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Abstract

We extend a recently proposed qualitative model of case-based decision making which can be seen as a
“case-based” counterpart of (a possibilistic generalization of) the MAXIMIN decision rule. The idea underlying
this approach is to give preference to acts which have always led to good results for problems which are
similar to the current one. The extensions of the model can be motivated, among other things, by the idea
of repeated decision making, which arises quite naturally within the context of case-based reasoning where
new cases are encountered and, hence, experience is accumulated over time. Firstly, an agent will generally
have made very few, if any, observations at the beginning of a decision sequence. This lack of experience
does inevitably cause problems for a case-based approach to decision making which will always seem more or
less arbitrary and, hence, will be open to criticism in such situations. We approach this problem by allowing
for some kind of “hypothetical” reasoning in connection with a generalized evaluation of acts which allows
for the representation of uncertainty. Secondly, the case-based valuation of acts according to the above-
mentioned model appears to be rather drastic since it is based on a sort of worst case evaluation. We relax
it by looking for acts which have yield good results at least in most cases in the past. Indeed, the original
rule which requires good results in any (similar) case may lead to undesirable consequences if an agent has
to act repeatedly. Even though qualitative decision rules are generally not intended for maximizing some
kind of average performance, it is shown that the relaxation of the “always” requirement in the principle
underlying the original decision criterion can be advantageous.

Keywords: decision theory, case-based reasoning, similarity, possibility theory, fuzzy quantifier, repeated
decision making.

1 Introduction

Recently, Gilboa and Schmeidler [20] have proposed a case-based approach to decision making, called case-based
decision theory (CBDT), which combines principles from decision theory and case-based reasoning (CBR). The
main idea underlying their approach is the application of the CBR-principle to the problem of decision making.
More precisely, they assume that an agent faced with a certain decision problem relies upon his experience from
similar situations he encountered in the past. Loosely spoken, he chooses among (potential) acts based on the
(cumulative or average) performance of these acts in connection with previous problems which are similar to
the current one.

Putting it in a nutshell, the problem of case-based decision making (CBDM) can be characterized as follows: Let
Q and A be (finite) sets of problems and acts, respectively, and denote by R a (finite) set of results or outcomes.
We assume that choosing act a € A for solving problem p € Q leads to the outcome r = r(p,a) € R.} A utility
function u : R — U assigns utility values to such outcomes. Let 0g : @x Q — [0,1] and og : R xR — [0, 1] be
(reflexive and symmetric) similarity measures quantifying the similarity of problems and results, respectively.
Suppose the decision making agent to have a (finite) memory M = {(p1,a1,71),...,(Pn,an, )} of cases at
his disposal, where (pg,ar) € Q X A, r, = r(pr,ar) (1 < k < n), and that he has to choose an act for a new
problem py € Q. If a certain act a € A has not been applied to the problem pg so far (i.e., there is no case
(po,a,r) € M) the agent will generally be uncertain about the result r(pg,a) and, hence, about the utility
u(r(po,a)). According to the assumption underlying the paradigm of CBDM, he then evaluates an act based on

IThe assumption that a problem/act tuple determines a unique outcome will be relaxed in Section 3.



its performance in similar problems in the past, as represented by (parts of) the memory M.

In their original approach, Gilboa and Schmeidler assume the decision maker to choose an act maximizing the
following valuation of an act a € A:

V(@) =Voml@ = Y oolppo)-ulr). (1)
(p,a,r)EM

The summation over an empty set yields the “default value” 0 which plays the role of an “aspiration level.”
Alternatively, an “averaged similarity” version? of the linear functional (1) has been proposed, which results
from replacing og in (1) by

U(p,po) — UQ(pap(]) (2)

E(p’,a,r’)e./\/t UQ(p/aPO) .

Theoretical details of CBDT, including special assumptions concerning the memory M and an axiomatic char-
acterization of decision principle (1), are presented in [20)].

