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ABSTRACT: This work focuses on type 2 fuzzy logic which is a logical system of fuzzy truth values equipped with
disjunction, conjunction, t-conorm, t-norm;implication and strong negation Assuming the nanality, convexity

and upper semicontinuity of fuzzy truth values, a t-norm, a t-conorm and a strong negation of type 2 are defined in an
axiomatic way, and aR-implication is derived as the right residual of a t-norm. The expressions of these operations
except for arR-implication can be obtained implicitly by extending those of the conventional (i.e. type 1) fuzzy logic by
means of the extension principle. As the main result of this report, it is shown that the type 2 fuzzy logic forms a
complete lattice-ordered monoid as well as the case of type 1; that is, it is a concrete model of L-fuzzy logic.

KEYWORDS: type 2 fuzzy logic, fuzzy truth values, the extension principle, t-norms, t-conBrimmglications,
strong negations, De Morgan triplet

INTRODUCTION

Zadeh (1975) has introduced the concept of a fuzzy set of type 2, in which membership grade of each element
is a fuzzy subset in the unit intervid, 1 (it is called a fuzzy grade). Mizumoto et al. (1976), (1981) have

investigated in detail the algebraic properties of fuzzy sets of type 2. Following these theoretical works, many
researchers have paid attention to its advantage; that is, the partial order structure of fuzzy grades effectively fit to
human thinking and judgment, and they have applied a fuzzy set of type 2 to several methods to process information
with uncertainty (e.g. Miyakoshi et al. (1980), Izumi et al. (1986), John (1998), Karnik et al. (1998), etc.).

As it is well known, a pair of a t-norm and a t-conorm is defined as a kind of product and $0] imand

plays an important role of a conjunctive operator and a disjunctive operator, respectively, in fuzzy logic. In this
research, the authors extend the concept of a t-norm and a t-conorm to that for fuzzy grades (hereafter, we call them
fuzzy truth values) and construct fuzzy logic of type 2 equipped with a t-norm and a t-conorm on the assumption that
fuzzy truth values are normal, convex and upper semicontinuous. In the same manner as conventional (i.e. type 1)
fuzzy logic, an implicative operator of type 2 is defined via residuation of a t-norm. Also, we define a strong negation
of type 2 and De Morgan triplet of type 2 which is a combination of a t-norm, a t-conorm and a strong negation
satisfying De Morgan law. We can construct a t-norm, a t-conorm and a strong negation of type 2 by extending those
of type 1 by means of the extension principle (Zadeh (1975), but an implication of type 2 can not be realized by the
extension oR-implication. As the main result of our work, it is shown that the type 2 fuzzy logic with a t-norm forms

a complete lattice-ordered monoid; in other words, it is a concrete model of L-fuzzy logic originated by Goguen (1979).

FUZZY TRUTH VALUES

A fuzzy truth value is defined as a fuzzy subseDof].  Let F([0, 1]) denote the set of all fuzzy truth values,

and f,:[0,1] - [0, ] be the membership function of a fuzzy truth valde

The logical operators for disjunctian, conjunctionn and negation= of fuzzy truth values are defined by
applying the extension principle (Zadeh (1975)) to the logical operators for the conventional fuzzyllegiaX ,
O=min, = =1-) as follows:



faus(2) = sup mid fo (x), fg (v},

z=xgdy
fare(2) = SUDP mif fa ), fg (Y},
z=x0y
fsa(2) = sup fa (X) (A BOF([0,1])).

Through this paper, we assume that fuzzy truth values are normal, convex and upper semicontinuous (briefly,
USC), and call the logic with such fuzzy truth values ‘fuzzy logic of type 2’ or simply ‘type 2 fuzzy logic.’ V Let
denote the set of all normal, convex and USC fuzzy truth values. dTtevel sets of AV

B {xO[0 1|fa(¥ 2za} (0<as<]
lefx000, 3/ fA(® >a} (a=0

are closed intervals if0, 1] .

Mizumoto et al. (1976) have shown that the set of normal and convex fuzzy truth values forms De Morgan
algebra under disjunction i, conjunction 1 and negation = with the greatest elementl

(f1(x)=1(x=1), O(otherwis®) and the least elemer (fy(x)=1(x=0), O(otherwis®). Moreover, they have
defined the partial ordee as

AcB - AuB=B
= AB= A
for normal and convex fuzzy truth values and B. It should be noted thaALiIB= B is not necessarily equivalent
to AnB= Afor A BOF([O, 1).

Theorem 1. The set of all normal, convex and USC fuzzy truth vaMeforms a complete Brouwerian lattice under
disjunction LI and conjunctionr i.e. the following statement holds:

ANBEC - B=EAS C (AB @V,

where A5 B=l{ XOV A1 X2 B.

