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ABSTRACT: Evolutionary algorithms and other heuristic search methods have been increasingly, and success-
fully, applied to combinatorial optimization problems. One of the most commonly-used metaphors to describe
the process is that of a `�tness landscape'. However, describing what we mean by such a term, and supplying
an interpretation analogous to our everyday experience of 3-dimensional landscapes, is not as easy as a naive
application of the word might suggest.

In this paper, �rstly, we consider ways in which �tness landscapes can be characterized mathematically and
empirically. Secondly we show how empirical results suggest the so-called `big-valley conjecture', and introduce
`path-tracing' techniques whereby this property of �tness landscapes can be exploited by (for example) genetic
algorithms. Finally, we mention some empirical studies which show the e�ectiveness of this approach to some
scheduling problems.

KEYWORDS: Heuristic search, combinatorial optimization, evolutionary algorithms, �tness landscapes, path
tracing

INTRODUCTION

The metaphor of a landscape is commonly found in descriptions of the application of heuristic methods for
solving a combinatorial optimization problem (COP). We can de�ne such problems as follows: we have a
discrete search space X , and a function

f : X 7! IR:

The general problem is to �nd
x� = max

x2X
f:

where x is a vector of decision variables and f is the objective function. (Of course, minimization can also be
the aim, but the modi�cations are always obvious). In the �eld of evolutionary algorithms, such as genetic
algorithms (GAs), the function f is often called the �tness, and the associated landscape is a �tness landscape.
The vector x� is a global optimum: that vector which is the �ttest of all. (In some problems, there may be
several global optima|di�erent vectors of equal �tness.)

With the idea of a �tness landscape comes the idea that there are also many local optima or false peaks, in
which a search algorithmmay become trapped without �nding the global optimum. In continuous optimization,
notions of continuity and concepts associated with the di�erential calculus enable us to characterize quite
precisely what we mean by a landscape, and to de�ne the idea of an optimum. It is also convenient that our
own experiences of hill-climbing in a 3-dimensional world gives us analogies to ridges, valleys, basins, watersheds
etc that help us to build an intuitive picture of what is needed for a successful search, even though the search
spaces that are of interest often have dimensions many orders of magnitude higher than 3.

However, in the continuous case, the landscape is determined only by the �tness function, and the ingenuity
needed to �nd a global optimum consists in trying to match a technique to this single landscape. There is
a major di�erence when we come to discrete optimization. Indeed, we really should not even use the term



Table 1: Local optima and basins of attraction for steepest ascent

Local optimum 0 1 0 1 0 0 1 1 0 0 0 0 1 1 1 1 0 0 0 0
(4100) (3988) (3803) (3236)

Basin 0 0 0 0 0 0 0 1 0 0 0 0 1 1 0 1 0 0 0 0
0 0 0 0 1 0 1 1 0 0 0 0 1 1 1 1 0 0 0 1
0 0 0 1 0 1 1 1 0 0 1 0 1 1 0 1 0 0 1 0
0 0 0 1 1 1 0 1 1 1 1 0 0 1 1
0 0 1 0 1 1 0 1 0 0
0 1 0 0 0
0 1 0 0 1
0 1 0 1 0
0 1 0 1 1
0 1 1 0 1
0 1 1 1 0
0 1 1 1 1
1 0 1 0 1
1 1 0 0 0
1 1 0 0 1
1 1 0 1 0
1 1 0 1 1
1 1 1 0 1
1 1 1 1 0
1 1 1 1 1

`landscape' unless we can de�ne the topological relationships of the points in the search space X . Unlike the
continuous case, we have some freedom in specifying these relationships, and in fact, that is precisely what we
do when we decide to use a particular technique.

AN EXAMPLE

In practice, one of the most commonly used search methods for COPs is neighbourhood search (NS). This idea
is at the root of modern `metaheuristics' such as simulated annealing (SA) and tabu search (TS)|as well as
being much more involved in the methodology of GAs than is sometimes realized.

A neighbourhood structure is generated by using an operator that transforms a given vector x into a new
vector x0. For example, if the solution is represented by a binary vector (as is often so for GAs, for instance),
a simple neighbourhood might consist of all vectors obtainable by `
ipping' one of the bits. The `bit 
ip' (BF)
neighbours of (00000), for example, would be

f(10000); (01000); (00100); (00010); (00001)g:

Consider the problem of maximizing a simple function

f(z) = z3 � 60z2 + 900z + 100

where the solution z is required to be an integer in the range [0; 31]. Regarding z as a continuous variable, we
have a smooth unimodal function with a single maximum at z = 10|as is easily found by calculus|and since
the solution is an integer, this is undoubtedly the most e�cient way of solving the problem.

