERXW WKH
KDUPRQLF SDUDPHWHUV� 6SHFWUDO DQDO\VLV RI WKH VTXDUHG GDWD
HQDEOHV XV WR UHFRYHU WKH SDUDPHWHUV RI WKH KDUPRQLF VLJQDO�
7KH &9�EDVHG HVWLPDWRU ZDV VWXGLHG LQ >�@ IRU WKLV FDVH�
7KH SDUDPHWHU YHFWRU WR HVWLPDWH XVLQJ WKH &9 LV t�  

>D�� ��� 7��@ ZKHUH
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7KH F\FOLF�YDULDQFH LV HVWLPDWHG YLD WKH QRUPDOL]HG ')7 RI
WKH VTXDUHG�
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:H ZLOO FDOO WKLV 
&9
 HYHQ WKRXJK 0�[ LV DFWXDOO\ WKH
VHFRQG�RUGHU F\FOLF PRPHQW� VLQFH WKH PHDQ YDOXH KDV QRW
EHHQ UHPRYHG� ,W LV ZRUWK QRWLQJ WKDW WKH &9 PHWKRG UH�
TXLUHV � WR EH LQ ��� { �� LQ RUGHU WR DYRLG DPELJXLW\� 7KH
&9�EDVHG HVWLPDWRU LV
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1RWH WKDW WKH &9 FDQ EH XVHG HYHQ ZKHQ xV � ��
7KH DQDO\VLV RI WKH &9PHWKRG KDV EHHQ ODUJHO\ UHVWULFWHG

WR WKH xV  � FDVH� ,Q >�@� WKH QRLVHV ZHUH DVVXPHG WR EH LLG�
DQG LW ZDV VKRZQ WKDW ZKHQ xV � �� WKH &9 PHWKRG PD\
\LHOG EHWWHU GHWHFWLRQ SHUIRUPDQFH WKDQ WKH &0PHWKRG� ,Q
WKLV SDSHU� ZH FRQVLGHU WKH DV\PSWRWLF SHUIRUPDQFH DQDO\�
VLV� L�H�� ZH HYDOXWH WKH YDULDQFH RI WKH &9�EDVHG HVWLPDWRUV
IRU xV � �� DQG ZH FRPSDUH WKHP ZLWK WKRVH IRU WKH &0�
EDVHG HVWLPDWRUV� :H VKRZ WKDW WKH &9�EDVHG HVWLPDWRU
PD\ EH PRUH DFFXUDWH WKDW WKH &0�EDVHG HVWLPDWRU� 7KLV
LV WUXH QRW RQO\ ZKHQ xV  � EXW DOVR IRU YDOXHV RI WKH
PHDQ UDQJLQJ IURP � WR D WKUHVKROG ZKLFK GHSHQGV XSRQ
WKH QRLVH SGIV� DQG WKH QRLVH FRORU� :H TXDQWLI\ WKLV IRU WKH
FDVH ZKHUH V�W� LV D ORZ�SDVV *DXVVLDQ $5 SURFHVV� VXFK D
PRGHO KDV EHHQ XVHG LQ >�@ WR PRGHO UHWXUQV IURP DQ RQ�
ERDUG UDGDU RQ D WUDLQ�



�� $6<03727,& 3(5)250$1&(

$1$/<6,6

���� &\FOLF 0HDQ

7KH DV\PSWRWLF SHUIRUPDQFH RI WKH &0�EDVHG HVWLPDWRUV
LQ ��� KDV EHHQ VWXGLHG LQ >�@� 7KH ODUJH VDPSOH YDULDQFH RI
WKH IUHTXHQF\ HVWLPDWH LV JLYHQ E\
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ZKHUH 6�V DQG 6�Y DUH WKH SRZHU VSHFWUD RI WKH WZR QRLVH
SURFHVVHV�

���� &\FOLF 9DULDQFH

7KH ODUJH VDPSOH SHUIRUPDQFH RI WKH &9�EDVHG HVWLPDWRUV
KDV EHHQ VWXGLHG LQ >�@ IRU WKH ]HUR PHDQ PXOWLSOLFDWLYH QRLVH
FDVH� L�H� xV  �� }

