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ABSTRACT

A systematic approach is proposed for the individual or joint design
of FIR filters to meet specifications on either a single filter or an
embedding system (possibly multirate). System power gains in re-
sponse to particular input spectra are optimized using a generalized
eigenvector method. Numerical integration is avoided through a
time-domain formulation. Real or complex filters with linear or
nonlinear phase orN -th band properties are easily handled.

1. INTRODUCTION

The eigenfilter method of FIR-filter optimization of Vaidyanathan
and Nguyen [1] and others [2–6] associatesthe desired optimum fil-
ter with the minimum-eigenvalue eigenvectorof a positive-definite
matrix whose structure embodies the filter specifications. This pa-
per instead uses generalized eigenvectors and eigenvalues of a mat-
rix pair. Both approaches derive conceptually from quadratic op-
timization and simplify in a test-input framework.

Quadratic optimization of FIR filters begins with linearity. The
frequency response G(�) =

P
n
g(n)e�j2��n of a digital filter

is linear in impulse response g(n), and often the latter is linear in
underlying variables to be optimized. For example, a linear-phase
FIR filter might have an impulse response x2; x1; x0; x1; x2 built
from optimization variables fx0; x1; x2g. Mean-square stopband
errorMSEs =

R
SB

jG(�)j2 d� is then quadratic in those optimiza-
tion variables. Mean-squarepassbanderrorMSEp =

R
PB

jG(�)�

1j2 d� is similarly quadratic in those variables (with linear and con-
stant terms). (Integrals become means when normalization is ad-
ded below.) Quadratic designs minimize or constrain such MSEs.

These key MSEs can be rewritten [7]

MSEs =

R
jG(�)j2Ss(�) d�R

Ss(�) d�

MSEp =

R
jG(�)� 1j2Sp(�) d�R

Sp(�) d�

using the binary-valuedSs(�)=
R
Ss(�)d� andSp(�)=

R
Sp(�) d�

instead of integral limits. If Ss(�) and Sp(�) are interpreted as
power spectral densities, then MSEs andMSEp are input-specific
power gains of the test configurations of Fig. 1. (Nonbinary input
spectra result in weighted MSEs.) The nature of the optimization
is often readily apparent from such test configurations. Requiring
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Figure 1: Quadratic optimization of lowpass filter G(�) amounts
to optimizing the results of these power measurements.

Ps to be much smaller than input power in Fig. 1 forces the filter to
reject signals in a stopband corresponding to Ss(�), and likewise a
small Pp creates a passband by forcing the upper and lower sum-
mer inputs to be similar for input spectrum Sp(�).

2. THE POWER-GAIN MATHEMATICS

A standard form, presented next, for the impulse responses of a
variety of test-system topologies enables subsequent development
of a convenient expression for output power. An exact and efficient
DFT-based inversion of a broad class of power spectra to obtain the
needed autocorrelation samples is then developed.

Concise notation simplifies the presentation. Sequence h � g
is the convolution of (scalar, vector, or matrix) sequencesh and g,
and (h � g)(n) is the value of that sequence at time n. A delayed
sequence is denoted with a subscript, so that gk(n) = g(n � k).
Prime 0 denotes both Hermitian transpose and time reversal, the
“match”operation of matched filtering, so thatw0(n) = wH(�n).
In this notation then, hu;vi = (v0�u)(0) concisely expresses the
`2 inner-product vector identity hu;vi = [vH(�n) � u(n)]

��
n=0

.

2.1. The System Impulse Response

Let vector x contain the optimization variables, and require any
test-system impulse response h(n) dependent on x to be linear in
x, so that h(n) = xT a(n), where a(n) is the vector represent-
ation sequence for h(n). Consider the simplest case: If h(n) is
FIR with every nonzero element a different real optimization vari-
able, then each corresponding vector in sequencea(n) is just a dif-
ferent standard unit vector (one nonzero element). From such fi-
nite, real, nonlinear-phase sequences it is simple to build responses
with more structure. For example, if vector sequences u(n) and
v(n) have identical support but with distinct unit vectors, sequence
a(n) = u(n) + jv(n), or the notationally simpler a = u+ jv,
then represents an arbitrary complex scalar FIR impulse response
g(n) = xT (u+ jv)(n).
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Figure 2: A highpass spectrum in five basis functions per period.

Linear-phase responses are easily specified. Assume for con-
venience that the support of basic finite, real, nonlinear-phase se-
quences begins at n = 0 and that all basic sequences use distinct
unit vectors. Using an additional basic vector representation se-
quence c of length 1 (representing a delta function of real but in-
determinate strength) then, linear-phase impulse response h(n) =
(xT a(n))01 + xT c(n) + (xTa(n))1 (assume the delay subscript
binds more tightly than prime) has vector representation sequence
aT 01 +c+a1. If a is basic, thenh(n) is a real linear-phase sequence,
but if a = u+ jv with u and v basic, then h(n) is complex.

