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Abstract. Association rule generation is one of the biggest challenges in Data Mining. In this paper we
present some novel methods solving this problem. Our approaches are based on template analysis methods
and Rough set methods. We show that problem of searching for optimal association rules from a given
template is equivalent to the problem of searching for �-reducts in a corresponding decision table. Hence,
association rule generation module can be equipped by easy way in every Rough set based system.

1 Introduction

Many problems in Data Mining can be solved by applying the Rough Set theory (see [4, 6, 11]). Rough Sets
theory is based on dealing the discernibility between objects, which are described by �nite number of features.
In [6, 7], we can convince oneself that Rough Set theory o�ers many interesting methods for many important
Data Mining tasks like: Rule induction, Concept description (granularity), Pattern extraction, Discretization,...

Association rules (see [1]) are one of the important tools for data analysis, in particular in Basket Data
Analysis. Association rules describe the relationship between attributes. The example of association rules is as
follows:

More than 90% of customers, who bought article A and article B,
also bought article C and article D and article E...

Many association rule extraction methods has been proposed by (see [1, 10]). Any extraction method consists
of two main steps i.e. template extraction (or Large item set extraction) and searching for rules from templates.
In this paper we present the Rough set based methods for Association rule extraction. We show the equivalence
between Reduct �nding Problem in Rough Set theory and the problem of searching for association rules from
template.

2 Basic notions

An information system [4] is a pair A = (U;A), where U is a non-empty, �nite set called the universe and A
is a non-empty, �nite set of attributes, i.e. a : U ! Va for a 2 A, where Va is called the value set of a. Elements
of U are called objects.

Any information system A = (U;A) and a non-empty set B � A de�ne a B-information function by
InfB(x) = f(a; a(x)) : a 2 B for x 2 Ug. The set fInfA(x) : x 2 Ug is called the A�information set and
denoted by INF (A ).

Any information system of the form A = (U;A [ fdg) is called decision table where d =2 A is called decision
and the elements of A are called conditions. Let Vd = f1; : : : ; r(d)g. The decision d determines the partition
fC1; :::; Cr(d)g of the universe U , where Ck = fx 2 U : d(x) = kg for 1 � k � r(d). The set Ck is called the
k � th decision class of A .

2.1 Rough set preliminaries

With any subset of attributes B � A, an equivalence relation called the B-indiscernibility relation [4], denoted
by IND(B), is de�ned by

IND(B) = f(x; y) 2 U � U : 8a2B (a(x) = a(y))g



Objects x; y satisfying relation IND(B) are indiscernible by attributes from B. By [x]IND(B) we denote the

equivalence class of IND (B) de�ned by x. A minimal subset B of A such that IND(A) = IND(B) is called
a reduct of A .

If A = (U;A) is an information system, B � A is a set of attributes and X � U is a set of objects then the
sets

BX =
�
x 2 U : [x]IND(B) � X

	
and BX =

�
x 2 U : [x]IND(B) \X 6= ;

	
are called B-lower and B-upper approximation of X in A , respectively.

If A = (U;A [ fdg) is a decision table and B � A then we de�ne a function @B : U ! 2f1;::;r(d)g, called the
generalized decision in A , by

@B(x) = fi : 9x02U [(x0IND(B)x) ^ (d(x0) = i)]g = d
�
[x]IND(B)

�

A decision table A is called consistent (deterministic) if card (@A(x)) = 1 for any x 2 U , otherwise A is
inconsistent (non-deterministic).

The set of attributes B � A is called "relative reduct" or simply reduct of decision table A if and only if

1. @B(x) = @A(x) for all object x 2 U .
2. any proper subset of B does not satisfy the previous condition.

i.e. B is minimal subset (with respect to the inclusion relation �) of attributes satisfying the property
8x2U@B(x) = @A(x).

There are two problems related to the notion of "reducts", which have been intensively explored in rough
set theory by many researchers (see [7, 4, 11]). The �rst problem is related to looking for "shortest reducts" (i.e.
reducts with minimal cardinality). The second problem is related to looking for all reducts. It has been shown
that both problems are NP-hard. Some heuristics has been proposed for those problems. Here we present the
approach based on Boolean reasoning proposed in [7].

2.2 Boolean reasoning approach

Many problems in Rough set theory (e.g. reduct �nding, rule extraction, discretization,.. ) has been successively
solve by Boolean reasoning approach. This simple methods is based on encoding the investigated optimization
problem � by corresponding Boolean function f� in such a way that any prime implicant of f� states a solution
of �. We illustrate this approach by the reduct searching problem (see [8]).