However, suppose we chose instead to represent z by a binary vector x of length 5. By decoding this binary
vector as an integer it is possible to evaluate f , and we could then use NS, for example, to search over the
binary hypercube for the global optimum.

This discrete optimization problem turns out to have 4 optima (3 of them local) when the BF operator is
used. If a `steepest ascent' strategy is used (i.e., the best neighbour of a given vector is identi�ed before a move
is made) the local optima and their basins of attraction are as shown in table 1. On the other hand, if a `next
ascent' strategy is used (where the next change which leads uphill is accepted without ascertaining if a still
better one exists), the basins of attraction are as shown in table 2.

In fact, there are even more complications: in table 2, the order of searching the components of the vector
is `forward' (left-to-right). If the search is made in the reverse direction (right-to-left) the basins of attraction
are di�erent, as shown in table 3.



Table 2: Local optima and basins of attraction for next ascent (forward search) using single bit complement operator

Local optimum 0 1 0 1 0 0 1 1 0 0 0 0 1 1 1 1 0 0 0 0
(4100) (3988) (3803) (3236)

Basin 0 0 1 0 1 0 0 1 0 0 0 0 1 1 1 0 0 0 0 0
0 0 1 1 0 0 1 0 0 0 0 1 1 1 1 0 0 0 0 1
0 1 0 0 1 0 1 1 0 0 1 0 1 1 1 0 0 0 1 0
0 1 0 1 0 1 0 1 0 0 1 1 1 1 1 0 0 0 1 1
0 1 0 1 1 1 1 0 0 0 1 0 0 0 0
0 1 1 0 1 1 1 1 0 0 1 0 0 0 1
0 1 1 1 0 1 0 0 1 0
1 0 1 0 1 1 0 0 1 1
1 0 1 1 0
1 1 0 0 1
1 1 0 1 0
1 1 0 1 1
1 1 1 0 1
1 1 1 1 0

Table 3: Local optima and basins of attraction for next ascent (reverse search) using single bit complement operator

Local optimum 0 1 0 1 0 0 1 1 0 0 0 0 1 1 1 1 0 0 0 0
(4100) (3988) (3803) (3236)

Basin 0 1 0 0 0 0 1 1 0 0 0 0 0 0 0 1 0 0 0 0
0 1 0 0 1 0 1 1 0 1 0 0 0 0 1 1 0 0 0 1
0 1 0 1 0 0 1 1 1 0 0 0 0 1 0 1 0 0 1 0
0 1 0 1 1 0 1 1 1 1 0 0 0 1 1 1 0 0 1 1

0 0 1 0 0 1 0 1 0 0
0 0 1 0 1 1 0 1 0 1
0 0 1 1 0 1 0 1 1 0
0 0 1 1 1 1 0 1 1 1

1 1 0 0 0
1 1 0 0 1
1 1 0 1 0
1 1 0 1 1
1 1 1 0 0
1 1 1 0 1
1 1 1 1 0
1 1 1 1 1



Thus, by using BF with this binary representation, we have created local optima that did not exist in the
integer version of the problem. Further, although the optima are still the same (as they are bound to be), the
chances of reaching a particular optimum can be seriously a�ected by a change in search strategy.

However, the bit 
ip operator is not the only mechanism for generating neighbours. An alternative neigh-
bourhood could be de�ned as follows: for k = 1; : : : ; 5, 
ip bits fk; : : : ; 5g. Thus, the neighbours of (0 0 0 0 0),
for example, would now be

f(11111); (01111); (00111); (00011); (00001)g:

This creates a very di�erent landscape. In fact, there is now only a single global optimum (01010); every vector
is in its basin of attraction. This illustrates the point that it is not merely the choice of a binary representation
that generates the landscape|the search operator needs to be speci�ed as well.

