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Abstract. The limit properties of a class { My }rc(0,0) Of all quasi-arith-
metic means generated by A-powers of a generator g are studied. We work
with special types of generators that uniquely correspond to the additive
generators of continuous Archimedean ¢t-norms or t-conorms. It is shown that
for A — oo, the situation is similar to that for t-norms and ¢-conorms. For
A — 0T, the limit operators are quasi-geometric means. Moreover, we also
investigate the limit properties of a class { My, }aec(0,00) Of all quasi-arithmetic
means generated by functions g, g.(2) = g(z?).
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1 Introduction

A quasi-arithmetic mean is defined as a transformation of the standard arith-

metic mean M : U R" — R, M(xy,...,x,) = %Z?:1 Z;.
neN
Without any loss of generality we restrict ourselves to the operators with

input values from the interval [0, 1].

Let f :[0,1] — [—o0,00] be a continuous strictly monotone function such
that Ran f # [—00,00]. Let f~! be the inverse function of f.

An operator My : U [0,1]" — [0, 1] is a quasi-arithmetic mean if it is defined

eEN
by
My(@1, . wn) = 71 (M (f(@1), oy f(@0))) - (1)
Eq.(1) can also be written in the form M (zy,..,2,) = f~! (TIL znj f(xz)> We
i=1

call f the generator of the quasi-arithmetic mean M;.
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It can be easily shown that for each a, b € R, a # 0 the property
Mgys1p = My holds. Therefore, for any quasi-arithmetic mean My there
exists a continuous strictly monotone function g : [0,1] — [0, c0] such that
g(%) =1, 0 € Ran g and M, = M/, which means that the class of all quasi-
arithmetic means can be characterized by means of non-negative generators
crossing the point (%, 1) and having 0 in their range. From the properties of
g it follows that ¢g~*(0) € {0,1}.

The set of all mentioned functions g will be denoted by G.

The property g(%) = 1 could be dropped, we will use these generators
only because of unigeness.

Definition 1. An element a € [0,1] is said to be an annihilator of an
aggregation operator A if a € {x1,...,x,} implies A(xq,...,2,) = a.

It is clear that any aggregation operator has at most one annihilator.
If My is a quasi-arithmetic mean with generator f, then either My has no
annihilator (if Ran f C R) or a € {0, 1}, see [6].
For any quasi-arithmetic mean the following properties can be easily proved.

1. If a quasi-arithmetic mean M has no annihilator then there exist just
two generators g7, g— € G such that ¢" is an increasing function, g~
decreasing and My = M, = M,_. Moreover, for g* and g~ we have

g (1) —g"(x) 9 (0) =g (z)
gr(1) -1 9-(0) =1
2. If a quasi-arithmetic mean M has an annihilator a = 1, then there ex-

ists a unique generator g+ € G that is an increasing bijection (g7 (1) =
oo) and My = M+.

g () = and g*(z) =

3. If a quasi-arithmetic mean M, has an annihilator a = 0, then there
exists a unique generator g~ € G that is a decreasing bijection (¢~ (0) =
oo) and My = M,-.

The set G is exactly the set of additive generators of continuous Archi-
medean triangular norms and conorms (t-norms and t-conorms for short).
There exist one-to-one correspondeces between continuous Archimedean t-
norms and decreasing generators g- € G and between continuous Archime-
dean t-conorms and increasing generators g™ € G [3, 7, 10].



2 Limit theorems

Let A € (0,00) be an arbitrary constant and 7' (S) be an arbitrary ¢-norm
(t-conorm) generated by an additive generator g. Let us denote by T (S))
a t-norm (t-conorm) generated by ¢g*. It is known [5] that

lim T\ =Ty and lim S, = Sy,

A—00 A—00
where Ty (z,y) = min(z,y) and Sy(z,y) = max(z,y), (z,y) € [0,1]* and
both convergences are uniform.
Next,

lim T\ =Tw and lim S\ = Sy,

A—0t A—0t

where Ty, and Sy are the drastic product and drastic sum. Note that the
limit functions are also t-norms (t-conorms) and the results do not depend
on the generator g.

Consider a function g € G and a constant A € (0,00). Then ¢* € G and
for the class { My} of all quasi-arithmetic means generated by A-powers of
a generator g, the following theorem can be proved.

Theorem 1. The class of operators {Mgx}ac(o,00) is monotone for each
g € G. If g is an increasing generator then M £ M. if and only if A < p
and if g is a decreasing generator then M £ Mg if and only if A > p.

In other words, the type of the monotonicity in parameter of the class
{M >} ac(0,00) 18 the same as the type of the monotonicity of the generator g.

In the next part we prove the limit theorems for quasi-arithmetic means.
To this end, we need the followig lemmas.

Lemma 1. Let uy,...,u, € [0,00]. Then

1 1/A
lim | — Zuf‘ = max u;.
n = 1<i<n

A—00

Lemma 2. Let uy,...,u, € [0,00]. Then

1 /A n
)\L%L (’H,EUZ) Zzl_[lu (ub y U )7

using the convention (.00 = 0o, where G is the geometric mean.