Given a decision table A = (U;A [ fdg), where U = fu1; u2; :::; ung, A = fa1; :::; akg. By discernibility
matrix of decision table A we denote the (n� n) matrix

M(A ) = [Ci;j ]
n
ij=1

such that Ci;j is the set of attributes discerning xi and xj . Formally:

Ci;j =

�
fam 2 A : am(xi) 6= am(xj)g if d(xi) 6= d(xj)

; otherwise:

One can also de�ne the discernibility function fA as a Boolean function:

fA (a
�
1; :::; a

�
k) =

^
i;j

0
@ _
am2Ci;j

a�m

1
A

where a�1; :::; a
�
k are Boolean variables corresponding to attributes a1; :::; ak.

One can show that every prime implicant of fA (a
�
1; :::; a

�
k) corresponds exactly to one reduct in A . One can

see that the set B � A is reduct if B has nonempty intersection with any nonempty set Ci;j i.e.

B is reduct in A i� 8i;j(Ci;j = ;) _ (B \ Ci;j 6= ;)

Moreover, in some applications (see [5]), instead of reducts we prefer to use their approximations called �-
reducts, where � 2 [0; 1] is a real parameter. The set of attributes B � A is called �-reduct if B has nonempty
intersection with at least � � 100% number of nonempty sets Ci;j i.e.

B is �-reduct in A i�
jfCi;j : B \ Ci;j 6= ;gj

jfCi;j : Ci;j 6= ;gj
� �

One can show that for a given �, the problems of searching for shortest �-reducts and for all �-reducts are also
NP-hard.



3 Templates as patterns in data

Given an information table A = (U;A). By descriptors (or simple descriptors) we mean the terms of form
(a = v), where a 2 A is an attribute and v 2 Va is a value in the domain of a (see Hoa...). The notion of
descriptor can be generalized by using terms of form (a 2 S), where S � Va is a set of values. By template we
mean the conjunction of descriptors:

T = D1 ^D2 ^ ::: ^Dm

where D1; :::Dm are either simple or generalized descriptors. We denote by length(T) the number of descriptors
being in T.

For the given template with length m:

T = (ai1 = v1) ^ ::: ^ (aim = vm)

the object u 2 U is said to be satisfy the template T if and only if 8jaij (u) = vj . By this way, the template
T describes the set of objects having the common property: "their values on attributes aj1 ; :::; ajm are equal to
v1; :::; vm, respectively. In this sense one can use templates to describe the regularity in data, i.e. patterns - in
Data Mining or granules - in Soft Computing.

The support of T is de�ned by

support(T) = jfu 2 U : u satis�es Tgj

>From description point of view we prefer the long templates with large support. We considers the following
quality functions which can be used to compare templates.

In previous papers (see [2]) we have shown that some optimization problems related to optimal template
generation is either NP-hard or are still open problems. We consider the following ones:

1. Optimal Template Support (OTS) Problem:
Instance: Information system A = (A;U), and positive integer L.
Question: Find a template T with the length L and the maximal support.

2. Optimal Template Quality (OTQ) Problem:
Instance: An information system A = (U;A);
Question: Find a template for A with optimal quality.

In [2] we have shown the following theorems

Theorem 1 Given an information system A = (A;U) and positive integer L. The optimization searching
problem for a template T (if any) of length L and the maximal support is NP-hard.

The large templates can be found quite e�ciently by Aprori and AproriTid algorithms (see [1, 9]). The
number of other methods for large template generation has been proposed in [2].

4 Association rules

Association rules and their generations can be de�ned by many ways (see [1]). Here, according to the presented
notation, association rules can be de�ned as implications of the form

P) Q

where P and Q are di�erent simple templates, i.e. the formulas of the form

(ai1 = vi1) ^ : : : ^ (aik = vik )) (aj1 = vj1) ^ : : : ^ (ajl = vjl) (1)

The presented form can be called generalized association rules, because association rules are originally
de�ned by formulas P ) Q where P and Q are the sets of items (i.e. goods or articles in stock market) (see
[1]) e.g.

fA;Bg ) fC;D;Eg:

One can see that this form can be obtained from 1 by replacing values on descriptors by 1 i.e.:

(A = 1) ^ (B = 1)) (C = 1) ^ (D = 1) ^ (E = 1):



Usually, for a given information table A , the quality of the association rule R = P ) Q can be evaluated
by two measures called support and con�dence with respect to A . The support of the rule R is de�ned by the
number of objects from A satisfying the condition (P ^Q) i.e.

support(R) = support(P ^Q)

The second measure { con�dence of R { is the ratio between the support of (P ^Q) and the support of P i.e.

confidence(R) =
support(P ^Q)

support(P)

Many e�orts has been investigated for solving the typical task related to associated rules which is formulated
as follows:

For a given information table A , an integer s, and a real number c 2 [0; 1], find as much

as possible association rules R = P) Q such that support(R) � s and confidence(R) � c

All existing association rule generation methods (see [1, 10]) consists of two main steps:

1. Generate as much as possible templates

T = D1 ^D2::: ^Dk

such that support(T) � s and support(T ^ D) < s for any descriptor D (i.e. maximal templates among
those which are supported by more than s objects).