The identities just used,xT a+xT b = xT (a+b) for sequence
addition, (xTa)k = xT ak for sequencedelay, and (xT a)0 = xTaT 0

for sequence matching, have straightforward counterparts for in-
terpolation, decimation, scaling, catenation, and convolution with
a fixed response. They guide computation of vector representation
sequences for the impulse responses both of filters with other struc-
tural properties (e.g., N -th band) or of quite general test systems.

The Fourier transform of sequenceh(n) = xT a(n) isH(�) =P
n
xT aej2��n = xTA(�), where A(�) =

P
n
a(n)ej2��n is

just the elementwise Fourier transform of vector representation se-
quence a. (UppercaseA(�) refers here to a vector, not a matrix.)

2.2. Output Power

Begin with perhaps excessgenerality: supposez(n) is a wide-sense-
stationary, zero-mean complex vector process, and suppose g(n)
is a complex row-vector impulse response. Then u = g � z is a
wide-sense stationary zero-mean complex (scalar) process, and the
power inu is1 Ejuj2 = Ru(0) = (g�Rz�g

0)(0). Further suppose
thatg(n) = xTA(n) in terms of complex matrix sequenceA. The
power in u then becomes2 Ejuj2 = xTRef(A �Rz �A

0)(0)gx.
Here vectors g and z and matrixA(n) reduce to scalars g and

z and column vector a(n) respectively, so the convolution with the
scalar autocorrelation in Ejuj2 = xTRef(a � Rz � a

0)(0)gx can
be moved3 to obtain the convenient computational form

Ejuj2 = x
T

 X
k

Ref(a � a0)(k)R�

z(k)g

!
x: (1)

Only a finite numberof autocorrelation samples are required in prac-
tice, as the finite length of sequence a(n) results in a finite sum.

2.3. The Autocorrelation Computation

If the spectrum inverted to obtainRz(n) is specified in a particular
form discussednext, inversion requires an inverse DFT instead of a

1Autocorrelation definitionRz(n) = E [z(k)z0(n� k)] and the iden-
tity (g�h)0 = h0 �g0 giveRu(n) = E [(g � z)(k)(z0 � g0)(n� k)] =P

u;v
g(u)E [z(k � u)z0(n� k � v)]g0(v) =

P
u;v

g(u)Rz(n �

u� v)g0(v) = (g �Rz � g0)(n).
2Autocorrelation propertyR0

z
= Rz implies (A�Rz �A0)0 = A00 �

R0
z
�A0 = A�Rz �A0 , so matrix (A�Rz �A0)(0) is Hermitian. The

Ref�g lowers required storage, with the quadratic in (real) x unchanged.
3If convolutionRz �a0 is commutative, then (a�Rz�a0)(0) = ((a�

a0) � Rz)(0) = ((a � a0) � R0z)(0) =
P

k
(a � a0)(k)R0z(0 � k) =P

k
(a � a0)(k)RH

z (k).

numerical integral. Even approximating with that spectral form be-
nefits: implicit approximation in the numerical integral is replaced
with explicit spectral approximation whose effects are intuitive.

Supposewide-sense-stationary,complex, random processz(n)
has spectral density Sz(�) in terms of normalized frequency vari-
able � orTSz(fT ) in terms of unnormalized frequencyf , and sup-
pose Sz(fT ), of period T�1 , is expressed in a basis comprising
frequency-shifted copies of a function �(NfT ):

Sz(fT ) =
X
k

Ak �(NfT � k);

where sequenceAk has period N . In Fig. 2, a f0; 1g valued func-
tion �(�) supported on [�0:5; 0:5] is used with a sequenceAk of
period N = 5 to represent a highpass spectrum. A symmetric tri-
angle�(�) of width two would yield a piecewise-linear spectrum,
a sinc�(�)would yield a bandlimited spectrum, etc., and largerN
would permit approximation of actual spectra to arbitrary accuracy.