A main motivation behind CBDT is to provide a more faithful description of human decision making than
expected utility theory (EUT) does. Indeed, in some situations this axiomatic theory seems rather restrictive.
Particularly, it assumes the decision maker to have very detailed information at his disposal: a complete list of
the states of nature with corresponding probabilities, a complete list of potential acts, and a numerical utility
value for all act/state pairs. Moreover, some well-known paradoxes [1, 17] as well as psychological studies [28]
show that EUT can be challenged as a descriptive theory of (human) decision making. A thorough discussion
of the relation between CBDT and EUT can again be found in [20].

Combining principles from case-based reasoning and decision making touches on aspects of knowledge repre-
sentation and reasoning which are particularly interesting from the viewpoint of artificial intelligence (AI). A
closely related line of research in AT which also aims at making decision theoretical representations more realis-
tic, tractable, and expressive is that of qualitative decision theory [3, 4, 5, 6, 12, 15, 18, 25, 26, 27]. In fact, the
assumption that uncertainty and preference can be quantified by means of a precise probability measure and
a cardinal utility function, respectively, does often appear unrealistic. First steps toward a combination of a
qualitative and a case-based decision methodology have recently been developed within the framework of fuzzy
sets and possibility theory [13, 8, 9, 21, 24]. As opposed to (1), such approaches only assume an ordinal setting
for modelling decision problems, i.e., ordinal scales for assessing preference and similarity.

Just as (1) may be seen as a (case-based) counterpart of classical expected utility, the qualitative model to
CBDM which has been proposed in [13, 8], and which will be reviewed in Section 2 of this paper, can be seen as
a counterpart of a generalization of the MAXIMIN decision rule which has recently been induced in qualitative
decision making under uncertainty [10]. In Section 3 and Section 4 of this paper, we shall propose two extensions
of this model, namely the handling of uncertainty and a weakening of the requirement that an act should always
have led to good outcomes. As we shall see, these extensions can be motivated, among other things, by the idea
of repeated decision making, which arises quite naturally within the context of case-based reasoning.

2 Fuzzy modelling of CBDM

Case-based decision making has been realized in [8] as some kind of similarity-based approximate reasoning.

Let — be a multiple-valued implication connective. Given a memory M and a new problem pg, an act a € A
is assigned the (estimated) utility value

vt a) = min ogo(p, — u(r). 3

(@) = | min | oo(p.po)  u(r) 3)

This valuation supports the idea of finding an act a which has always resulted in good outcomes for problems

similar to the current problem py. An essential idea behind (3) is to avoid the following consequences of the
decision criterion (1):

e A decision maker might prefer an act a which gave always rather poor results to an act a’ which has
yield very good results simply because a has been tried more often. This problem, which is caused by the
accumulative nature of (1), is also the main motivation for the normalization (2).

2This version corresponds to a special case of a k-NEAREST NEIGHBOUR approximation which is also used in other CBR approaches
such as, e.g., the ELEM2-CBR system [7].



e The valuation (1) compensates between good results and bad results associated with an act a, which does
not always seem appropriate (even in the context of repeated problem solving).

As a special realization of (3) the valuation

Via) =V* a) = min max{n(h u(r
@)=V ul@) = min | max{n(h(oa(p.po))).u(r)}.
is proposed, where h is an order-preserving function which assures the commensuration between the (finite)

linear scales of similarity and preference, and n is the order-reversing function of the similarity scale. Taking n
as 1 —(-) in [0,1], and h as the identity, we obtain

V = VJ’ = i 1— , , . 4
(@ = Vo) = | min | max{1 = 000 ). u()} @
Besides, the criterion
V(a) =V, = i . 10); 5
(a) pO’M(a) (p’(rlr’lg)e(M min{og(p,po),u(r)} (5)

is introduced as an optimistic counterpart of (4). It can be seen as a formalization of the idea of finding an act
a for which there is at least one problem similar to py and for which a has led to a good result.

In some situations, the extremely pessimistic and optimistic nature of the criteria (4) and (5), respectively,
might appear at least as questionable as the “averaging” of (1). In fact, the compensation between good and
bad experiences might just as well be reasonable (if an agent has to act repeatedly over time.) However, as
already pointed out in Section 1, (4) and (5) are not intended for maximizing some kind of average performance,
which hardly makes sense within an ordinal setting. Rather, these decision critera should be seen from the same
point of view as qualitative decision rules such as MAXIMIN [12]. Indeed, the application of (3) seems reasonable,
for instance, if an agent aims at minimizing the occurence of worst case outcomes in competition with other
agents, or if only an ordinal preference relation on outcomes can be assumed [5].