2. For any template T, search for a partition T = P ^Q such that:

(a) support(P) < support(T)
c

(b) P is the smallest template satisfying the previous condition

In this paper we show that the second module can be solve by rough set methods.

5 From templates to optimal association rules

Let us assume that the template T, which is supported by as least s objects, has been found by one of the
algorithms presented in the previous section. We assume that T consists of m descriptors i.e.

T = D1 ^D2 ^ : : : ^Dm

where Di (for i = 1; ::;m) is a descriptor of form (ai = vi) for some ai 2 A and vi 2 Vai . Any decomposition of
T into two parts T = P ^Q de�ne a association rule R = (P) Q). The con�dence of rule R is measured by

confidence(R) =
support(T)

support(P)

For the given con�dence threshold c 2 (0; 1) the decomposition T = P ^Q is called c-irreducible if

1. confidence(P) Q) � c.
2. For any decomposition T = P0 ^Q0 such that P0 is a sub-template of P, we have confidence(P0 ) Q0) < c.

In this section we show the following theorem:

Theorem 2 For any �xed real number c 2 [0; 1], the problem of searching for shortest association rule for
a given table A from the template T with con�dence limited by c (Optimal c-Association Rules Problem) is
NP-hard.

For solving the presented problem, we show that the problem of searching for optimal association rules from
the given template is equivalent to the problem of searching for local �-reducts for a decision table, which is
well known problem in Rough set theory.

We construct the new decision table A jT = (U;AjT [ d) from the original information table A and the
template T as follows:



{ AjT = faD1
; aD2

; :::; aDm
g is a set of attributes corresponding to the descriptors of the template T

aDi
(u) =

�
1 if the object u satis�es Di;
0 otherwise:

(2)

{ the decision attribute d determines if the given object satis�es template T i.e.

d(u) =

�
1 if the object u satis�es T;
0 otherwise:

(3)

The following theorems describe the relationship between association rules problem and reduct searching
problem.

Theorem 3 For the given information table A = (U;A) and the template T, the set of descriptors P is reduct
in A jT if and only if the rule ^

Di2P

Di )
^

Dj =2P

Dj

is 100%-association rule from T.

Proof. Any set of descriptors P is reduct in the decision table A jT if and only if every object u with decision
0 is discerned from objects with decision 1 by one of the descriptors from P (i.e. there is at least one 0 in the
information vector infP(u)). Thus u does not satisfy the template

V
Di2P

Di. Hence

support(
^

Di2P

Di) = support(T)

The last equalization means that ^
Di2P

Di )
^

Dj =2P

Dj

is 100%-con�dence association rule for table A . �

Analogously, one can show the following

Theorem 4 For the given information table A = (U;A) and the template T, the set of descriptors P the rule^
Di2P

Di )
^

Dj =2P

Dj

is c-irreducible association rule from T if and only if it is �-reduct of A jT , where

� = 1�
1
c � 1
n
s � 1

and n is the total number of objects from U and s = support(T). In particular, the problem of searching for
optimal association rules can be solved by �-reduct �nding problem.

Proof. Assume that support(
V
Di2P

Di) = s+ e, where s = support(T). Then we have

confidence(
^

Di2P

Di )
^

Dj =2P

Dj) =
s

s+ e
� c (4)

This condition is equivalent to

e �

�
1

c
� 1

�
s

Hence one can evaluate the discernibility degree of P by

disc degree(P) =
e

n� s
�

�
1
c � 1

�
s

n� s
=

1
c � 1
n
s � 1

= 1� �

Thus

� = 1�
1
c � 1
n
s � 1

�



Searching for minimal �-reducts is well known problem in Rough Sets theory. One can show, that the
problem of searching for the all �-reducts as well as the problem of searching for shortest �-reducts is NP-hard.
Many great e�orts has been involved to solve those problems. In the next papers we present the Rough set
based algorithms of association rule generation for large data table using SQL queries.

6 The Example

The following example illustrates the main idea of our method. Let us consider the following information table
A with 18 objects and 9 attributes.