Incidentally, there are two interesting facts about the CX operator. Firstly, it is closely related to the
one-point crossover operator frequently used in genetic algorithms. (For that reason, it has been named [3] the
complementary crossover or CX operator). Secondly, if the 32 vectors in the search space are re-coded using
a Gray code, it is easy to show that the neighbours of a point in Gray-coded space under BF are identical to
those in the original binary-coded space under CX. This is an example of an isomorphism of landscapes. More
details of the mathematical background to these and similar phenomena can be found in [3].

MATHEMATICAL CHARACTERIZATION

We can de�ne a landscape � for the function f as a triple � = (X ; f; d) where d denotes a distance measure
d : X �X ! IR+ [ f1g for which is required that

d(s; t) � 0; d(s; t) = 0, s = t; d(s;u) � d(s; t) + d(t;u);
	

8s; t;u 2 X :

This de�nition says nothing about how the distance measure arises. In fact, for many cases a `canonical' distance
measure can be de�ned. Often, this is symmetric, i.e. d(s; t) = d(t; s) 8s; t 2 X , so that d also de�nes a metric
on X . This is clearly a nice property, although it is not essential.

What we have called a canonical distance measure is typically related to the neighbourhood structure. Every
solution x 2 X has an associated set of neighbours, N (x) � X , called the neighbourhood of x. Each solution
x0 2 N (x) can be reached directly from x by an operation called a move. Many di�erent types of move are
possible in any particular case, and we can view a move as being generated by the applying an operator ! to
a vector s in order to transform it into a vector t. The canonical distance measure d! is that induced by !
whereby

t 2 N (s), d!(s; t) = 1:

The distance between non-neighbours is de�ned as the length of the shortest path between them (if one exists).
For example, if X is the binary hypercube ZZl2, the bit 
ip (BF) operator can be de�ned as

�(k) : ZZl2 ! ZZl2

�
zk 7! 1� zk
zi 7! zi if k 6= i

where z is a binary vector of length l. It is clear that the distance metric induced by � is the well-known
Hamming distance.

LOCAL OPTIMA

We can now give a formal statement of a fundamental property of �tness landscapes: for a landscape � =
(X ; f; d), a vector s 2 X is locally optimal if

f(s) > f(t) 8 t 2 N (s):

Landscapes that have only one local (and thus also global) optimum are commonly called unimodal, while
landscapes with more than one local optimum are said to be multimodal.

The number of local optima in a landscape clearly has some bearing on the di�culty of �nding the global
optimum. However, it is not the only indicator: the size of the basins of attraction of the various optima is also
an important in
uence.



GRAPH REPRESENTATION

Neighbourhood structures are clearly just another way of de�ning a graph �, which can be described by its
(n�n) adjacency matrix A. The elements of A are given by aij = 1 if the indices i and j represent neighbouring
vectors, and aij = 0 otherwise. For example, the graph induced by the bit 
ip � on vectors of length 3 has

ABF =

2
66666666664

0 1 1 0 1 0 0 0
1 0 0 1 0 1 0 0
1 0 0 1 0 0 1 0
0 1 1 0 0 0 0 1
1 0 0 0 0 1 1 0
0 1 0 0 1 0 0 1
0 0 1 0 1 0 0 1
0 0 0 1 0 1 1 0

3
77777777775

where the vectors are indexed in the usual binary-coded integer order (i.e., 0 = (000); 1 = (001) etc). By way
of contrast, the adjacency matrix for the CX operator is

ACX =

2
66666666664

0 1 0 1 0 0 0 1
1 0 1 0 0 0 1 0
0 1 0 1 0 1 0 0
1 0 1 0 1 0 0 0
0 0 0 1 0 1 0 1
0 0 1 0 1 0 1 0
0 1 0 0 0 1 0 1
1 0 0 0 1 0 1 0

3
77777777775

(Mathematical connoisseurs might like to verify that permuting the rows and columns so that they are in the
order 0; 1; 3; 2; 6;7; 5; 4 reproduces the adjacency matrix ABF|another way of demonstrating the isomorphism
mentioned earlier.)