�
V � �� +HUH� ZH DGGUHVV WKH PRUH JHQHUDO

FDVH ZKHUH xV� � DQG }�V � �� 6RPH RI WKH GHYHORSPHQW LQ
>�@ LV DSSOLFDEOH� E\ VXEVWLWXWLQJ D� RI ��� IRU }

�
V � :H ZLOO

RPLW WKRVH GHWDLOV�
,W LV VWUDLJKWIRUZDUG WR VKRZ WKDW WKH &9�EDVHG HVWLPDWHV

LQ ��� DUH HTXLYDOHQW WR WKH 1//6 HVWLPDWHV�
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7R FDUU\ RXW WKH VPDOO HUURU DQDO\VLV RI WKH &9�EDVHG HVWL�
PDWRU� ZH XVH WKH nUVW�RUGHU 7D\ORU H[SDQVLRQ RI D FRV���W�
���� VXEVWLWXWH LW LQWR ���� WR REWDLQ
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7KH HVWLPDWH At LV DV\PSWRWLFDOO\ XQELDVHG�

OLP
7��
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7KH DV\PSWRWLF FRYDULDQFH RI WKH &9�EDVHG HVWLPDWRU LV
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$ FORVHG�IRUP H[SUHVVLRQ IRU % LV GHULYHG LQ WKH $SSHQGL[�
/HW XV GHnQH
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)XQFWLRQV +N���� N  �� ���� �� DUH UHDO YDOXHG VLQFH KN����
N  �� ���� �� DUH HYHQ IXQFWLRQV�
7KH ODUJH VDPSOH FRYDULDQFH PDWUL[ RI WKH &9�EDVHG HV�

WLPDWH LV JLYHQ E\
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(T ���� IROORZV IURP ����� ���� DQG �����
7KH DV\PSWRWLF YDULDQFH RI WKH IUHTXHQF\ HVWLPDWH LV
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:KHQ xV  �� RXU IRUPXODV UHGXFH WR WKRVH HVWDEOLVKHG LQ
>�@� ,I WKH PXOWLSOLFDWLYH QRLVH LV V\PPHWULFDOO\ GLVWULEXWHG�
LWV WKLUG�RUGHU FXPXODQWV YDQLVK� DV GR K���� DQG +�����
,Q WKH VSHFLDO FDVH ZKHUH ERWK V�W� DQG y�W� DUH ZKLWH

*DXVVLDQ� ZH REWDLQ
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,Q >�@� WKH DFFXUDF\ RI WKH SHDN HVWLPDWH ZDV XVHG WR FRP�
SDUH &9 ZLWK &0� WKLV LV LPSRUWDQW IRU WKH GHWHFWLRQ SURE�
OHP� SDUWLFXODUO\ IRU VPDOO�WR�PRGHUDWH VDPSOH VL]H DQG�RU
615� %XW LI ERWK &0 DQG &9 \LHOG FOHDQ SHDNV� WKHQ RQH
VKRXOG IRFXV RQ WKH HVWLPDWLRQ SUREOHP DQG FRPSDUH WKH
YDULDQFHV RI WKH WZR IUHTXHQF\ HVWLPDWHV�
(TXDWLRQV ��� DQG ���� JLYH WKH H[SUHVVLRQV IRU WKH

DV\PSWRWLF YDULDQFHV RI WKH HVWLPDWHV RI �R EDVHG RQ WKH
F\FOLF PHDQ DQG WKH F\FOLF YDULDQFH� 7KH &0 LV LQDSSOL�
FDEOH ZKHQ xV  � �QRWH WKDW WKH YDULDQFH EORZV XS�� RQ
WKH RWKHU KDQG� WKH &9 LV QRW XVHIXO ZKHQ }�

V
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DGGLWLYH QRLVH� FDVH� EHFXVH WKH &0�EDVHG HVWLPDWRU KDV D
VPDOOHU YDULDQFH UHJDUGOHVV RI WKH FRORU�SGI RI y�W�� ,Q RUGHU
WR JHW LQVLJKW LQWR WKH &9 YHUVXV &0 WUDGHRm� ZH FRQVLGHU
VRPH LPSRUWDQW FDVHV�
:H ZLOO IRFXV RQ IUHTXHQF\ HVWLPDWLRQ� 7KH DV\PSWRWLF

UHODWLYH HpFLHQF\ �$5(� RI WKH &9�EDVHG HVWLPDWRU ZUW WKH
&0�EDVHG HVWLPDWRU FDQ EH GHnQHG DV
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���� :KLWH QRLVH FDVH

/HW F�V � F�V��� �� �� DQG OHW F�V DQG F�y EH VLPLODUO\ GH�
nQHG� :KHQ ERWK WKH PXOWLSLFDWLYH DQG DGGLWLYH QRLVH DUH
ZKLWH� ZH REWDLQ
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%HORZ� ZH OLPLW RXU VWXG\ WR PXOWLSOLFDWLYH QRLVH VRXUFHV
VXFK WKDW F�V  �� /HW
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7KH $5( LV WKHQ IRXQG WR EH
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ZKHUH �V DQG �y DUH WKH NXUWRVHV RI WKH PXOWLSOLFDWLYH DQG
DGGLWLYH QRLVH UHVSHFWLYHOO\�
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%HIRUH DGGUHVVLQJ WKH PXOWLSOLFDWLYH QRLVH FDVH� LW LV ZRUWK
QRWLQJ WKDW WKH $5( LQ WKH SXUH DGGLWLYH QRLVH FDVH LV DW
PRVW HTXDO WR ����
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VLQFH �V w b� IRU FRQWLQXRXV YDOXHG UDQGRP SURFHVVHV�
7KXV� LQ WKH DGGLWLYH QRLVH FDVH WKH &0�EDVHG HVWLPDWRU
LV E\ IDU WKH EHVW HVWLPDWRU�

������ 3XUH PXOWLSOLFDWLYH QRLVH FDVH

/HW WKH DGGLWLYH QRLVH SRZHU EH ]HUR� VR WKDW WKH KDUPRQLF
VLJQDO LV FRQWDPLQDWHG E\ D SXUH PXOWLSOLFDWLYH QRLVH� ,Q
WKLV FDVH� WKH &9�EDVHG HVWLPDWRU ZLOO EH PRUH HpFLHQW WKDQ
WKH &0�EDVHG HVWLPDWRU LI s �WKH FRKHUHQW�WR�QRQ FRKHUHQW
KDUPRQLF SRZHU UDWLR� VDWLnHV
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)RU *DXVVLDQ QRLVH� �V  �� VR WKDW WKH WKUHVKROG RI Hp�
FLHQF\ as { ����� 7KH $5( YHUVXV s LV GHSLFWHG LQ nJXUH ��
,W LV VHHQ WKDW HYHQ LI xV � �� ZH VKRXOG XVH WKH &9�EDVHG
HVWLPDWRU SURYLGHG xV � ����}V�
7R VWXG\ WKH LQoXHQFH RI WKH NXUWRVLV RQ WKH $5(� ZH

PRGHO WKH PXOWLSOLFDWLYH QRLVH SGI E\ WKH JHQHUDOL]HG *DXV�
VLDQ GHQVLW\

S�V�  �m �nb�� m�� H[S�bM�Vb xV� nMm� ����

ZKHUH b��� LV WKH JDPPD IXQFWLRQ� 7KH *DXVVLDQ FDVH LV
REWDLQHG IRU D  �� ZKHUHDV IRU D  �� ZH REWDLQ WKH /DSODFH
GLVWULEXWLRQ� 7KH NXUWRVLV IRU WKLV GLVWULEXWLRQ LV JLYHQ E\
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)LJXUH � GLVSOD\V as YHUVXV WKH VKDSH SDUDPHWHU m� ,W LV VHHQ
WKDW as LV DQ LQFUHDVLQJ IXQFWLRQ RI m� :H WKHQ FRQFOXGH WKDW
DV m LQFUHDVHV �OLJKWHU�WDLOHG SGI�� VR GRHV WKH SHUIRUPDQFH
JDLQ XVLQJ WKH &9�EDVHG HVWLPDWRU �IRU n[HG s��

,W LV ZRUWK QRWLQJ WKDW VLQFH �V w b�� ZH KDYH WKDW
PD[�as�  
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7KLV LPSOLHV WKDW WKH &0�EDVHG HVWLPDWRU RXWSHUIRUPV WKH
&9�EDVHG HVWLPDWRU LI s ! ����� UHJDUGOHVV RI WKH SGI RI WKH
PXOWLSOLFDWLYH QRLVH �SURYLGHG F�V  ���

������ 0XOWLSOLFDWLYH DQG DGGLWLYH QRLVH FDVH

+HUH� ZH VWXG\ WKH LQoXHQFH RI WKH DGGLWLYH QRLVH RQ WKH
WKUHVKROG as� WKXV JHQHUDOL]LQJ WKH UHVXOWV LQ VHFWLRQ ������
)URP HT� ����� ZH FDQ GHULYH D FRQGLWLRQ RQ s VLPLODU WR
����� )LJXUH � GLVSOD\V WKH EHKDYLRU RI WKH WKUHVKROG as DV
D IXQFWLRQ RI o ZKHQ WKH PXOWLSOLFDWLYH QRLVH LV JHQHUDOL]HG
QRQ�*DXVVLDQ �m RI �� � DQG ���� DQG WKH DGGLWLYH QRLVH
LV *DXVVLDQ� $V H[SHFWHG� WKH SHUIRUPDQFH JDLQ XVLQJ WKH
&9�EDVHG HVWLPDWRU GHFUHDVHV DV o LQFUHDVHV�

���� &RORUHG QRLVH FDVH

/HW V�W� EH D OLQHDU QRQ�*DXVVLDQ SURFHVV� V�W�  +�]�X�W��
ZKHUH X�W� LV LLG QRQ�*DXVVLDQ� ZKRVH N�WK RUGHU FXPXODQWV
DW ]HUR ODJ DUH GHQRWHG E\ oNX� ZH ZLOO FRQWLQXH WR XVH x
DQG }� WR GHQRWH PHDQ DQG YDULDQFH� &RQVLGHU WKH SXUHO\
PXOWLSOLFDWLYH QRLVH VR WKDW }�Y  �� :H FDQ H[SUHVV WKH
FXPXODQWV RI V�W� LQ WHUPV RI oNX DQG WKH LPSXOVH UHVSRQVH
K�W�� ,Q W\SLFDO DSSOLFDWLRQV� WKH PXOWLSOLFDWLYH QRLVH LV ZHOO
PRGHOHG DV D ORZ�SDVV $5 SURFHVV >�@� &RQVLGHU WKH $5���
PRGHO� +�]�  �� b |]b��� b� � | � �� K�W�  |W� W w ��
:H HYDOXDWHG '�w� IRU WKLV FDVH� GXH WR ODFN RI VSDFH� ZH
RPLW WKH H[SOLFLW YDOXHV RI ����������
$V ZH LQFUHDVH x�V }
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V � WKH LQWULQVLF 615 EHFRPHV ODUJHU
�WKH KDUPRQLF HYHQWXDOO\ EHFRPHV FRQVWDQW DPSOLWXGH�� DQG
WKH &0 EDVHG PHWKRG ZLOO EH SUHIHUUHG� %HFDXVH RI WKH
FRORU RI V�W�� WKHUH LV D IUHTXHQF\ GHSHQGHQW EHKDYLRU DV
ZHOO� IRU D JLYHQ x�V }
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V � DQG |� WKH &0 PHWKRG ZLOO EH
SUHIHUUHG IRU IUHTXHQFLHV JUHDWHU WKDQ D WKUHVKROG wR ZKLFK
GHSHQGV XSRQ |� ,Q nJXUH �� ZH SORW wR �{ DV D IXQFWLRQ
RI x� }�� IRU YDULRXV YDOXHV RI |� )RU D JLYHQ |� WKH WKUHVK�
ROG GHFUHDVHV IURP ���� WR �� DV x�V }