Using a convolution with a periodic impulse train,

Sz(fT ) = �(NfT ) �
X
k

Ak �
�
f �

k

NT

�
:

Since NT �(NfT ) and (NT )�1
P

k
Ak �(f � k=(NT )) have

inverse continuous-time transforms�(�=(NT )) and4
P

n
an �(��

nT ) respectively, where sequence an has period N and is the in-
verse DFT of sequenceAk , the inverse continuous-time transform
of this particular Sz(fT ) is

R(�) = �
�
�

NT

�X
n

an �(� � nT ):

But discrete-time Fourier-transform relationship Rz(n) $ Sz(�)
ensures that Sz(fT ) =

P
n
Rz(n)e

�j2�fnT , implying R(�) =P
n
Rz(n) �(��nT ) because each of the exponentials represents

a time-domain delay. Equating these two expressions forR(�),

Rz(n) = an�(n=N): (2)

3. THE GENERALIZED EIGENFILTER METHOD

The goal is to minimize an objective function that is some convex5

combination
P

i
�iPi=Rzi(0) of test-system power gains. Input

4Write A(f) = 1
NT

P
i
Ai �

�
f � i

NT

�
as

A(f) =
1

NT

X
k2[Z=NZ]
m2NZ

Ak �

�
f �

k +m

NT

�

using a coset decomposition of the integers and using Ai = Ak+m =
Ak . SinceA(f) has support in (NT )�1Zand period T�1, inverse Four-
ier transform a(�) has period NT and support in TZ. For some se-
quence a` of period N then, a(�) =

P
`
a` �(� � `T ). The area an

of the time-zero impulse in a(� + nT ) is the average of its transform
A(f) ej2�fTn over period T�1: an = T

R
period

A(f) ej2�fTn df =

1
N

P
k2[Z=NZ]

Ak
R
period

ej2�fTn
P

m2NZ
�
�
f � k+m

NT

�
df .

Just one impulse is integrated, so an = 1
N

P
k2[Z=NZ]

Ak e
j2� kn

N , a

periodic sequence and the inverse DFT of sequenceAk .
5Condition �i � 0 keeps the kernel Q� defined below nonnegative

definite. The
P

i
�i = 1 part of the convexity condition is irrelevant.



and output powers of the i-th test system are here designatedRzi(0)
andPi respectively, and (1) showed thatPi has formxTQix, where
matrix kernel Qi is computed from the particular test-system in-
put autocorrelation Rz(n) (suppressing the “i” subscript) and the
vector representation sequence a(n) (likewise) of the associated
test-system impulse response. Autocorrelation samplesRz(n) are
computed according to (2). The objective, of form xTQ�x, then
has straightforwardly computablekernelQ� =

P
i
�iQi=Rzi(0).

Any test system with an impulse responsexT a(n) of the form
xTu(n)� d(n) can be accomodated, where the goal is to encour-
age frequency response xTU(�) and frequency responseD(�) to
behavesimilarly to a degree weighted by test-input spectrumSz(�).

But what is “accomodated”? If d(n) 6= 0 for a particular test
system, special measures are required. In the test system, multiply
d(n) by reference levelG(�0) = xTW(�0) to give the test system
an impulse response of xTu(n)� xTW(�0)d(n). This reference
level is the frequency response at reference frequency �0 of some
reference system g(n) = xTw(n) linear in the optimization vari-
ables. Now it is not simply D(�) butG(�0)D(�) that xTU(�) is
to aim for. It might appear thatD(�) specifies shape while G(�0)
specifies level. In fact the effect is to prevent xTU(�) from seek-
ing any absolute level, because both are proportional to x. Chan-
ging x to seek a level is not possible when the level moves also.
The absolute level of xTU(�) and that of D(�) are tied together,
and the latter is actually determined directly in the optimization.

Recall that ratio�=� and vector are a generalizedeigenvalue
and the associated generalized eigenvector respectively for the pair
of real symmetric matrices (Q�;V) if �Q� = �V . If � = 0,
the generalized eigenvalue is infinite. A version of the Rayleigh
principle states that minxfx

TQ�x : xTVx = 1g is equal to the
minimum generalized eigenvalue and that the minimizing vectorx
is the associated generalized eigenvector. Here if we setV to rank-
one matrixW(�0)W

H(�0)we can solve a generalized eigenprob-
lem to obtain thex that minimizes quadratic objectivexTQ�x sub-
ject to the requirement that jG(�0)j2 = jxTW(�0)j

2 = 1, which
sets reference level G(�0) to some ej�.

So the addition of the reference level to the test system is not
without effect on the solution, but the effect is minimal. The test-
system impulse response is now effectively xTu(n)�d(n)ej�. If
the same reference level is used throughout the design, the effect is
to rotate every “desired” response in the entire design, and hence
the optimized responses as well, by some unknown � in the com-
plex plane. That is, the optimization will be able to produce the
desired impulse response(s) only up to a complex rotation.

4. EXAMPLES

Two examples, one simple and one more involved, illustrate the
concepts. Computation was done in scilab [8] in both cases.

