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ABSTRACT: Neuro-fuzzy classi�cation systems allow to derive fuzzy classi�ers by learning from data. The
obtained fuzzy rule bases are sometimes hard to interpret, even if the learning method uses constraints to
ensure an appropriate fuzzy partitioning of the input domains. This paper describes an approach to build more
expressive rules by performing boolean transformations during and after the learning process.

1 Introduction

Fuzzy rules are a well-suited representation of classi�cation knowledge. Their application is rather intuitive and
understandable. The abstraction from �gures to linguistic variables eases the readability and interpretability
of the rule base. Automatic induction of fuzzy rules from data is therefore an interesting topic. One approach
to automatic rule generation is based on neuro-fuzzy systems, that use learning algorithms derived from neural
network theory to generate fuzzy rules [1, 6, 10]. Unfortunately, the result of automatic rule induction is not
always as easy to interpret as a rule base built by human experts. In this paper we discuss some of the problems
and approaches to improve the interpretability of neuro-fuzzy classi�cation systems. We present strategies to
simplify fuzzy rule bases to improve the interpretability for the user.

For the implementation and analysis of the presented approach we used an implementation of the NEFCLASS
(NEuro Fuzzy CLASSi�cation) model [7], since it was designed as an interactive classi�cation tool. One of
our goals is to develop algorithms that can learn automatically, but also allow the user to in
uence the learning
and classi�cation process, e.g. by initializing the system, and modifying or extracting knowledge.

The next section gives a brief introduction to fuzzy rules, neuro-fuzzy rule generation and occurring problems.
Sect. 2 describes our approach to address some of these problems. In Sect. 3 the impacts of the changes of the
rules on the fuzzy classi�cation are considered. Experimental evaluation and conclusions are given in Sect. 4
and 5.

1.1 Inducing Fuzzy Rules

In the following, we consider fuzzy rules in the usual form

if x1 is �1 and x2 is �2 and : : : and xn is �n then pattern (x1; x2; : : : ; xn) belongs to class i,

where the �1; : : : ; �n are fuzzy sets. The degree of ful�llment of a rule is calculated from the membership degrees
of the antecedents by use of a t-norm, usually >min or >prod. For each class the maximum or the weighted
average of the rule activations is calculated. The output class is determined by a winner-takes-all principle, i.e.
the class with the highest accumulated activation is predicted.

Rule induction in systems like NEFCLASS, that start with a �xed number pd of manually de�ned or equally
spaced fuzzy sets as partitioning for each dimension d, is pretty straight-forward: for each example from the
database a rule is constructed by choosing for each dimension the fuzzy set with the highest membership degree
as antecedent. The consequent of a rule is determined from the classes of all patterns covered by this rule. In
NEFCLASS a measure is used that takes the alignment of pattern and rule center into account. The initial
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fuzzy partitioning of the input dimensions, i.e. the parameters of the fuzzy sets, is usually adapted in a separate
learning phase.

As the number of antecedents initially matches the dimensionality of the input space, the number of possible
di�erent rules grows exponentially with the number of dimensions. The number of generated rules is bounded
by the number of training examples. Thus, commonly observed problems are either a huge number of rules (with
low readability and interpretability) or a sparse covering of the input space (sometimes resulting in insu�cient
generalization). Both make pruning an important step in rule induction.

1.2 Pruning Fuzzy Rule Bases

Pruning of fuzzy rule bases can be done in several ways. Two basic approaches can be separated: direct deletion
vs. expanding of the rules. Approaches of the �rst kind seek to identify by some measure the less important
rules and remove them. As we deal with fuzzy rules, the remaining rules can cover more of the free space and
eventually grow. The latter approach sees the fuzzy rules as hyper boxes in input space1. The approaches
seek to expand the (hyper)volume of the boxes by merging adjacent rules. Thus, multiple rules are represented
by one merger and the number of rules is decreased.

One e�cient way of increasing the size of fuzzy rules is the removal of super
uous antecedents from the rules.
This can also be interpreted as setting the according dimension to the linguistic term don't care. Thus the
corresponding hyper box covers the whole input space in that particular dimension. Setting input dimensions
to don't care is a special case of merging adjacent rules, i.e. merging the rules that are equal in all but one
dimension and use all possible linguistic terms of the fuzzy partition in the remaining dimension. E.g. if one
dimension is partitioned by 3 fuzzy sets, the disjunctive term small OR medium OR large can be interpreted as
a don't care.