Alternative formalizations of CBDM have also been proposed in [10, 21, 23]. For estimating the utility of an
act in connection with a new problem, these methods make use of observed cases by more indirect means than
the approaches discussed so far. More precisely, a memory M of cases is used for deriving a quantification of
how likely a certain act will yield a certain outcome. The (case-based reasoning) hypothesis underlying these
approaches is the assumption that “the more similar two problems are, the more likely it is that an act leads
to similar results.” Within the framework of [21], where likely means probable, a probability distribution on the
set R of outcomes is derived from a memory M. Likewise, possibility distributions are obtained in connection
with the possibilistic frameworks in [10] and [23], where likely means possible and certain, respectively.

3 Coping with uncertainty

There are several kinds of uncertainty which might become relevant in connection with CBDM. A first source
of uncertainty concerns the observed cases. A problem which occurs frequently, e.g., in connection with exper-
imental data, is that of imprecise observations, i.e., outcomes which cannot be observed exactly. This kind of
uncertainty can be taken into account, e.g., by modelling outcomes as fuzzy sets R € F(R), where F(R) denotes
the set of all (normal) fuzzy subsets of the set R of results.

It might also become necessary to give up the assumption that a problem p € Q and an act a € A determine
a unique outcome r(p,a). In [24], for instance, a case-based reasoning framework is considered in which results
are treated as random variables. Again, there are different motivations for such a non-deterministic setting. For
example, the process which determines the result associated with a problem p and an act a might indeed be
subject to some random influences. A second motivation, which seems to be of considerable practical relevance,
is related to the completeness, precision, and granularity of information. Even though the application of a
certain act might principally determine the outcome, the characterization of the problem might be imprecise,
incomplete, or not detailed enough. Thus, choosing an act a for repeatedly solving the (apparently) same

3As pointed out in [13, 8, 9] and discussed in Section 3, the above formulas are debatable if none of the already experienced
problems is completely similar to the current problem.



problem p might result in different outcomes.* An uncertainty measure associated with a problem/act tuple
(p,a) is then used for characterizing the true but unknown result. Consider the case where the description of
the problem p contains missing attribute values as an example. The uncertainty concerning the outcome r(p, a)
is then directly related to the uncertainty concerning the values of these attributes. A further example is the
problem of decision making in game playing. Namely, the outcome associated with a certain act will generally
depend on the decision of the opponent as well. The latter, however, is not part of the problem description.

Here, we are particularly concerned with a second source of uncertainty which actually corresponds to a lack of
information, and which is not related to the observed cases. Rather, it concerns the cases which have not been
encountered so far. By this we mean the problem that a case-based decision procedure will inevitably get into
trouble, or at least become dubious, if not enough cases have been observed. The assignment of the “default
value” 0 in connection with (1), for instance, might appear somehow arbitrary. The alternative models of CBDM
mentioned at the end of Section 2 seem advantageous with respect to this problem [22, 23]. The fact that no
cases or, more generally, no similar cases have been observed so far can be modelled adequately by means of the
possibility distribution 7 = 1 on R. Namely, the latter is an expression of complete ignorance, which cannot be
depicted by less expressive scalar estimations such as (1) and (4).

Problems caused by a lack of information also occur in connection with (4). As pointed out in [8] this valuation
only makes sense if the memory contains at least one problem p such that o(p,ps) = 1, and where a has been
chosen for solving p. Otherwise, it may happen that (4) is very high even though none of the problems contained
in the memory is similar to the current problem pg. Particularly,

({p € Ql(.a,r) € M A 0a(p,p0) > 0} =0) > (V4 i(a) =1),

which does not seem satisfactory.

Modifications of (4) and its optimistic counterpart have been proposed in order to cope with these difficulties.
The modified measures are based on some kind of normalization of the similarity function for each act a, and a
discounting of (4) and (5) which takes the absence of problems similar to py into account. More precisely, the
modified version of (4) is given by

Vhaala) = min { (e o), | min | max(1 = oo(p. o). u()} ©)

where

hM (a,po) = (p,g,lra)J)E(M UQ(pap(])a

and o4 (-,po) denotes a renormalization of og(-, po) such as, e.g., 0g(-,po)/har(a, po) (assuming h(a,po) > 0.)
The idea behind (6) is that the willingness of a decision maker to choose act a is upper bounded by the
existence of problems which are completely similar to pg, and to which a has been applied. Moreover, ag(+, po)
is renormalized in order to obtain a meaningful degree of inclusion. Thus, (6) corresponds to the compound
condition that “there are problems similar to py to which act a has been applied, and the problems which are
most similar to pp are among the problems for which a has led to good results.” Observe that (4) is retrieved
from (6) as soon as haq(a,pg) = 1.

We shall now propose a generalization of (4) which can handle the two above-mentioned sources of uncertainty
in a unified way, and which is also able to express uncertainty in connection with the valuation of an act. To
this end, it should first be noticed that we can write (4) as

Via)=Vy \(a) =  min max{l — oy, v}, (7)

where the values 0 = g9 < 01 < ... < 0y, = 1 constitute the (finite) set {og(p,p’)|p,p’ € Q} of possible
similarity degrees of problems, and

Vg = min Vk = min{u(r) | (p,a,r) € M; UQ(pap(]) = Uk}

41t is, of course, possible to formally maintain the property ((p,a) = (p’,a’)) = ((p,a,7) = (p',a’,r")) for all (p,a,7), (p',a’,7') €
M. In fact, all problems might be considered as different by adding an arbitrary attribute such as, e.g., a consecutive number.
Then, however, we should expect og(p,p’) = 1 if p coincides with p’ up to this auxiliary attribute.



is the lowest utility obtained in connection with act a for problems which are oy-similar to pg. Moreover, v, = 1
(by definition) if V3 = @), which just leads to the problem that (4) becomes large if only few observations have
been made.

According to (7), the valuation (4) of an act is completely determined by the lower bounds vy (0 < k < m),
which are derived from the memory M. This reveals that (4) can be seen as some kind of “experience-based”
approximation of the MAXIMIN principle. The case in which all problems are completely similar makes this
especially apparent. Then, (4) valuates an act a simply according to the worst consequence observed so far.

More generally, the value v can be seen as an estimation of the lower utility bound

wy, = min{u(r(p,a))|po #p € Q,00(p. po) = o},

i.e., the smallest degree of utility which can be obtained in connection with act a for (not necessarily encountered)
problems from Q which are op-similar to pg. Then, th, (@) can be interpreted as an approximation of

Lig) — i _
W (a) Oglclélmmax{l Ok, W },

which defines a similarity-based generalization of a MAXIMIN-evaluation. In fact, W} (a) is equal to Vpi()’ amla)
if a has already been applied to all problems (up to pg) from Q, i.e., if {p| Ir € R : (p,a,r) € M} =9\ {po}-

The above considerations suggest a generalization which is obtained by replacing the scalar values vy, by fuzzy
sets and applying the extension principle [30] to (7):

vl,...,vneR,Oinan max{l—aj,vj}:'u}, (8)

(a) (V) = max { min -y, (vr) ;

4
Py a 0<k<

where W}, € F(U) (0 < k < m), and 0 denotes the membership function of th’M(a) which is now a

fuzzy set. W}, represents the available information about wy,, and a value uw, (v) is understood as the possibility
that the lower bound wy, is given by v. The model (4) then corresponds to the special case where W, is derived
from M according to pw, = X{v,}-

The problem of uncertainty due to the absence of solved problems which are (completely) similar to pg can now
be handled in a more flexible way. Consider, for instance, the case where V; = §), i.e., no problem has been
encountered so far which is op-similar to pg and to which act a has been applied. As already mentioned above,
the original approach (4) does then (implicitely) estimate the lower bound wy by vy = 1, whereas (7) is able,
e.g., to express complete ignorance via puw, = 1. Particularly, letting W,,, = 1 in the case where V,,, = §) implies
that uvplo (@) (0) =1, i.e., the fact that act a should be assigned the valuation 0 seems completely possible.

