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Abstract

The well-known fuzzy c-means algorithm { an objective function based

fuzzy clustering technique { is often used for rule learning. This method

is suitable to detect equally sized (hyper-)spheres in the domain of inter-

est. In replacing the Euclidean distance measure in the objective function,

other cluster shapes, for instance ellipsoids or lines, can be found. The
results of known techniques to adapt to the cluster sizes highly depend

on the initialisation of the clustering procedure and often need increased

computation time in comparison to techniques as the fuzzy c-means. We

propose a modi�ed objective function that enables us to retain the possi-

bilities of well-known clustering algorithms and enabling these algorithms

to adapt to the cluster sizes.

1 Introduction

Standard fuzzy clustering methods like the fuzzy c-means algorithm are based on
the idea to optimise an objective function. This objective function depends on
the distances of the data to the cluster centres weighted by the membership de-
grees. By taking the �rst derivative of the objective function with respect to the
cluster parameters, one obtains necessary conditions for the objective function to
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have an optimum. These conditions are then applied in an iteration procedure
and de�ne a clustering algorithm. Numerous approaches have been developed
to detect di�erent forms of cluster shapes in data sets. The more adaptable the
clustering algorithms are in general, the more they depend on a suitable cluster
initialisation. Also with the 
exibility of cluster structures the complexity of the
proposed algorithms highly increases. Several approaches to apply fuzzy cluster-
ing algorithms to the task of rule learning have been developed in recent years,
see for instance [7, 9, 10, 11, 13]. However, a loss of information by the process of
rule generation is unavoidable. More 
exible cluster algorithms referring to the
cluster shape generally result in a higher loss of information by rule generation.
In this paper we brie
y review the necessary background on objective function
based fuzzy clustering and rule learning in 2. Based on the clustering approaches
described in 2 we propose a modi�cation of the objective function in 3. This
enables well-known clustering algorithms to adapt to the shape sizes without in-
creasing the loss of information by rule generation. Finally some examples for
the proposed objective function are shown in 4.

2 Objective Function-Based Fuzzy Clustering and

Rule Learning

We cannot give a complete overview on objective function based fuzzy clustering
and mention here only the background necessary to understand our new approach.
For an overview on fuzzy clustering see for example [5]. Most fuzzy clustering
algorithms aim at minimising the objective function

J (X;U; v) =
cX

i=1

umik � d
2 (vi; xk) (1)

under the constraints

nX
k=1

uik > 0 for all i 2 f1; : : : ; cg (2)

and
cX

i=1

uik = 1 for all k 2 f1; : : : ; ng: (3)

X = fx1; : : : ; xng 2 R
p is the data set, c is the number of fuzzy clusters,

uik 2 [0; 1] is the membership degree of datum xk to cluster i, vi is the prototype
or the vector of parameters for cluster i, and d(vi; xk) is the distance between
prototype vi and datum xk. The parameter m > 1 is called fuzziness index. For
m ! 1 the clusters tend to be crisp, i.e. either uik ! 1 or uik ! 0, for m !1
we have uik ! 1=c. Usually m = 2 is chosen. (2) guarantees that no cluster is
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empty, (3) enforces that for each datum its classi�cation can be distributed over
di�erent clusters, but the sum of the membership degrees to all clusters has to be
one for each datum. Di�erentiating (1) considering the constraints making use
of Lagrange multipliers leads to the necessary condition

uik =
1Pc

j=1

�
d2(vi;xk)
d2(vj ;xk)

� 1

m�1

(4)

for (1) to have a (local) minimum. Therefore, equation (4) is used in an itera-
tion procedure for updating the membership degrees uik. If a suitable distance
function and parameter form is chosen, equations for the prototypes can be de-
rived analogously, assuming the membership degrees are �xed. The alternating
optimisation scheme starts with a random initialisation and applies the equations
for the uik and the prototypes until the di�erence between the matrices