�

V LQFUHDVHV� D VKDUS
WUDQVLWLRQ SRLQW RU NQHH LV YLVLEOH LQ WKH nJXUH� WKLV WUDQ�
VLWLRQ SRLQW PRYHV WR WKH ULJKW DV | LQFUHDVHV� )RU ZKLWH
QRLVH� WKH WUDQVLWLRQ SRLQW LV DW x�V }

�

V  ������ �WKH URRW RI
�[� � [b �  ��� 7KH HmHFW RI LQFUHDVLQJ | LV WR PDNH WKH
FXUYH oDWWHU� DQG WKH NQHH VKDUSHU�
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:H HYDOXDWHG WKH SHUIRUPDQFH RI WKH &9�EDVHG PHWKRG
ZKHQ WKH PXOWLSOLFDWLYH QRLVH KDV QRQ�]HUR PHDQ� ZH FRP�
SDUHG LWV SHUIRUPDQFH ZLWK WKDW RI WKH &9 PHWKRG� IRU VSH�
FLDO FDVHV VXFK DV ZKLWH QRLVH� $5 QRLVH� DQG JHQHUDOL]HG�
*DXVVLDQ QRLVH� ZH VKRZHG WKDW WKH &9�EDVHG PHWKRG
\LHOGV PRUH DFFXUDWH HVWLPDWHV WKDQ WKH &0�EDVHG PHWKRG
SURYLGHG WKDW WKH LQWULQVLF 615 LV EHORZ D WKUHVKROG
�IUHTXHQF\�GHSHQGHQW LQ WKH FDVH RI FRORUHG QRLVH��

$33(1',;

,Q WKLV DSSHQGL[� ZH GHULYH DQ H[SUHVVLRQ IRU WKH DV\PSWRWLF
FRYDULDQFH PDWUL[ % RI ����� ZKLFK LV UHTXLUHG WR REWDLQ WKH
FRYDULDQFH PDWUL[ �����
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>�@ '�5� %ULOOLQJHU� 7LPH VHULHV� 'DWD DQDO\VLV DQG WKHRU\�
+ROGHQ�GD\ ,QF�� 6DQ )UDQFLVFR� ����

>�@ :� $� *DUGQHU� ?([SORLWDWLRQ RI VSHFWUDO UHGXQGDQF\
LQ F\FORVWDWLRQDU\ VLJQDOV�� ,((( 6LJQDO SURFHVVLQJ

0DJ�� SS� ������ $SU� ����

>�@ $� 9� 'DQGDZDWuH DQG *� %� *LDQQDNLV� ?$V\PSWRWLF
WKHRU\ RI PL[HG WLPH DYHUDJHV DQG NWK�RUGHU F\FOLF
PRPHQW DQG FXPXODQW VWDWLVWLFV�� ,((( 7UDQV� ,Q�

IRUP�7KHRU\� YRO� ,7���� SS� �������� -DQ� ����

>�@ *� =KRX DQG *� *LDQQDNLV� ?+DUPRQLFV LQ PXOWLSOLFD�
WLYH DQG DGGLWLYH QRLVH� SHUIRUPDQFH DQDO\VLV RI F\FOLF
HVWLPDWRUV�� ,((( 7UDQV� 6LJQDO 3URFHVVLQJ� YRO� ���
SS� ���������� -XQH ����

>�@ 0� *KRJKR DQG %� *DUHO� ?2SWLPDO F\FOLF VWDWLVWLFV
IRU WKH HVWLPDWLRQ RI KDUPRQLFV LQ PXOWLSOLFDWLYH DQG
DGGLWLYH QRLVH�� 3URF� ,&$663���� ���������� 0XQLFK�
$SULO �����

>�@ 2� %HVVRQ DQG )� &DVWDQLuH� ?2Q HVWLPDWLQJ WKH IUH�
TXHQF\ RI D VLQXVRLG LQ DXWRUHJHVVLYH PXOWLSOLFDWLYH
QRLVH�� 6LJQDO 3URFHVVLQJ� ������ SS ������ �����


