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ABSTRACT: There are various algorithms to generate decision trees (DTs) from data. ID3 and CART can
be used to generate DTs for real data with prede�ned classes. Fuzzy ID3 and fuzzy CART are fuzzi�cations
of these algorithms which need prede�ned fuzzy classes. We present a new method to generate crsip or fuzzy
DTs from data based on clustering. Our \decision tree clustering" (DTC) automatically determines not only
the structure of the decision tree, but also the fuzzy classes and class borders from the data set.

I. GENERATION OF DECISION TREES

Induction on decision trees (ID3) [10] is a method for generating decision trees from discrete (object) data sets
O or real valued data sets X 2 IRp with prede�ned classes. From all possible permutations of possible decision
trees ID3 determines an optimal tree maximizing the information gain obtained for each branch when traversing
from the root to the leaves. The classi�cation and regression tree algorithm (CART) [4] generates decision trees
for real valued data X 2 IRp assigning each component Xl, l = 1; : : : ; p, of X two crisp binary classes Ll and
Hl separated by an interval limit sl, so that Ll = (�1; sl) and Hl = [sl;1).

There are various approaches to fuzzify the ID3 and CART algorithms. Maher and St. Clair [9] used ID3
to construct decision trees and then fuzzi�ed the labels for recall using uncertain reasoning (UR), hence this
algorithm is called UR{ID3. Janikow [8] extended the ID3 approach by allowing the prede�ned classes for real
valued Xl 2 IR, l = 1; : : : ; p, to be fuzzy (fuzzy ID3, FID3). In FID3 the user de�nes membership functions

�
(l)
i : IR ! [0; 1], i 2 f2; 3; : : :g, for each component Xl. Each membership function �

(l)
i can serve as an edge

label of the fuzzy decision tree (FDT). As in ID3, FID3 generates an optimal decision tree by maximizing
information gains. Hayashi et al. [5] parametrized FID3 by using the family of Schweizer/Sklar t-norms and
t-conorms [11]. Applications of FID3 are reported in [1]. Jang [7] suggests a fuzzi�cation of the crisp CART
results, where the decision tree obtained by CART is used to de�ne initial rules which are subsequently re�ned
using his ANFIS algorithm [6].

The main drawback of FID3 is that the membership functions have to be speci�ed by the user. For high
dimensions p or ill de�ned data this is a di�cult task requiring intensive involvement of experts. On the other
hand, the necessary information to obtain reasonable membership functions might be contained in the data
set X itself. This information is used in a large quantity of fuzzy modeling algorithms to extract membership
functions from data. Therefore, our goal here is to use the data set X to extract automatically both, an FDT
and the corresponding membership functions. Notice that we cannot use CART for this task, because CART
only generates crisp classes, and even Jang's \fuzzy CART" only uses the crisp CART algorithm to generate
the decision tree. Here, we are interested in one integrated algorithm for the extraction of a fuzzy decision tree
and its membership functions.

II. MODELING BY CLUSTERING

A popular method to extract membership functions from data is clustering. Membership functions characterizing
fuzzy partitions can be obtained using the fuzzy c{means (FCM) model [3] de�ned as the following problem:



Given the data set X and a fuzziness parameter m 2 (1;1), minimize the objective function

JFCM(U; V ;X) =

nX
k=1

cX
i=1

umikjxk � vij
2; (1)

where U = fuikg, V = fvig, uik 2 [0; 1] is the membership of xk in the ith cluster, i = 1; : : : ; c, k = 1; : : : ; n,
with

Pc

i=1 uik = 1, for all k = 1; : : : ; n, and vi is the center of the ith cluster, i = 1; : : : ; c. The FCM model
can be optimized by alternating optimization (AO) through the necessary conditions for extrema of JFCM. In
FCM{AO, memberships and cluster centers are alternatingly updated as
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until subsequent estimations V and V � of the cluster centers satisfy maxi=1;:::;cmaxl=1;:::;p(v
(l)
i � v

�(l)
i ) < vth,

where vth is a threshold parameter.

Continuous membership functions �
(l)
i : IR! [0; 1], i = 1; : : : ; c, l = 1; : : : ; p, can be obtained by projection and

subsequent interpolation or approximation of the uik, or simply by inserting the projections v
(l)
i of the cluster

centers vi into
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III. ID3 WITH CLUSTERING

In order to design an integrated algorithm extracting a decision tree and the corresponding membership functions
we combine the extraction of membership functions using clustering with the determination of a fuzzy decision
tree based on (F)ID3. This algorithm called \decision tree clustering" (DTC) works as follows:

At the beginning of the algorithm, the decision tree is empty, we only have one (root) node N . To decide,
which variable should be used to proceed to the children of N , each dimension l = 1; : : : ; p of the data set X

is clustered with various cluster numbers c = 2; 3; : : : ; cmax leading to the partitions U
(l)
c and prototypes U

(l)
c .