�
uoldik

�
and (unewik ) in two succeeding iterations is smaller than a given bound ". The
most simple fuzzy clustering algorithm is the fuzzy c-means (FCM) (see e.g. [1])
where the distance d(vi; xk) is simply the Euclidean distance and the prototypes
are vectors vi 2 R

p . It searches for spherical clusters of approximately the same
size and by di�erentiating (1) we obtain the necessary conditions

vi =

Pn
k=1 u

m
ik � xkPn

k=1 u
m
ik

(5)

for the prototypes that are used alternatingly with (4) in the iteration procedure.
Gustafson and Kessel [4] designed a fuzzy clustering method that can adapt

to hyper-ellipsoidal forms. The prototypes consist of the cluster centres vi as in
FCM and (positive de�nite) covariance matrices Ci. The Gustafson and Kessel
algorithm (GK) replaces the Euclidean distance by the transformed Euclidean
distance

d2(vi; xk) = (�i detCi)
1=p � (xk � vi)

>C�1(xk � vi):

Another clustering technique (GG) that was designed by Gath and Geva
[2] is in some way able to adapt the cluster size but is no longer based on an
objective function approach. Instead the GG is a heuristic method derived from
the fuzzi�cation of a maximum likelihood estimator. In [12] other clustering
methods based on the maximum likelihood principle are described.

These or similar algorithms can be applied to learn fuzzy rules from data
for classi�cation problems [3, 9] or function approximation [8, 10, 11]. Fuzzy
rules are usually obtained from fuzzy clusters by projecting the clusters to the
coordinate spaces leading to a certain loss of information. The more 
exible the
cluster algorithms are in �nding di�erent shape forms, the greater is the resulting
loss of information in rule generation. One method to avoid a major part of this
information loss is described in [6]. There we start with a partition of the single
domains in fuzzy sets and try to �nd a suitable partition for the data under
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consideration. Here we propose another approach. We modify (1) in a way that
enables simple fuzzy clustering algorithms like the FCM to adapt to the cluster
size { meaning to make the algorithm more 
exible with respect to the cluster
shape { without increasing the existing loss of information.

3 Clustering with Adaptation of Cluster Sizes

For each cluster we add an additional parameter ri to the objective function in
order to enable the clustering algorithm to adapt the cluster sizes. ri can be
considered as the (relative) radius of the corresponding cluster. The resulting
objective function is shown in (6), with constant real-valued parameter l > 0.

J (X;U; v) =
cX

i=1

nX
k=1

umik �
1

rli
� d2 (xk; vi) (6)

To avoid the trivial solution that all ri !1, the constraint

cX
i=1

ri = r (7)

has to be taken into account, where r is a prede�ned constant parameter, e.g.
r = c or r = 1.

Since the objective function (6) does not require special properties of the
distance measure d, most of the described clustering procedures need only little
modi�cation to use the advantages of the proposed objective function. Let us
de�ne

d2r (xk; vi; ri) =
1

rli
� d2 (xk; vi) (8)

as a new group of distance measures. Then the objective function (6) can be
rewritten as

J (X;U; v) =
cX

i=1

nX
k=1

umik � d
2
r (xk; vi; ri) : (9)

For this modi�ed objective function (8) with the constraints (2) and (3) we obtain
the same equations for the membership degrees as in (4), except that we have to
replace the old distance d2 (vi; xk) by d2r (vi; xk), i.e.

uik =
1Pc

j=1

�
d2r(xk;vi;ri)
d2r(xk;vj ;rj)

� 1

m�1

: (10)

The modi�ed objective function for the FCM is shown in (11).