A a1 a2 a3 a4 a5 a6 a7 a8 a9

u1 0 1 1 1 80 2 2 2 3

u2 0 1 2 1 81 0 aa 1 aa

u3 0 2 2 1 82 0 aa 1 aa

u4 0 1 2 1 80 0 aa 1 aa

u5 1 1 2 2 81 1 aa 1 aa

u6 0 2 1 2 81 1 aa 1 aa

u7 1 2 1 2 83 1 aa 1 aa

u8 0 2 2 1 81 0 aa 1 aa

u9 0 1 2 1 82 0 aa 1 aa

u10 0 3 2 1 84 0 aa 1 aa

u11 0 1 3 1 80 0 aa 2 aa

u12 0 2 2 2 82 0 aa 2 aa

u13 0 2 2 1 81 0 aa 1 aa

u14 0 3 2 2 81 2 aa 2 aa

u15 0 4 2 1 82 0 aa 1 aa

u16 0 3 2 1 83 0 aa 1 aa

u17 0 1 2 1 84 0 aa 1 aa

u18 1 2 2 1 82 0 aa 2 aa

The template T

T 0 * 2 1 * 0 * 1 *

A jT D1 D2 D3 D4 D5 d

a1 = 0 a3 = 2 a4 = 1 a6 = 0 a8 = 1

u1 1 0 1 0 0

u2 1 1 1 1 1 1

u3 1 1 1 1 1 1

u4 1 1 1 1 1 1

u5 0 1 0 0 1

u6 1 0 0 0 1

u7 0 0 0 0 1

u8 1 1 1 1 1 1

u9 1 1 1 1 1 1

u10 1 1 1 1 1 1

u11 1 0 1 1 0

u12 1 0 0 1 0

u13 1 1 1 1 1 1

u14 1 1 0 0 0

u15 1 1 1 1 1 1

u16 1 1 1 1 1 1

u17 1 1 1 1 1 1

u18 0 1 1 1 0

Table 1. The example of information table A and template T support by 10 objects; the new decision table A jT
constructed from A and template T.

Assume that the template

T = (a1 = 0) ^ (a3 = 2) ^ (a4 = 1) ^ (a6 = 0) ^ (a8 = 1)

has been extracted from the information table A . One can see that support(T) = 10 and length(T) = 5. The
new constructed decision table AjT is presented in Table 1.

The discernibility function for decision table A jT can be explained as follows

f(D1; D2; D3; D4; D5) = (D2 _D4 _D5) ^ (D1 _D3 _D4) ^ (D2 _D3 _D4)

^(D1 _D2 _D3 _D4) ^ (D1 _D3 _D5)

^(D2 _D3 _D5) ^ (D3 _D4 _D5) ^ (D1 _D5)

After simpli�cation the condition presented in Table 1 we obtain six reducts for the decision table A jT .

f(D1; D2; D3; D4; D5) = (D3 ^D5) _ (D4 ^D5) _ (D1 ^D2 ^D3) _

(D1 ^D2 ^D4) _ (D1 ^D2 ^D5) _ (D1 ^D3 ^D4)

Thus, we have found from template T six association rules with (100%)-con�dence.
For c = 90%, we would like to �nd �-reducts for the decision table A jT , where

� = 1�
1
c � 1
n
s � 1

= 0:86



M (A jT ) u2; u3; u4; u8; u9
u10; u13; u15; u16; u17

u1 D2 _D4 _D5

u5 D1 _D3 _D4

u6 D2 _D3 _D4

u7 D1 _D2 _D3 _D4

u11 D1 _D3 _D5

u12 D2 _D3 _D5

u14 D3 _D4 _D5

u18 D1 _D5

)

100% con�dence rules

D3 ^D5 ) D1 ^D2 ^D4

D4 ^D5 ) D1 ^D2 ^D3

D1 ^D2 ^D3 ) D4 ^D5

D1 ^D2 ^D4 ) D3 ^D5

D1 ^D2 ^D5 ) D3 ^D4

D1 ^D3 ^D4 ) D2 ^D5

)

90% con�dence rules

D1 ^D2 ) D3 ^D4 ^D5

D1 ^D3 ) D3 ^D4 ^D5

D1 ^D4 ) D2 ^D3 ^D5

D1 ^D5 ) D2 ^D3 ^D4

D2 ^D3 ) D1 ^D4 ^D5

D2 ^D5 ) D1 ^D3 ^D4

D3 ^D4 ) D1 ^D2 ^D5

Table 2. Simpli�ed version of discernibility matrix M (A jT ). Association rules with (100%)-con�dence. Association rules
with at least (90%)-con�dence.

Hence we would like to search for a set of descriptors that covers at least

d(n� s)(�)e = d8 � 0:86e = 7

elements of discernibility matrix M (A jT ). One can see that the following sets of descriptors:

fD1; D2g; fD1; D3g; fD1; D4g; fD1; D5g; fD2; D3g; fD2; D5g; fD3; D4g

have nonempty intersection with exactly 7 members of the discernibility matrix M (A jT ). In Table 2 we present
all association rules achieved from those sets.

7 Conclusions

We present the equivalence between optimal association rule generation problem and reduct �nding problem
in Rough Set theory. This result states that one can apply the well known rough set methods, in particular the
approximate algorithms for reduct problems, to solve the corresponding association rule problem. In the next
papers we will describe the realization of those methods for large data bases by using SQL queries.
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