The graph Laplacian � is de�ned as
� = A �D

where D is a diagonal matrix such that dii is the degree of vertex i. Usually, these matrices are vertex-regular
and dii = k 8i, so that

� = A� kI:

This notion recalls that of a Laplacian operator in the continuous domain; the e�ect of this matrix, applied as
an operator at the point s to the �tness function f is

�f(s) =
X

t2N(s)

(f(t) � f(s))

so it functions as a kind of di�erencing operator. In particular, �f(s)=jN (s)j is the average di�erence in �tness
between the vector s and its neighbours. Grover [2] has shown that the landscapes of several COPs satisfy an
equation of the form

�f +
Cf

n
= 0

where C is a problem-speci�c constant and n is the size of the problem instance. From this it can be deduced
that all local optima are better than the mean ( �f ) over all points on the landscape. Furthermore, it can also
be shown that under mild conditions on the nature of the �tness function, the time taken by NS to �nd a
local optimum in a maximization problem is O(n log2[fmax= �f ]) where fmax is the �tness of a global maximum.
(Modi�cations for minimization problems are obvious.)

Ideally, such mathematical characterizations could be used to aid our understanding of the important features
of a landscape, and so help us to exploit them in designing search strategies. But beyond Grover's rather
general results above, it is possible to carry out further analytical studies only for small graphs, or graphs with
a special structure|such as Hamming graphs. While some interesting research is in progress, at the moment
the mathematics does little more than make explicit the concepts, and so we turn to empirical studies that try
to help us understand more about the properties of �tness landscapes.



EMPIRICAL STUDIES

NK-LANDSCAPES

One of the �rst and most well-known systematic studies of �tness landscapes was carried out by Kau�man [6].
His `NK-landscapes' were formulated to enable`tuning' of landscape di�culty in a general sense. They work as
follows: we de�ne a binary vector z of length N , and for each bit position i associate K other bits with it. For
each of the 2K+1 di�erent assignments of 1s and 0s, we draw a random value from the distribution U (0; 1) and
record these values in a table. In order to evaluate the function, we take each bit in turn, �nd the value of its
K associated bits fj1; : : : ; jKg and extract the value vij1:::jK from the ith table. The function value f is then
the average of the N values taken from tables 1; : : : ; N .

By varying the value of K, it is possible to change the characteristics of the problem in a fairly crude way.
Clearly, as K increases, the number and order of the interactions expressed in the function increases. The
interesting question is, if we try to �nd the optimal value of f by NS using a speci�ed operator, what sort
of landscape is produced? The de�nition above says nothing about a distance measure|Kau�man called his
creations NK-landscapes, on the assumption that the only interesting case is that of Hamming distance, but
this is not necessarily so. However, the ways in which he was able to characterise his landscapes by empirical
investigations are noteworthy.

Firstly, he noticed that if the distance of each local optimum from the global optimum was computed, he
found that they were on average very much closer to the global optimum than were randomly chosen points, and
closer to each other than random points would be. That is, the distribution of local optima was not isotropic,
but that they were clustered in a central massif. This can most easily be demonstrated graphically by plotting
a scatter graph of �tness against distance. Typically, graphs such as that shown later in �gure 1 are obtained.

Secondly, if the basins of attraction of each optimum were found, the size of the basin was quite highly
correlated with its quality: the highest peaks are drained by the biggest valleys. Experimental work also showed
that as the value of K increased, the average level of all local optima became similar, and the central massif
became less distinct|the di�erences in quality are smaller when the amount of interaction is larger. Other
�ndings are also discussed in his books, but these empirical �ndings at least seem to be fairly general, as we
shall now see from other evidence.

OPERATIONAL RESEARCH

Operational research (OR) has studied combinatorial optimization and heuristic search for over 40 years. In
1965, one of the most important papers on the travelling salesman problem (TSP) was published by Lin [7]. His
`3-optimal' algorithm is one of the �rst high-quality NS approaches to the TSP, but perhaps more interesting is
that he found what Kau�man was to discover nearly 30 years later: that the local optima were `close' to each
other. A little later, Nugent et al.[10] found a similar relationship held for the quadratic assignment problem
(QAP).

Later, Boese et al.[1] extended this analysis for the TSP, plotting �tness-distance plots in the style of
Kau�man, and examined the case of graph bi-partitioning (GBP). Again the same phenomenon was observed,
as it was also by Merz and Freisleben [9]. Because in such problems the emphasis is usually on minimization,
the phenomenon has become known as the `big valley', but it is of course just the central massif inverted.

Not all COPs have obvious distance measures as is the case for problems like the TSP and GBP. This led
Reeves [12] to experiment with di�erent distance measures in the case of the permutation 
owshop scheduling
problem (PFSP), which will be discussed later in this paper.