J (X;U; v) =
cX

i=1

nX
k=1

umik �
1

rli
� (xk � vi)

T (xk � vi) (11)
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Analogous to the objective function from section (2) minimising (6) leads to the
necessary condition

vi =

Pn
k=1 u

m
ik � xkPn

k=1 u
m
ik

(12)

for the evaluation of the prototype coordinates.
Assuming that the parameters l > 0 and r > 0 are �xed, we have to take the

constraint (7) into account, when we have to determine the values ri by prede�ned
and during the iteration procedure unchanged l > 0 and r > 0, the constraint
(7) has to be taken into account. With condition (7) we obtain the Lagrange
function

J� (X;U; v) =
cX

i=1

nX
k=1

umik �
1

rli
� d2 (xk; vi) + �

 
cX

i=1

ri � r

!
: (13)

Since the distance measure is independent of ri, di�erentiating (13) gives us

@J� (X;U; v)

@ri
= �

l

rl+1
i

�
nX

k=1

umik � d
2 (xk; vi) + �

!
= 0 (14)

and therefore

ri =

�
l �
Pn

k=1 u
m
ik � d

2 (xk; vi)

�

� 1

l+1

: (15)

With (7) � evaluates to

� =

�Pc
j=1

�
l �
Pn

k=1 u
m
jk � d

2 (xk; vj)
� 1

l+1

�l+1

rl+1
: (16)

Equation (17) represents the resulting calculation instruction for the ri.

ri =
(
Pn

k=1 u
m
ik � d

2 (xk; vi))
1

l+1Pc
j=1

�Pn
k=1 u

m
jk � d

2 (xk; vj)
� 1

l+1

� r (17)

The parameter l > 0 plays a similar role as the fuzzi�er m. When we choose
a small value for l, a strong emphasis is put on adapting to the cluster size. Too
small values for l can have a bad e�ect on algorithms like GK, since the priority
is put on the cluster size instead of the cluster shape. For l !1, no adaptation
of cluster sizes is carried out any more, and we obtain the original algorithms.

Equation (17) can be used alternatingly with equations (10) and (12) and a
suitable distance measure for fuzzy clustering algorithms. Applying our results
on the described FCM or GK enables these algorithms to detect clusters of dif-
ferent sizes. In case of the FCM rule generation only results in a small loss of
information. Adapting the sizes of the detected spherical structures has no in
u-
ence on the precision of the resulting fuzzy rules. In the next section we present
some examples for the modi�ed versions of the FCM and GK respectively.
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Figure 1: Three circular groups of di�erent size

Figure 2: Result with size adapting FCM (left) and normal FCM (right)

4 Examples

Figure 1 shows one of our test data sets for the modi�ed versions of the FCM
and GK with three clusters. For all of the applied cluster algorithms the number
of clusters was set to 3. For the fuzzi�er we have chosen m = 2 in all cases.

Since the three clusters di�er extremely in their size, the original FCM (right
side of �gure 2) has no chance to detect the small lower right cluster correctly.
Our modi�ed version (left hand side) has no di�culties to �nd the correct classi-
�cation. Here the parameter r from the necessary condition (7) was set to 1 and
the exponent of the parameter ri, l, was assigned the value 0.3.

Figure 3 shows the clustering results for the original GK (at right) and the
modi�ed version (at left). These algorithms have more di�culties in �nding the
correct classi�cation. They are assuming ellipsoidal cluster structures of the same
size and depend more on a suitable initialisation of the prototype coordinates.
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Figure 3: Result with size adapting GK (left) and normal GK (right

Nevertheless the modi�ed version of the GK determines the three clusters nearly
correct.

5 Conclusions

Our approach seems to be well suited to adapt to di�erent sizes of clusters.
One remaining problem that also exists concerning the original versions of the
algorithms presented in sections 2 and 4 is that all these approaches presuppose
equally distributed data over all clusters, i.e. the number of datapoints per cluster
are assumed to be equal for all clusters. To cluster data with varying sizes and
numerical di�erences regarding the data points per structure correctly, adaptation
to the density has to be taken into account. As long as we stay with such simple
clustering algorithms like the FCM or the parallel version of the GK, presented
e.g. in [5], loss of information in case of rule learning can be avoided. This is also
valid for the size adaptable versions of these algorithms since the form describing
distance measure is not changed. In case of rule learning the proposed modi�ed
versions of the described algorithms are a good alternative to more complex
algorithms like the method introduced by Gath and Geva [2].
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