By applying the result of Nguyen (1979) to disjunctiary normal, convex and USC fuzzy truth values
A,BOV and a family{ A} of the elements o/ , we can obtain the following properties:

(ALB), = A OB,

=0 ,
(iE: Aja i Aa
where the operationO is interpreted by means of interval analysis &g OB, :{aDl}aD A, O 5}.

Analogously,
the same properties concerning conjunctionhold.

t-NORMS AND t-CONORMS OF TYPE 2

Mizumoto et al. (1981) have extended algebraic product and algebraic sum to the case of type 2 and have
shown that the set of normal and convex fuzzy truth values forms a lattice-ordered monoiduyndermnd the
extended algebraic product. In this section, the authors extend a t-norm and a t-conorm to the case of type 2 according
to their approach, and investigate the algebraic properties of type 2 fuzzy logic equipped,withand the extended



t-norm.
As it is well known, a t-normT:[0,1]%> - [0, 1] is defined as a commutative, associative and non-decreasing

binary operation with the unit element 1. On the other hand, a t-cosdthyi]® — [0, 1] is defined as that with the

unit elemento . Now, the authors give the definitions of a t-norm and a t-conorm of type 2 by Usimgtead of
[0,1].

Definition 1. A t-norm of type 2T™V? _ V and a t-conorm of type - V? _ V are defined as binary operations
satisfying the following properties (T1)-(T4) and (S1)-(S4) foA, B,COV, respectively:

(T1) unit element: THA2)= A, (S1) SHA0)=

(T2) commutativity:T{ A B)= T{ B A, (S2) SYAB=S(BA

(T3) associativity: T{TY(A B, 9= T{ A T( B9, (s3) ss(AB ¢= § A% B
(T4) monotonicity: BECO T{ A B=T{ A G; (S4) BECO S{AB= §( AT

On the other hand, a t-nori:[0, 12 —~ [Q ] and a t-conormS[0, 2 ~[Q ] are extended by using the
extension principle toT: F([O, ]])2 -~ F(Q1) and S: KO, ]])2 -~ H[Q 1), respectively, as follows:

ff(A,B)(Z) = STl(JPw mir fa ), f5 (Y},
z=T(%

fs ag(@= Z:sstjg}) mi{ fo x), fz (y} for OABOF([0,1]).

Theorem 2. Let A and B be normal, convex and USC fuzzy truth values teBOV, and a t-normT and a t-
conorm S be continuous. ThenT (A B) and S( A B are also normal, convex and USC.
Proof. It is easy to verify the normality and the convexity. Sificas continuous andA, BOV, we can apply the

result of Nguyen (1979) and obtaiT(A B)) =T( 4. B). which means(T(A B) is a closed interval for

Oa 0[0,]. We can obtain the same result concern8(gA B. Therefore, T(A B) and S(A B are USC.
Q.E.D.

Theorem 3. Let a t-norm T and a t-conormS be continuous. ThenT:V? - V is a t-norm of type 2, and
S:V? _ V is a t-conorm of type 2.

Proof. = The existence of the unit element, commutativity, associativity and monotonicfy oén be proved as
follows:

(T1) ff(A,l)(Z) = sup mid fy (x), f, (v}
z=T(X )

sup  fa )= fa(2) O0T(AL)= A
z=T(x1)=X



(T2) FAD (2)= sup mir{ fo x), fg (¥}

z=T(X
= sup miffg ) fak}
z=T(y, % _ N
= 5 a2 OT(AB=T(B A
(T3)
f~ ~ " = i f f f
T(T(AB),C)(X) x'jl'l(JzF’),z) mv{ Z_S_(UEJ miffa X )Me ¢ ) fc i}
= sup  mif miffs &)fs ¢} fc €)
X=T(T(x ), 2
= sup  miff &), miq fg ¢ ).fc @)}
X'=T(X T( ¥, 2)
= sup mi"{fA &), SUP mififg ¥ )fc(Z)}}
X'=T(x 2) Z=T(y,2
= (A T(a o)) 0T(T(AB. Q=T ATB Y

(T4) The distributivity of T on Oi.e. T(abOT(a 9= Tall ¥ (0 a b &[0,1]) can be extended to the case of
interval analysis as

Tlay gl b)ON a al g ¢)=[Tak Ta PO (Ta) (Ta4
[T(a,b) 0T, q), Ta, B)O T3, ¢)
[T(a.b06), M &, b0 6)
T(la, &l [h0G O d)
=T(a, a],[b, BT g q)

Assuming BC=C i.e. BUC= C, we get for anya O[0, I

(T(ABUT(AQ) =TA BITA Q)
=T(An B 0G)
=(T(A BUO)_
=(T(A Q). 0B=CO TABETAQ

In the same way as the case Bf, we can obtainS( A0)= A, S(AB= g B A, §(§( A B, C}: ~<§ A6 B)():
BECO S(ABS $ AT Q.E.D.

Theorem 4. Let a t-norm T be continuous. Then, the algebraic systér’nu,l‘l,f) forms a complete lattice-
ordered monoid.