The above modelling of ignorance concerning the lower bound wj, might be generalized to the case where V}, # ()
by means of uw, (v) =1 if v < vy, and pw, (v) = 0 otherwise.? It seems reasonable, however, to think of more
general definitions of Wj,. Seen from the viewpoint of CBR, for instance, the memory M may provide evidence
concerning wy even if ¥V = (. In this connection it seems particularly interesting to combine (3) with the
possibilistic methods mentioned at the end of Section 2, which leads to a more “hypothetical” specification
of the Wy. Suppose, for example, the CBR principle that acts lead to similar outcomes for similar problems
to be strongly supported by the observations which have been made so far. Moreover, suppose that a certain
act a has often led to good results for problems which are wery (but not perfectly) similar to the problem pg
under consideration. It seems, then, likely that a also leads to good outcomes if applied to problems which are
completely similar to pg. Thus, pw,, (v) should be small for small utility values v, even though a case (p,a,r)
such that og(p, po) = o,m = 1 has not yet been encountered.

Observe that (8) also allows for the utilization of background knowledge which is not derived from the memory
M. It might be known from a further information source, for instance, that wj, does definitely not fall below a
certain bound v}, or at least that wy < v}, is unlikely, which leads to pw, = 0 resp. pw, (v) < 1 for v < vj,.

Based on (8) in conjunction with a generalization of the CBDM framework outlined in Section 1 we can also
approach the first type of uncertainty, which has been mentioned at the beginning of this section. To this

5A distinction between two kinds uncertainty associated with an act a should be emphasized. The uncertainty concerning
the prediction of a lower utility bound which is caused by a lack of information will be modelled, e.g., by W; = 1. Uncertainty
concerning the prediction of a utility degree which is caused by the fact that a has led to very different outcomes for oj-similar
problems will be reflected by a membership function uw, having large values for small utilities and small values for large utilities.
This example shows that we might be relatively certain about the value of a lower utility bound while being completely uncertain
about the result that an act a will yield for a certain problem.



end, we extend the set of outcomes to F(R), i.e., the set of all (normal) fuzzy subsets of the set R of results.
A representation Wy, of knowledge about the lower bound wy is then derived from “fuzzy” cases of the form
(p,a,R) € Q x AxF(R). A value ugr(r) is interpreted as the possibility 7(X = r) that the (unknown, not
precisely observed) outcome X is given by r € R. The derivation of W}, from “fuzzy” cases can be realized by
applying the extension principle to a derivation of Wy, from “crisp” cases.

It has already been hinted at in the introduction that Gilboa and Schmeidler’s approach to case-based decision
making is partly motivated by the idea of avoiding any kind of “hypothetical” reasoning. As poinetd out in
[20], such reasoning might become necessary in connection with EUT since the decision maker has to know,
e.g., all outcomes associated with act/state pairs. It should, therefore, be mentioned that the hypothetical
reasoning in connection with (8) is by far less demanding. Particularly, it does not require any knowledge which
is not available. On the contrary, nothing prevents us from using Wj, in order to express complete ignorance. If
available, however, general background knowledge (including hypothetical knowledge “derived” from the CBR
assumption) should be utilized, and (8) presents the opportunity for doing this.

Comparing acts in the context of the generalized model (8) turns out as the problem of comparing fuzzy sets
resp. possibility distributions. Needless to say, such a comparison is less straightforward than the comparison
of scalar values. In fact, there are different possibilities to approach this problem [14] which are, however, not
further discussed here.

4 Repeated decision making

The generalization of (4) which we will propose in this section is a weakening of the demand that an act has
always given good results for similar problems. In fact, one might be satisfied if a turned out to be a good
choice for most similar problems, thus allowing for a few exceptions [13]. In other words, the idea is to relax
the universal quantifier “for all.” Observe that a similar generalization of (5), which replaces “there exists”
by “there are at least several” and, hence, corresponds to a strengthening of this decision principle, seems
reasonable as well.