Theorem 2. Let g* € G be an increasing generator of a quasi-arithmetic
mean My+. Then

lim M+ = Max and lim Mgy = Gy,

A—00 A—0+

where

Gyt (21, e a) = (97)7 ((‘ 12[19+(xi)> = (6" (G (g7 (1), - gF(20))) -

Proof. The first part of the assertion follows from Lemma 1, the second
can be proved by Lemma 2.

Theorem 3. Let g € G be a decreasing generator of a quasi-arithmetic
mean M,-. Then

lim M-y = Min and lim M-y = Gg-,

A—00 A—0+
where G- is an operator defined in the same way as G + in Theorem 2.
The limit operators G+, G, will be called quasi-geometric means.

As we can see, if A — o0, the situation for quasi-arithmetic means is
similar to that for t-norms and t-conorms. The limit operator is always the
same, independent of the starting generator g € G (up to the monotonicity).
However, Max and Min are not quasi-arithmetic means. Since all considered
operators are continuous and monotone, the convergences are for any g € G
uniform. Hence the operators Max and Min can be uniformly approximated
by means of quasi-arithmetic means. Note that for any M, we have Min £
M, £ Mazx.

The situation for A — 07 is completely different from that for t-norms and
t-conorms. The limit operator is dependent on the generator g. If Ran g #
[0, 0], the convergences are also uniform. However, if Ran g = [0, o], the
uniform convergence is violated.

The limit operators G, are quasi-arithmetic means only if sup g(z) =
u < o0o. In that case G, = M, where h =log g ( or any linear transforma-
tion of log g). If Ran g = [0, 00|, then G, is a generalized quasi-arithmetic
mean generated by the bijection h : [0,1] — [—00, 0], h = —logg, if the
conventions 00.0 = co and —oo + co = —oo are used. The corresponding
generalized quasi-arithmetic mean M) has an annihilator ( 0 or 1) and also
a weak annihilator (1 or 0), see [6].



Example 1. (i) The standard arithmetic mean is generated by the gener-
ator g7 (x) = 2z as well as by g~ (z) = 2 — 2z (if we use generators from the
class G).

For instance, Mg+ is the quadratic mean and, by Theorem 2, /\lilr(r)1Jr Mg+yx

is exactly the standard geometric mean G.

On the other hand, by Theorem 3, hm M

0 M-y = G, , where

n

Gy (z1,...,0,) = 1= J[QA—2)=1-G(l—wy,....,1 —x,) =

=1

= Gd(ﬂfl, . ,ZUn),
i.e., G,- is the dual operator G of the geometric mean G.

n —1
(ii) The harmonic mean H(x,...,x,) = <% '21 %) is generated by the de-

creasing function g~ (x) = I_TI, ie., H= Mg: By Theorem 3, )\lir& Mg

, where

/11
Gf(l'l,.‘.,ﬂfn) = =

\/sz Hl—l‘)

G(z1,...,2n)
G(zy,...,2,) + Gl —2q,...,1—x,)

whereby g = 0.

Remark 1. The operator G- from Example 1, (ii), is a generalized quasi-
arithmetic mean generated by the bijection h : [0,1] — [—o0, 0], h(z) =
—log g~ (v) = log ==, which is an additive generator of an associative com-
pensatory operator C' introduced in Klement et al. [5], see also [6] .

Note that the operator G,-, G- (x1,22) = VIIT is not contin-

JeEaty/(—a1)(1—22)
uous in the points (0, 1) and (1,0).

Finally, we formulate two limit theorems for quasi-arithmetic means M,
generated by functions g, : [0,1] — [0,00], ga(z) = g(z*), where g € G and
€ (0,00).



Theorem 4. Let g € G be a function with the derivative ¢'(17) € R—{0}.
Then
lim M, =G

a—0t

independently of the generator g.

Theorem 5. Let g € G be a function with the derivative ¢’(07) € R —{0}.
Then
lim M, = Max

a—+00
independently of the generator g.

Note that the assumptions in Theorems 4 and 5 concerning the derivatives
are important and cannot be dropped in general.

Remark 2 The known root-power operators that are quasi-arithmetic me-
ans generated by functions f,(z) = 2%, a € R — {0}, i.e., defined by

1> l/a
Ma(ajl, $n) = (ﬁ Z.I'?)
=1

can be seen for @« € R" as operators studied in Theorems 4 and 5, for
g(x) = z. The obtained general results agree with known results for root-
power operators, compare for instance with [2].

3 Conclusion

We have studied the limit properties for quasi-arithmetic means that are
generated by A\-powers , A € (0,00), of a given genarator g. The limit opera-
tors for A — oo are Max or Min and depend only on the monotonicity of a
generator g. However, the limit operators for A — 01 are g-transformations
of the standard geometric mean (Theorems 2 and 3).

For quasi-arithmetic means generated by functions g,, a € (0,00), ga(z) =
x®, the limit operators (under assumptions given in Theorems 4 and 5) are
independent of the starting generator g. Namely , for a« — 07 the limit
operator is the geometric mean and for &« — oo the operator Max.
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