SEARCHING THE LANDSCAPE

Knowing that there is (or might be) a `big valley' is all very well, but is of little consequence unless we can
actually exploit it. In the �rst place, we can say that the big valley conjecture (BVC) explains the success of
some search methods developed before any evidence for it was widely recognised. Before [1] for example, several
researchers [5, 8, 18] had suggested solving the TSP by repeatedly generating new start points for search by
perturbing a previous local optimum rather than by choosing a random point in the search space. Increasing
sophistication in the implementation of such `perturbation' methods mean that they currently appear to be
the best available for the TSP. If new local optima are indeed close to each other, it both saves computational
e�ort, and concentrates the search in the most likely region in which to �nd high-quality solutions.

However, it is not known whether this phenomenon is general, or whether it is speci�c to the cases previously
examined. In extending it to other COPs, some interesting questions arise as to the way in which `closeness'



can be measured, and as to how the signi�cance of the observed behaviour can be assessed. In this paper, the
well-known n=m=P=f 
owshop sequencing problem will be used as an example in an attempt to shed further
light on this question.

FLOWSHOP SEQUENCING

The permutation 
owshop sequencing problem n=m=P=f , is one in which n jobs have to be processed (in the
same order) on m machines. The object is to �nd the permutation of jobs that will minimize the function f ,
which is unspeci�ed at this point, as several di�erent objectives are possible.

Suppose the processing time is t(i; j) for job i on machine j, and the job permutation is denoted by � =
f�1; �2; � � � ; �ng. Then the job completion times C(�i; j) are as follows:

C(�i; j) = maxfC(�i�1; j); C(�i; j � 1)g+ t(�i; j); for i = 1; : : : ; n; j = 1; : : : ;m

where C(k; l)
def
= 0 if at least one of (k; l) is unde�ned. If we de�ne the makespan as

Cmax(�) = C(�n;m);

the makespan version of the PFSP is then to �nd a permutation �� such that

Cmax(�
�) � Cmax(�) 8 � 2 �n:

This problem has received most attention, but other objectives have also been investigated. Perhaps the second
most common is to minimize the mean 
ow-time (the time a job spends in process), which amounts to minimizing

Csum(�) =
nX
i=1

C(�i;m)

if all jobs are available at the time origin. We call this the 
owsum version of the PFSP.

DISTANCE MEASURES

In order to �nd good solutions to instances of this problem, there are many possible NS operators, each
generating a di�erent landscape, and each needing a suitable metric for measuring the distance between solutions.
In principle, the distance between two solutions � and �0 on a landscape should be measured by the minimal
number of applications of the operator which would convert � into �0. However, there seems to be no way
of �nding this number other than by actually tracing a path from � to �0. In other words, unlike the case
of Hamming distance for binary vectors, it is not possible to look at two permutations and �nd the operator-
distance d! by a simple calculation.

Thus, the question arises: are there operator-independent distance measures for such cases? In [12], 4 metrics
were tested and 2 were found to be useful, in the sense that the BVC appeared to hold. These were

� the precedence-based metric which counts the number of times job j is preceded by job i in both �
and �0. To get a `distance', this quantity is subtracted from n(n� 1)=2;

� the position-basedmetricwhich takes the principle one stage further, by comparing the actual positions
in the sequence of job j in each of � and �0. For a sequence � we can de�ne the `inverse' permutation �
where the position of job �i is given by ��i = i. The position-based metric is then just

nX
j=1

j�j � �0j j:

NS OPERATORS FOR SEQUENCING

Several operators have been proposed in previous work on permutation or sequencing problems. In [12] we
investigated 6 ways in which one solution can be transformed into another. Details can be found in that paper;
here we simply mention those that appeared to be the most powerful.
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Figure 1: 50 local optima plotted in terms of their distances from a global optimum (x-axis), against their relative
objective function values (y-axis). The operator used was forward shift, the strategy was next ascent, each repeated
from 50 di�erent initial random start points. In this example the distance metric used was position-based.

We de�ne the forward shift operator for the case where X is �n|the space of permutations � of length n.
The operator, denoted by FSH(i; j) (where we assume i < j), is

FSH(i; j) :�n !�n

8<
:

�k 7! �k�1 if i < k � j
�i 7! �j
�k 7! �k otherwise

An analogous backward shift operator BSH(i; j) can similarly be described; the composite of BSH and FSH
is denoted by SH.