This search for super
uous antecedents using an approach based on the minimal description length principle
(MDL) has been a �eld of interest of our previous research [3]. We used the (crisp) statistic class distributions
that result from the fuzzy classi�cation rules as basis for the MDL calculation.

2 Merging on Logical Level

The approach in this paper can be seen as a third pruning step after rule pruning on dataset and on rule level.
However, we simplify the rule base only on a `logical level', i.e. only the rules are used and the data or their
classi�cation are not considered. Concretely, the considered fuzzy rule bases are given in disjunctive normal
form (DNF), i.e. each fuzzy rule is a conjunction of its antecedents, and the rule base is a disjunction of its
rules. The boolean transformations in our approach allow disjunctions of the fuzzy sets as antecedents of the
rules.

Let us, for illustration purposes, assume a rule base consisting of the following two rules

R1: IF x IS small AND y IS large THEN the pattern belongs to class 1 OR

R2: IF x IS medium AND y IS large THEN the pattern belongs to class 1.

Then we can merge these rules by using only the rule

R0: IF x IS small OR medium AND y IS large THEN the pattern belongs to class 1.

We have to specify how to deal with the disjunction in the antecedent. This is clear in the crisp case, but
ambiguous with fuzzy rules. One possibility is to interpret small OR medium as a new linguistic term with
a new associated membership function. We chose this interpretation, as it allows to represent the new rules
in DNF, i.e. we still have the two-layered scheme of conjunctive combination of antecedents and disjunctive
combination of rules. Thus, the NEFCLASS inference system needs not to be changed. Apart from this, we
can use the simpli�ed rule base only as a more compact output representation and reconstruct the original rules
before applying the classi�er. As this reconstruction is always possible, the merging can be used as lossless
representation. Therefore, we will start with a description of the simpli�cation algorithm in the next section.
Considerations on di�erent interpretations of the merged rules are given in Sect. 3.

1 This holds for the outer borders of single fuzzy rules. The membership degrees increase from 0 at these outer borders to 1 at
the cluster center. Therefore multiple overlapping rules can represent other, more complex shapes. For more detailed descriptions
and a discussion of sparse vs. complete rule bases see [9].



2.1 The Algorithm of Quine-McCluskey

The simpli�cation of the rule base is basically similar to the simpli�cation of boolean functions. There are
various algorithms to simplify VLSI circuits. They can be divided whether they �nd optimal solutions or
apply heuristics. For our problem the basic Quine-McCluskey algorithm is well suited [4], which will be brie
y
presented in the following. A detailed description of this algorithm as well as of several extended versions can
be found in [2]. These algorithms are designed to deal with (possibly incompletely speci�ed) boolean functions,
i.e. functions f : f0; 1gn ! 0; 1; DC, where DC means don't care and marks the unspeci�ed values of f . Each
input-output-pair is called a minterm.

The central element of the Quine-McCluskey algorithm is a so-called prime implicant table. This is generated
from the minterms of the boolean function and allows e�cient simpli�cation afterwards.

Starting point of the algorithm are the minterms. In a �rst step all implicants, i.e. all valid mergers of these
minterms, are generated. This is easier for binary input variables, as a merger of binary variables always directly
removes an antecedent. In case of fuzzy rules with 3 or more linguistic terms per input range, we can still look
for consistent mergers, i.e. pairs of rules, that are equal in all but one dimension and adjacent or overlapping in
the di�ering dimension. In a �rst phase all implicants are generated for the initial rules. An implicant can be
directly interpreted as a merged rule and vice versa.

In a second step, all non-prime implicants are removed, i.e. implicants that cover a subset of another implicant.
The remaining implicants are stored in the prime implicant table, which has a column for every minterm that
has to be covered, and a row for every prime implicant. A �eld is marked, if the corresponding implicant (row)
covers the corresponding minterm (column). The task of the simpli�cation is now to �nd a minimal subset of
prime implicants, that cover all minterms. This simpli�cation is done in a loop of deleting super
uous rows
and/or columns and choosing terms that need to be used in a solution:

If an implicant (row) i covers a subset of minterms that an implicant j covers, i is said to be dominated by j

and thus can be removed. If a minterm (column) i is covered by a subset of implicants that cover a minterm
j, j is said to dominate i and can be deleted, as no matter which implicant will be chosen to cover minterm i

minterm j is also covered. An prime implicant is said to be essential, if it is the only possible cover for a certain
minterm, i.e. if there is only one marker in that column. All essential prime implicants are immediately added
to the solution, the corresponding rows and columns are removed from the prime implicant table.