For each partition U
(l)
c we compute the partition coe�cient [3]

PC(U (l)
c ) =

1

n

nX
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cX
i=1

�
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(l)
ikc

�2
; (5)

which quanti�es how good the achieved partitions are. The best partition is obtained for the maximum

PC(U
(l�)
c� ) = maxc;lfPC(U

(l)
c )g. The corresponding dimension l� is used to separate the data set, and the

cluster number c� indicates the number of subclasses that have to be generated. These subclasses are inserted

into the decision tree by constructing c� arcs at N with the labels x(l
�) < b
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1 , b
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�). The boundaries b
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i , i = 1; : : : ; c� � 1, are determined, so that the adja-

cent membership functions de�ned by (4) are equal. Without loss of generality assume that the cluster centers

are sorted, so that v
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At the next level of the decision tree we consider the data sets Xi for each child i = 1; : : : ; c� of N . The data sets
Xi contain only p� 1 dimensional data, namely the p original ones except dimension l�. Each Xi contains the



subset of this p� 1 dimensional projection of the data set X that ful�lls the condition label b
(l�)
i�1 � x(l

�) < b
(l�)
i ,

where b
(l�)
0 = �1 and b

(l�)
c� = 1. The whole process is repeated recursively for each child, until there is no

dimension or no data left.

Notice that this algorithm divides each one{dimensional projection of the data set into at least two subclasses,
because the number of clusters is always c > 1. Some of the data components, however, might not possess any
cluster structure at all, so these components can be ignored in order to get a smaller decision tree. This can be
done by testing the data set for cluster structure before each clustering, i.e. it is checked, if there are at least
two clusters contained. We used the PC to decide which cluster number gives the best partition. To check, if
there is no cluster structure, we could formally interpret this as only one cluster. The corresponding PC is then

computed for c = 1 and u
(l)
1k = 1 for all i = 1; : : : ; n:

PC(U
(l)
1 ) =

1

n

nX
k=1

1 =
1

n
� n = 1: (10)

For every fuzzy partiton U , however, we always have PC(U) < 1 for any c > 1. So, this approach would
always prefer c� = 1 with PC(U) = 1, which makes this method impracticable. We therefore use an alternative

method here to test for c� > 1: Let x
(l)
min and x

(l)
max denote the domain limits of each variable x(l) in the whole

p dimensional data set X , and let �
(l)
min and �

(l)
max denote the domain limits of the variable x(l) in the actually

considered q dimensional subset of X , q 2 f1; : : : ; pg. Then the domain ratio

r(l) =
�
(l)
max � �

(l)
min

x
(l)
max � x

(l)
min

(11)

quanti�es, which percentage of the whole domain is covered by the actually considered subset. If r(l) < rth,
then the actual subset is considered small enough to be represented by one cluster only, hence c� = 1, where
rth 2 [0; 1] is a threshold parameter. If r(l) � rth, then clustering is performed for c = 2; : : : ; cmax, and the
optimum cluster number c� is determined from the result with the maximum partition coe�cient.

IV. EXPERIMENTS

We applied our algorithm to the two dimensional data sets from Janikow's paper [8] X =
� �
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which is plotted in Figure 1. X contains four clearly visible

clusters, which can be separated into a cluster pair on the left and two single clusters in the middle and on the
right by vertical lines at, e.g., x(1) = 25 and x(1) = 45. The cluster pair on the left can the be separated by a
horizontal line at, e.g., x(2) = 30.

Figure 1. The data set X1 containing four clusters.



We ran our DTC algorithm with fuzzy c{means clustering and the parameters m = 2, cmax = 4, vth = 10�10,
and rth = 0:3, and obtained the decision tree shown in Figure 2. The decision tree exactly corresponds to the
separation we described above. The positions of the borderlines for the x(1) and x(2) axes, however, are slightly
di�erent, because they are automatically determined from the clustering results: x(1) = 22:31, x(1) = 41:19, and
x(2) = 31:32. The corresponding crisp partition, however, is exactly the same as the partition with the visually
obtained borders from above, i.e. the points xk 2 X belong to the same (crip) classes. Notice that there are
alternative ways to partition the data set X , e.g. by x(1) = 25, x(2) = 30, and x(2) = 45. These results, however,
are suboptimal with respect to cluster separability.

Figure 2. The decision tree obtained for the data set X1. The (defuzzi�ed) tree labels are X1 = (8.00 � X �
22.31), X2 = (22.31 � X � 41.19), X3 = (41.19 � X � 53.00), Y1 = (8.00 � Y � 31.32), Y2 = (31.32 � Y �

58.00), Y3 = (28.00 � Y � 37.00), and Y4 = (52.00 � Y � 56.00).

V. SUMMARY

Decision tree clustering (DTC) automatically extracts a decision tree plus the corresponding (crisp or fuzzy)
classes from data in a uni�ed approach. The decision tree is built by subsequent clustering of single dimensions,
and the choice of the winner separation is based on cluster validity. We have presented an instance of this
algorithm using the fuzzy c{means model (FCM) for clustering and the partition coe�cient (PC) to determine
the best separations. This DTC instance produced good results for Janikow's data set. Since PC is used as the
validity measure, the results are optimal with respect to cluster separability. Other optimality conditions can
be incorporated by choosing other validity measures. Moreover, also clustering models other than FCM can be
used for generating decision trees. The use of the hard c-means model (HCM) [2] instead of FCM, for example,
leads to crisp decision trees. DTC with HCM can therefore be regarded as an alternative to CART.
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