Proof. (V,1,m) forms a complete distributive lattice (Theorem 1) ands a commutative monoid i (Theorem 3).
Thus, it is enough to show the infinite distributive law:

yiam=T Ay e



for any AOV and any family{ B}, , of the elements of . SinceT is continuous,_g T(ah)= T(a_g lpj holds
1 1

for any a J[0,1] and any family{h}iDI of the elements 0f0,1]. Then, we obtain
[i'E:T(A’ B')L :ig A B)= ( %’ig %’j'

Therefore, we have_|a: T(A B)= T‘( AU Bj. Q.E.D.
| |

Definition 2. An implication of type 2 is defined as the right residual of a t-norm of tyie:®? — V and denoted
by I(Tv2 - v, thatis,

I(TO)(A B)dif'u{xmvhﬂ( AXS B for ABOV.

As a corollary of Theorem 4, we can obtain the following residuation (lzumi et al.(1983) called it
‘adjointness’) between a t-norm of type'E:V2 - V and its right residuaII(T~) :
T(AB=C - B(T[(AQ
for any continuous t-nornir .
Remark 1. Let I(T) denote the right residual of a continuous t-nofim I(T):[O,l]2 - [0,1 can be extended by

means of the extension principle to a binary operatidfi). It should be noted that (T) does not coincide with

I(T).

A STRONG NEGATION AND DE MORGAN TRIPLET OF TYPE 2

In this section, let us cope with the extended operation of a strong neggfiof] - [0, ] which is an
involutive and order-reversing operation satisfyin(l) = 0. The authors define a strong negation of type 2.

Definition 3. A strong negation of type 2=V - V is defined as an operation satisfying the following properties:
(N1) nH(1) =0,
(N2) nD(nD(A)): A for DAV,

(N3) ACB - n{Bc=ri( A.

In the same manner as the cases of a t-norm and a t-conorm, a strong neg@étin- [0, 1] is also
extended to an operation: F([O,l])2 -~ F([0,1) as

fam(2) = sup fa () for JAD H[01) .

Theorem 5. If ADV,then n(A)OV.



Theorem 6. An extended negatiom:V - V is a negation of type 2.
Proof.

(NT) (@ = sup f (x)
z=n(¥

{1 (x=1
= sup
2=n(x (0 (otherwisg

_J1 (z=nD=0
“ |0 (otherwise)
= f,(2) 07(1) =0

(N2) fa(a w)(@ = sup fA(X)
z=n(n( )=

=fa(2 OR(AA)= A

(N3)
fﬁ(A) (z)— sup mm{ sup fo & ), supfg ¥ })

z=xay [ enw y=n(y)
= sup  miff, & ).fg ¢ }
z=n(X)0n( y)
=n(x0y)
= farang (2

If AcB i.e. ANB= A, then we havei( AuR(B) =T A. Therefore, AEB- A(B=TH A. Q.E.D.

Theorem 7. Letat-normT be continuous. For a t-norm of type‘I:ZV2 - V and a negation of type &:V - V,
ﬁ('F(ﬁ( A, H 3)) is a t-conorm in type 2.

Proof. It is clear from Theorem 2 and Theorem 5 ttﬁa(f?(ﬁ( A B)) OVfor OABOV. Let S,r bethen-
dual t-conorm of a t-normT i.e. Si_r(x Y= TG ¥ 6 Y). Then, we have

firon )@=y, MU R O)

= sup midfak)fg@} .
z=§-7(% )

That is, n( (n(A, 3)) coincides with the extended operationSf:[0,1]> - [0,1].  Therefore, from Theorem 3,

ﬁ(T(ﬁ( A, H 3)) is a t-conorm of type 2.Q.E.D.

Remark 2. Let §,_; denote the extended operation of thedual t-conorm S,_1 of a continuous t-normT i.e.

f§H(A B)(Z) = Zz%sga , mir fo ), fg (v}, and S;_s denote then -dual t-conorm of a t-normT of type 2 i.e.

_#(AB= Tﬁ(ﬁ /}f(ﬂ;%)) . The proof of Theorem 7 suggests thf.t = $_- for a continuous t-norm .

Clearly, a set{f, §h_T,~n} can be regarded as De Morgan triplet of type 2 in the same way a$ B, Sgtr, 1} .



CONCLUDING REMARKS

Consequently, the authors have established type 2 fuzzy (VQiLo, mT, Sor (7). ”h) as a model of L-

fuzzy logic under the restriction that the operations of tyﬁe,&_T and I('F) are derived from a continuous t-norm

T of type 1. The assumption through this approach of the normality, convexity and upper semicontinuity of fuzzy
truth values is a sufficient condition for the convenient properties as for the completenesseetatly, REmoto et al.

(1998) have shown theepessary and sufficient condition f(()F([O, 1), L, |—|) to form De Morgan algebra.
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