The prime implicant table is iteratively searched for rows and columns that can be deleted, or rows that are
needed to represent the complete rule base. There may be several alternative implicants that can be included
in the solution. Such situations are resolved by backtracking, i.e. each possible implicant is recursively tried
and the best solution is chosen. The backtracking is bounded by the best solution found so far, where the best
solution is that with the least implicants.

According to the original algorithm, which simpli�es ON-set and OFF-set (i.e. the subset of minterms with `1',
resp. `0' as consequent) separately, it has to be executed once for each class. The execution time is exponential
in the number of minterms. However, due to the direct necessary simpli�cations in the prime implicant table
and the bounded branching, the algorithm can be applied to reasonable numbers of dimensions. An initial
reduction of the input dimensionality may thus be necessary and can for example be done by means of the input
pruning methods implemented in NEFCLASS [3, 8].

2.2 Filling the Gaps

As fuzzy rules are only generated for the patterns given in the learning dataset, contiguous clusters in input
space may be described by non-contiguous rules, i.e. there are gaps between the rules. This becomes especially
apparent with higher dimensional domains or less learning patterns. These gaps may cause lower generalization
ability and may hinder the logical merging.

On the other hand, fuzzy sets of a partitioning are usually required to be overlapping, and thus adjacent rules
�re for patterns lying in between them. That means, that a fuzzy rule also makes predictions for regions
adjacent to its `core'. Thus, gaps between non-adjacent rules are closed by the corresponding fuzzy sets and
generalization ability is not necessarily a�ected.

Still, these gaps may cause unnecessarily complex rules after logical merging. Therefore an explicit �lling of
the gaps can be applied, where it does not lead to contradictions. Analogous to VLSI these additional rules
are marked as DC, i.e. they are used to build implicants, but they do not belong to the set of minterms to be



covered. Thus, they are only used where they lead to simpler mergers.

As criteria, whether a new rule can be added as a DC-rule, its minimal distance to the rules of each class is
determined. The distance of two rules is de�ned as the number of dimensions in which the antecedents are
di�erent, but adjacent linguistic terms, or 1, if they are not adjacent in at least one dimension. A rule may be
added as DC-rule for a class ci, if its minimal distance to a rule of the same class is smaller than to the rules of
any class cj ; j 6= i, and if this minimal distance does not exceed a threshold given by the user. This threshold
allows the user to control, how liberally DC-rules are generated. Sect. 4 empirically shows the in
uence of the
DC-rules.

3 Impacts of the Transformations

When we investigate which impacts the logical rule merging has on the classi�er, two aspects can be considered:
how the user understands the rule base and how the classi�cation behavior is a�ected.

Interpreting the Rule Base

As stated before, the given transformations may be done as pure output processing step, i.e. the simpli�ed
rule base is presented to the user as result, but the original, unsimpli�ed rule base is (eventually reconstructed
from the pruned one) used for classi�cation. One may ask how the pruning of the rule base a�ects the way
the user interprets it: does the new representation help him or her to better understand the data or get a
better intuition? The decreased number of merged rules will certainly improve the readability of the rule base.
Furthermore the search for rule mergers is quite natural and has already been done manually to present the
rules.

If DC-rules are allowed, there may be less and simpler rules after pruning. However, the use of DC-rules a�ects
the reconstruction of the original rule base and thus potentially the classi�cation behavior. On the other hand
these changes can be useful in terms of generalization ability. The additional �lled input space is limited by the
convex hull of the existing rules. As most natural cluster shapes are convex, this may represent the true shape
of the data more appropriate.

One thing that needs to be avoided in the previous merging steps [3] are multiple coverings of the original rules
by merged rules, as this disturbs the class distributions that are the basis of the simpli�cation algorithm. Such
multiple coverings of the minterms are allowed for the logical merging and do not a�ect the reconstruction of
the original rule base.

Changes in Classi�cation Behavior

However, if we do not reconstruct the original rules, but use the merged rules directly for classi�cation, these
multiple coverings may have an e�ect on the classi�cation. However, as in the case of the DC-rules, these e�ects
may be desirable.

To determine the activation of a merged rule for a given pattern we need to de�ne membership functions for the
merged linguistic terms. From the boolean transformations we get disjunctions of the basic linguistic terms. This
suggests the use of a t-conorm, e.g. ?max or ?bounded sum. As always adjacent linguistic terms are merged, it is
not intuitive to have non-convex fuzzy sets. Let us for example assume the merged fuzzy set `small or medium',
with two underlying triangular fuzzy sets with their peaks at xsmall and xmedium. The membership degree of
the mean xmean = 0:5(xsmall+xmedium) is de�nitely less than 1 for ?max and also for ?bounded sum, if the fuzzy
sets sum up to less than 1. However, the intuition suggests, that xmean belongs at least as much to the merged
fuzzy set as xsmall or xmedium. Thus, it is justi�ed to interpret `small or medium' as `small to medium' and
associate a membership function which is 1 for xsmall � x � xmedium, otherwise maxf�small(x); �medium(x)g.
Thus, triangular fuzzy sets are merged to trapezoidal ones. The membership functions for other mergers are
de�ned accordingly.

This obviously increases the degrees of membership for patterns lying in between the peaks of merged rules and
thus a�ects classi�cation behavior. However, if a merged rule describes a single cluster in the data, these higher
degrees of membership may be bene�cial.



Figure 1: Number of rules and number of misclassi�cations for di�erent pruning scenarios

4 Empirical Results

To show the e�ectiveness of our approach we present the results of the application to a dataset from the UCI
machine learning repository [5], namely the Wisconsin breast cancer data. This data have 9 input variables.
There are 683 patterns (plus 16 patterns with missing values), that are assigned to 2 classes benign and malign.
The data was split into learning (342 patterns) and test data (341 patterns). We initialized NEFCLASS once
with 3 and once with 5 fuzzy sets per input variable, resulting in 131 and 167 rules, respectively. On the learning
data, the NEFCLASS system with 3 fuzzy sets made 1 misclassi�cation, that with 5 fuzzy sets made no errors
at all. Unfortunately, on the test data the results are much worse: 64 and 135 patterns were misclassi�ed { an
obvious case of over�tting. Thus, in a �rst step we pruned the input on dataset level [3]. The `original' bars
in Fig. 1 show, how many rules remained and what total error occurred on learn and test set with the number
of inputs successively reduced from 9 to 2. The error on the learning set slightly increased to a maximum of 7
misclassi�cations (3 fuzzy sets, 2 dimensions). However, the total error constantly decreased.

The middle bars (`logical') show the corresponding results after rule merging on logical level as proposed in
this paper. The pruning runs underlying the right bars (`logical+DCs') additionally allowed the use of don't
care cubes in the implicant generation. The most obvious result is the reduction of the number of rules in
comparison to the `original' bars. The use of don't cares allows a further reduction of the number of rules.
Before determining the classi�cation quality, NEFCLASS has been relearned after rule merging. The number of
errors is only slightly a�ected by the rule merging. The classi�cation quality tends to increase on unseen data,
especially when don't cares are used. This con�rms the assumption, that the merged rules with trapezoidal
fuzzy sets can better represent the actual structure in the data.

Tab. 1 shows the 5 resulting rules for the NEFCLASS system with 3 inputs and 3 fuzzy sets after logical rule
merging. The linguistic term `small TO large', whose membership function is always 1 and which has therefore
no in
uence on the result, has been omitted for better readability.

5 Conclusions

The presented approaches are the consequent continuation of the pruning methods presented in [3], which leads
to further improvements in interpretability and readability. As pure output processing step, NEFCLASS can
do automatically, what had to be done manually before. Furthermore, when applying the merged rule base,
generalization ability can be improved.

The original NEFCLASS software for UNIX (written in C++, with a user interface in TCL/TK) that was used to
obtain the results described in this paper can be freely obtained from the World Wide Web (http://fuzzy.cs.uni-
magdeburg.de).



IF input 1 IS small AND
input 2 IS small AND
input 6 IS (small OR medium)

THEN class IS benign

IF input 2 IS small AND
input 6 IS small

THEN class IS benign

IF input 6 IS large
THEN class IS malign

IF input 6 IS (medium OR large) AND
input 1 IS (medium OR large)

THEN class IS malign

IF input 6 IS small AND
input 2 IS (medium OR large)

THEN class IS malign

Table 1: Resulting rules for breast cancer data set
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