FITNESS-DISTANCE CORRELATIONS

In order to try to understand better what the landscape of such problems looks like, operators were applied 50
times from di�erent random initial vectors to a number of problem instances of various sizes, resulting in 50
distinct local optima in each case.

The distances of these local optima from a given point can be measured in terms of the operator-independent
metrics introduced above, and then the local optima can also be compared in terms of their �tness values. If the
results of Boese et al.[1] carry over to the 
owshop problem, we would expect to �nd that these distances are in
some sense correlated with each other. This can be examined in any particular case by plotting a graph of local
optima distance from the global optimum (in terms of one of the distance metrics) against distance in terms
of objective function values. Figure 1 provides an example of such a graph for 50 local optima generated by
repeated restarts of a next descent procedure using the �rst of the 20-job, 5-machine set of problem instances
generated by Taillard [16]. These problem instances were chosen for investigation partly because they have
become well-known cases of 
owshop sequencing, but also because the global optima are known for most if not
all of the smaller instances, thus providing a �xed reference point in each case.

This graph appears to con�rm that a relationship such as that found by Boese et al.[1] for the TSP also
exists in this case of the 
owshop sequencing problem|local optima seem to be `close' to each other, and the
closer they are to the global optimum, the higher the level of �tness (at least, on average).

However, it is clearly becomes tedious to plot such a graph for every operator, metric and problem instance.
What is needed in order to assess any particular case is a simple measure of the relationship between the local
optima. We would like to know whether such a relationship exists or not, and if so, how signi�cant it is.

The obvious measure would be the usual correlation coe�cient between the two sets of values, whose sig-
ni�cance can be assessed in the conventional way. In the case above, that is simple enough to do. However,
if the global optimum is unknown (and of course that is the normal situation!), it is di�cult to measure the
�tness of local optima relative to a �xed point. We could still check that the closeness of the local optima to



each other (in the sense of distance) is associated with their closeness in �tness, by computing a correlation
coe�cient from the corresponding entries in the two matrices found from the distance metric and the �tness
values respectively. While such a value can easily be calculated, interpreting its signi�cance would be di�cult,
as the sample clearly does not consist of independent random samples (for example, if local optima A and B
are close in terms of their �tness values, and B is also close to C, then so are A and C). In these circumstances,
we cannot carry out a standard hypothesis test of the correlation coe�cient. As is shown in [12], it is possible
to use randomization tests instead.

In the experiments carried out in [12], the correlations were almost always signi�cant for both single and
composite shift operators, and for both precedence-based and position-based metrics, so that the existence of a
big valley was indicated in all the problems analysed|the 20/5, 20/10, 20/20, 50/5 and 50/10 sets of problem
instances de�ned by Tailard [16].

Other aspects of the landscapes were also investigated. Perhaps the most interesting �nding was that local
optima under one operator could often be improved by switching to a di�erent operator. This is not unexpected,
given the argument we have made initially, that the landscape is not invariant, but is an artefact of the operator
used. However, the proportion of local optima that could be improved, even for the SH operator (the best
overall), and the average amount of improvement, were both somewhat larget than anticipated.

APPLICATION TO EVOLUTIONARY ALGORITHMS

As already stated above, the existence of a big valley is one reason to adduce for the good performance of
perturbation methods. It is also tacitly assumed by such methods as simulated annealing and tabu search,
which would lose a great deal of their potency if local optima were isotropically distributed. The BVC also
motivated the development of `adaptive multi-start' techniques described in [1]. Recent work on path-tracing
algorithms (reviewed in [14, 15] also rests on the assumption that the BVC is true.

It is perhaps not quite so obvious how a big valley relates to the application of evolutionary algorithms. In
the �rst place, the landscape induced by a GA, for example, is not the same as that induced by an operator
such as FSH in a simple NS. Although many commonly-used GA operators for permutation problems have a
similar e�ect to operators such as FSH, the introduction of recombination complicates matters, in the sense of
repeatedly transforming the base landscape (see [4] for further discussion on this point). Secondly, the moves
made on these `GA-landscape(s)' lack a sense of directionality|they are usually more or less random moves,
rather than improving ones as in NS.

Nevertheless, it is possible to exploit the BVC in a GA, by embedding a path-tracing technique as a novel
way of performing crossover. The details have already been published elsewhere [13, 17], so a simple sketch will
su�ce here.

