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S-decomposable measures

As it is very well known by a triangular conorm S (t-conorm briefly) a function
S : [0, 1]2 → [0, 1] is understood such that it is commutative, associative, monotone
and such that S(x, 0) = x for every x.

Let us mention some simple examples:

SM (x, y) = max(x, y) ,

SP (x, y) = x+ y − xy ,
SL(x, y) = min(x+ y, 1) .

An S-decomposable measure (with respect to a t-conorm S) is a function µ : R →
[0, 1] (R being an arbitrary ring of sets) such that µ(∅) = 0 and

µ(A ∪B) = S(µ(A), µ(B)),

whenever A,B ∈ R, A∪B ∈ R and A∩B = ∅. The function is σ-S-decomposable,
if

µ

( ∞⋃
i=1

Ai

)
= lim
n→∞

n

S
i=1

µ(Ai) .

whenever Ai are pairwise disjoint sets from R and
∞⋃
i=1

Ai ∈ R.

It is known ([3], Remark 11.11, [4], Remark 2) that if S is left continuous then µ
is σ-S-decomposable if and only if µ is S-decomposable and continuous from below.
Moreover, the following assertion holds.

Proposition. If S is a continuous t-conorm, µ is S-decomposable measure on a
ring and (An ↘ ∅ ⇒ µ(An)↘ 0), then µ is continuous from below and continuous
from above.
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Alexandrov theorem

We shall consider t-conorms S satisfying the inequality S ≤ SL, where SL is the
Lukasiewicz conorm, i.e., S(x, y) ≤ min(x+ y, 1).

To formulate the Alexandrov theorem we need moreover the following definitions.
A family C of sets is said to be compact, if the following implication holds:

(Cn)∞n=1 ⊂ C ,
n⋂
i=1

Ci 6= ∅ for any n⇒
∞⋂
i=1

Ci ∈ C .

An S-decomposable measure µ : R → [0, 1] is said to be compact if there exists a
compact family C such that to any A ∈ R and any ε > 0 there exist C ∈ C and
B ∈ R such B ⊂ C ⊂ A and

µ(A \B) < ε .

Theorem 1. Let S be a continuous t-conorm, S ≤ SL. Let R be a ring of sets and
µ : R → [0, 1] be a compact S-additive measure. Then µ is continuous from above.

Proof. Let An ↘ ∅, An ∈ R (n = 1, 2, . . . ). Since (µ(An))∞n=1 is decreasing, there
exists a = lim

n→∞
µ(An). We want to prove that a = 0. Assume a > 0. By the

compactness of µ there exist Bn ∈ R, Cn ∈ C such that Bn ⊂ Cn ⊂ An and

µ(An \Bn) <
a

2n
.

Put Dn =
n⋂
i=1

Ci. We want to prove that Dn 6= ∅ (n = 1, 2, . . . ). In the opposite

case there exists n such that Dn = ∅. Then

An = An \Dn =
n⋃
i=1

(An \ Ci) ⊂
n⋃
i=1

(Ai \Bi) .

Therefore

a ≤ µ(An) ≤
n

S
i=1

µ(Ai \Bi) ≤
n∑
i=1

µ(Ai \Bi) < a

what is a contradiction.
We have proved that

n⋂
i=1

Ci 6= ∅ for any n. Therefore
∞⋂
i=1

Ci 6= ∅. Of course,
∞⋂
i=1

Ci ⊂
⋂∞
i=1Ai, hence

∞⋂
i=1

Ai 6= ∅, what is a contradiction. Therefore 0 = a =

lim
n→∞

µ(An).

Remark. From the proof of Theorem 1 it is easy to see that instead of the inequality
S ≤ SL we can assume the following implication:

∀a > 0∃(ai)∞i=1 , ai > 0 ∀n :
n

S
i=1

ai < a .

Moreover, this property holds for any continuous t-conorm S (see [2]). Therefore
we obtain the following generalizatrion of Theorem 1.

Theorem 2. Let S be a continuous t-conorm . Let R be a ring of sets and µ : R →
[0, 1] be a compact S-decomposable measure. Then µ is continuous from above.

Corollary. Let S be a continuous t-conorm. Let R be a ring of sets and µ : R →
[0, 1] be a compact S-decomposable measure. Then µ is σ-S-decomposable measure.
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Product of S-decomposable measures

Let µ : S → [0, 1], ν : T → [0, 1] be two S-decomposable measures defined on
some rings. Of course the product of µ and ν should be considered with respect
to a t-norm T . Recall that a t-norm is a mapping T : [0, 1]2 → [0, 1] such that it is
commutative, associative, monotone and such that T (x, 1) = x for any x.

If S is a t-conorm, then by the de Morgan rule a dual t-norm T can be obtained:

T (x, y) = S(1− (1− x) (1− y)).

So we obtain

TM (x, y) = min(x, y) ,

TP (x, y) = xy ,

TL(x, y) = max(x+ y − 1, 0) .

Of course we need not a dual pair, but a couple satisfying a distributive law ([3],
def. 4.4.1):
T is said to be conditionally distributive over S, if for all x, y, z ∈ [0, 1]

T (x, S(y, z)) = S(T (x, y), T (x, z))

whenever S(y, z) < 1.
A simple example of the distributive law are the t-norm TP and the t-norm SL.

The problem of conditional distributivity for continuous T , S is completely solved
in [3] Theorem 4.4.3.

Theorem 3. Let T be a t-norm conditionally distributed over a t-conorm S. Let
µ : S → [0, 1), ν : T → [0, 1) be S-decomposable measures defined on the rings S and
T , respectively. Let R be the ring generated by the family {A×B;A ∈ S, B ∈ T }.
Then there exists exactly one S-decomposable measure λ : R → [0, 1] such that
λ(A × B) = T (µ(A), ν(B)). If S, T are moreover continuous, µ, ν are continuous
from above and S = T = B(R), then λ is continuous from above, too.

Remark. The conditions µ(A) < 1, ν(B) < 1 for all A and B can be substituted
by S-faithfullness of µ and ν (see [1] and [4]).
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6. Mesiar, R.; Riečan, B., On the joint observable in some quantum structures, Tatra Mt. Math.
Publ. 3 (1993), 183–190.

7. Pap, E., Additive Set Functions, Ister Science, Kluwer, Bratislava, Dordrecht, 1995.
8. Riečan, B.; Neubrunn, T., Integral, Measure, and Ordering, Ister, Kluwer, Bratislava, Dor-

drecht, 1997.