4.1. A Linear-Phase Lowpass Filter

Figure 3 shows the magnitude response of a length-13 real, linear-
phase FIR filter optimized by this method. In the optimization the
center and right side respectively of its origin-centered impulse re-
sponse had vector representation sequencesc(n) and r1(n), where

c(n) = e1�(n)

r(n) = e2�(n) + e3�(n� 1) + e4�(n � 2)

+ e5�(n� 3) + e6�(n� 4) + e7�(n � 5)
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Figure 3: Magnitude response (in dB) of example lowpass filter.
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Figure 4: Simple bandsplitting with complex “anti-aliasing” filter
AAF and complex FIR filters h(n) at two sampling rates.

and where ei is the standard unit vector with unity in the i-th posi-
tion. The differing unit vectors associated the weights of the differ-
ent impulses with different optimization variables. (Vector repres-
entation sequencesc(n) and r(n) are basic.) The resulting impulse
response had vector representation sequenceg = r01 + c+ r1.

The general scheme of Fig. 1 was used with an objective that
summed 95% of the upper-systempower gain with 5% of the lower-
system power gain, emphasising stopband MSE minimization over
passbandMSE minimization by a factor of 20. The stopband width
was set by the edge frequency of � = 0:3 for the highpass input
spectum in the upper diagram, and the passband width was set by
the edge frequency of � = 0:1 for the lowpass input spectum in
the lower diagram. Five rectangular basis functions with appropri-
ate coefficients represented each spectrum, just as in Fig. 2, so the
computation with (2) of the 25 autocorrelation samples needed for
computation of the 7� 7 kernel in (1) required periodic extension
of the results of a five-point inverse DFT followed by sinc scaling.

The reference level used was the DC response of the filter. The
time-symmetric impulse-response structure of this linear-phase fil-
ter guaranteed a real frequency response, so the unknown complex
rotation � given the impulse response by the optimization had to
amount to scaling by �1. Scaling by �1 in fact resulted and was
removed afterwards.

4.2. A Super-Simple Wavelet-Decomposition Bank

The simple system of complex filters of Figure 4 splits off two spec-
tral bands from the input, roughly an upper band [0:4;0:8] of fre-
quencies passed by the upper filter and the [0:2; 0:4] upper half of
the bandbelow, with the latter output at half the input sampling rate.
The anti-aliasing filter labeled “AAF” is the lowpass filter designed
in the previous example shifted up by 0.3 in frequency by multiplic-
ation of its coefficient sequence by the appropriate complex expo-
nential. The two output filters have identical complex impulse re-
sponses h(n) of length seven, to be optimized here. (It would be
just as easy to do a joint design of two different filters.)
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Figure 5: Design specification for filter h(n) of Fig. 4.
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Figure 6: Magnitude responses (in dB) to lower/upper summer in-
puts (left/right dotted curves) and output (solid curve) in Fig. 5.

Figure 5 shows the complete design specification. An object-
ive that favors stopband MSE control over passband MSE control
by 80%/20% is specified. Stopband power gain Ps=0:4 is again
computed in a single-filter test system but now using an asymmet-
ric input spectrum (of a complex random process) uniformly sup-
ported on [�0:1; 0:3]. Passband power gain Pp=0:6 is computed
in a basic system identical to that of Figure 4 except that a Noble
identity was used to move the decimator to the right past the lower
filter, whose impulse response has been zero-interpolated by two
to compensate. If the desired bandsplit is successful, the sum of
the two filter outputs (now at the same sampling rate) should pass
the combined band [0:2; 0:8]. Here the passband gain sought is the
reference level H(0:6), the gain of the individual filter at what we
expect to be the center of its passband. The passband specification
pushes the gain of the entire passband (of the sum filter) towards
H(0:6), and the generalized-eigenvaluemethod constrains this ref-
erence level to unit magnitude. Figure 6 shows the optimized mag-
nitude responsesof the upper-path filter h(n), the lower-path filters
(AAF � (h " 2))(n), and their sum.

The optimization set-up begins with the creation of basic vec-
tor representation sequences c of length one and u and vof length
three. The right side of complex impulse response h(n) then has
vector representation sequence r = (u + jv)1, and the linear-
phase sequenceh(n) itself has vector representation sequenceg =
r0 + c + r. The impulse response of the box labeled H(0:6) is
H(0:6)�(n), where reference levelH(0:6) = xTG(0:6). (It would
have been just as easy to use the frequency response of the sum, for

example.) For stopband powerPs, Rz(n) and a(n) in (1) become
Rs(n) and g(n) respectively, and for passband power Pp they be-
comeRp(n) and (g�AAF�(g " 2))(n)�G(0:6)�(n). Spectral
inversion is based on rectangular spectral basis functions.

No suggestion is here offered that this is a reasonable filter-
bank design. It is simply an example contrived to illustrate the gen-
erality of the method.
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