If we consider the case of crossover of vectors in ZZl2, it is easily seen that any `child' produced from two
`parents' will lie on a path that leads from one parent to another. Figure 2 demonstrates this fact.

00000

00001

01000

10000

10001

01001

11000

11001

Figure 2: The diagram shows the set of paths that could be traced between the parents 00000 and 11001. Only
those intermediate vectors indicated by bold type can be generated by one-point crossover, but all can be generated
by uniform crossover.

In an earlier paper [11], we described such points as `intermediate vectors': intermediate in the sense of being
an intermediate point on the Hamming landscape. In the case of non-binary strings, the distance measure may
be more complicated, but the principle is still relevant. It is this that we implemented for both the makespan
and the 
owsum versions of the PFSP. Figure 3 displays a template for performing crossover by path tracing,
while �gure 4 shows in a 2-dimensional diagram the idea behind it.



� Let �1; �2 be the parents. Set x = q = �1.

do

� For each neighbour yi2N(x), calculate d(yi;�2).

� Sort fyig in ascending order of d(yi;�2).

do

1. Select yi from N(x) with a probability inversely proportional to the index i.

2. Calculate f(yi) if it is unknown (or retrieve it if previously calculated).

3. Accept yi with probability 1 if f(yi)�f(x), and with probability Pc(yi) otherwise.

4. Change the index of yi from i to n, and the indices of yk (k 2 fi + 1; : : : ; ng) from k to
k � 1.

until yi is accepted.

� Set x = yi.

� If f(x) > f(q) then set q = x.

until some termination condition is satis�ed.

� q is used for the next generation.

Figure 3: Generalized crossover using path tracing for a maximization problem. The path starts from �1 and is
directed towards �2. The idea is that neighbours closer to �2 are probabilistically preferred, so encouraging a path
towards �2 to form. Rather than simply selecting any point on a path from �1 to �2, points are chosen in an
attempt to improve the solutio. Thus, better neighbours (larger f values) are always accepted, otherwise yi may
be accepted with probability Pc(yi) = exp (��f=c);where �f = f(yi) � f(x). This is similar to the approach of
simulated annealing, corresponding to annealing at a constant temperature T = c. A suitable termination condition
might relate to the number of trials without an improvement, or simply a �xed limit.

Parent1 Parent2

Offspring

PTX

Figure 4: Path tracing crossover combined with local search: a path is traced from one parent in the direction of the
other. In the `middle' of the path, solutions may be found that are not in the basins of attractions of the parents. A
local search can then exploit this new starting point by climbing to the top of a hill (or the bottom of a valley, if it
is a minimization problem)|a new local optimum. The acronym PTX signi�es `path-tracing crossover'.

In this way, the concept of recombining two solutions together can be integrated with traditional NS methods,
and the results obtained (see [13, 17] for the details) were gratifyingly good. For the makespan problem,
embedded path tracing helped the GA to achieve results of outstandingly high quality: several new best solutions
were discovered for Taillard's benchmarks. For the 
owsum version, optimal solutions are not known, but the
path-tracing GA consistently produced better solutions than other proposed techniques. It is also worth pointing
out that in principle it is not di�cult to implement, the coding e�ort required being essentially what is needed
to couple together existing software for GA and NS in a di�erent way.



CONCLUSION

We have discussed some ways in which the landscapes associated with heuristic search methods can be char-
acterized, empirically studied, and exploited in order to �nd high-quality solutions to hard COPs. We have
argued that the existence of a `big valley' provides an explanation for the good performance of perturbation
techniques in particular, and is also a factor in other methods. Finally we have brie
y alluded to an approach
for exploiting it in the context of GAs.

The results obtained by this approach are of high quality, but perhaps more interesting is that it is based in
a fundamental way on the concept of the �tness landscape, and it thus becomes natural to develop algorithms
that generalize concepts of an existing technique.

Several interesting future research questions are suggested. For instance, can we provide a formal de�nition
of what it means for a `big valley' structure to exist, and can we relate it to mathematical constructs associated
with neighbourhood structures? Does the big valley exist almost everywhere, or are there types of problem for
which it does not occur? In the area of implementation, is there scope for further work in re�ning the path
tracing methodology and its integration into GAs?

As our understanding of the nature of search landscapes and how to exploit them develops, this promises
to become an important area of research into the theory and application of heuristic techniques such as genetic
algorithms.
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