Consider a finite set A and let m = |A|. In connection with propositions of the form “most elements of A have
property X” the fuzzy quantifier “most” can be formalized by means of a fuzzy set [16, 29], the membership
function u: {0,1,...,m} — [0,1] of which satisfies

Vke{l,...,m—1} : p(k) <plk+1) and p(m) =1 (9)

The special case “for all” then corresponds to p(k) = 0for 0 < k < m—1and u(m) = 1. Given some p satisfying
(9), we define an associated membership function 7z by 7(k) =1 — u(k — 1) for 1 < k < m and 1(0) = 0 (see,
e.g., [11]). A membership degree fi(k) can then be interpreted as quantifying the importance that the property
X is satisfied for k& (out of the m) elements.

Now, consider a memory M of cases, a problem pg € Q, an act a € A, and let M, = {(p',a',7") € M|a=d'}.
Moreover, let u formalize the above-mentioned “for most” concept. A reasonable generalization of (4) is then
given by

Vpo.m(@) = min  max {1 — (k)

0<k<| M| max{1 — UQ(RPO),U(T)}} . (10)

, max min
M'CMgq : | M'|=k (p,a,r)EM’

The second expression in braces on the right-hand side of (10) defines the degree §(k) to which “the act a has
induced good outcomes for similar problems k times.” The extent to which a (small) degree d(k) decreases the
overall valuation of a is bounded by 1 — fi(k), i.e., by the respective level of (un-)importance. Observe that we
do not have to consider all subsets M' C M, of size k for deriving d(k). In fact, for computing Vj, r(a) one
will arrange the m = |M,| values v = max{l — o0g(p,po), u(r)} in a non-increasing order vy > vy > ... > vpy.
Then, (10) is equivalent to

VPO,M(G‘) = 0<I£I<li|r./l\/l |max{1 _ﬁ(k)avk}v

where vg = 1.

The generalized criterion (10) can be useful, e.g., in connection with the idea of repeated decision making. As
already mentioned above, this idea arises quite naturally in connection with a case-based approach to decision



making. We might think of different scenarios in which repeated problem solving becomes relevant. A simple
model emerges from the assumption that problems are chosen repeatedly from Q according to some selection
process which is not under the control of the agent such as, e.g., the repeated (and independent) selection of
problems according to some probability measure. More generally, the problem faced next by the agent might
depend on the current problem and the act which is chosen for solving it. A Markov Decision Process extended
by a similarity measure over states (which correspond to problems) may serve as an example. Besides, we might
consider case-based decision making as a reasonable strategy within a (repeated) game playing framework such
as, e.g., the iterated prisoner’s dilemma [2].

As a concrete example let us consider a very simple model of repeated decision making: Suppose the agent to
face the same problem p over and over again, and that the result associated with an act a € A = {a1,a2,a3}
depends on a state of nature w € Q = {w;,ws,ws}. The state w is assumed to be chosen randomly (every time)
and is not part of the problem description (cf. Section 3). We assume the probability for w = ws, which is
also not known to the decision maker, to be positive but relatively small. Moreover, the results (= utilities)
associated with act/state tuples shall be specified as follows:

| Wy W2 Wws
aq 1 1 0
ax | 1 0 0
az | 0 0 0

Recall that the utility values 0 and 1 only represent the fact that one outcome is preferred to the other, and
that we might encode this by —1 and 1 as well.

Now, since a; dominates as and a3 (strictly) it is obviously the best choice. Observe, however, that the valuation
of an act a according to (4) simply corresponds to the worst outcome observed in connection with this act, i.e.,
th7M(a) =0 if (p,a,0) € M, and th’M(a) = 1 otherwise. Thus, we have th’M(al) = 0 as soon as a; has
been selected for solving p and w = ws. From this moment of time, a; and a3 (and, sooner or later, as) are
rated equally and an act might be selected, e.g., by flipping a coin. In other words, the problem which occurs
when basing decisions on (4) is the fact that this criterion does not, in the long term, discriminate between two
acts even though the first one strictly dominates the second one. Observe that the MAXIMIN rule does also not
discriminate between a; and as.” This, however, seems to be acceptable more easily than the same property
for (4): If used in connection with one-shot decisions, the MAXIMIN rule does not memorize experience from
previous problem solving. That is, it does not have the opportunity of learning and experimenting in the course
of a repeated problem solving process.?

It is just the above-mentioned drawback which can be avoided by (10) in conjunction with a proper formalization
of the “for most” concept. In fact, since (10) allows for a few exceptions (and ws is assumed to occur seldomly)
we will probably have Vj,; am(az) = Vo, m(az) =0 < 1=V, am(a1). Then, the relative frequency of selecting aq
will converge toward 1 (instead of 1/3, as it would do in connection with a random choice between equally rated
acts a1, as, as.) More precisely, suppose the “for all” quantifier to be defined such that it yields 1 if the property
under consideration is satisfied in at least 100(1 — €) percent of the cases, and 0 otherwise. In terms of our
notation above, this means pu(k) = 1if k/m > 1—¢, and p(k) = 0 otherwise. Then, we will have V},, am(a1) =0
if the fraction 7, of cases in which w3 has occured in connection with a; exceeds e, where m is the number
of times a; has been chosen. Otherwise, we have Vp, am(a1) = 1. The probability that 7, > e and, hence,
the probability that Vp, a4(a1) = 0 will be small if € is chosen sufficiently large in relation to the probability
of the occurence of ws. On the other hand, £ should not be made too large, since otherwise Vp, a(as) =1 as
well, which means that a; and a3 are rated equally. An interesting idea arising in this context, which leads to
a further extension of the model, is that of learning an optimal “for most” concept (from a parametrized class
of membership functions.)

Notice that the probability of 7, > & decreases with m if the probability that w = w3 is smaller than €. Thus, the
probability of disqualifying a; is, if at all, relatively large at the beginning of a decision sequence, i.e., if a; has
not yet been tried very often. This problem, which is also related to the general problem of case-based decision
making with only few observations (cf. Section 3), can be alleviated by means of a more flexible specification of
the “for most” concept. Namely, the smaller the value of m, the less restrictive this concept should be specified

SThis clearly exemplifies that the application of (1) does hardly make sense.

“This can be achieved by extensions of MAXIMIN such as the ordinal decision rules DISCRIMIN and LEXIMIN [19)].

&This is no longer valid in a game playing context. Then, however, MAXIMIN can be justified by the assumption of an optimally
acting opponent.



in terms of the membership function u. The definition above, for instance, could be generalized such that e
depends on m, i.e., u(k) =1if k/m > e,,, and pu(k) = 0 otherwise, with a non-increasing sequence (&, )m>0.

Let us now pass over from the valuation of acts (in the context of a certain problem) to the valuation of
complete decision strategies. Of course, the question of when to prefer a certain decision rule to an alternative
criterion, i.e., the question concerning the valuation of a (case-based) decision strategy, is by no means obvious in
connection with the assumption of an ordinal setting for decision making. In fact, all kinds of “averaging” such
as, e.g., the derivation of the mean of obtained utility values, are out of the question. Using the worst outcome,
which might appear natural if (4) is seen as some kind of (case-based) analogue of the MAXIMIN decision rule,
seems critical as well. Namely, within a case-based decision framework it is principally not possible to fully
realize the idea underlying this (pessimistic) principle. Namely, an agent knows the possible consequences of
a decision only after having applied the corresponding act. Then, however, the worst outcome has already
occured. In other words, it is anyway impossible for a case-based decision strategy to avoid the worst outcome
completely, or to choose acts according to a (proper) MAXIMIN principle.

In connection with a model in which problems are chosen repeatedly according to some probability it seems
reasonable, for instance, to prefer a decision strategy S to a strategy S’ if the former dominates the latter
(stochastically) in the following sense: Let U = {uj,us, ... ,un} such that uy < us < ... < u,, and denote by
P(S) the probability of obtaining the utility uy in the nth step of a decision sequence if strategy S is used.?
Then, S dominates S’ (stochastically) if

VneN1<k<m) : ip,gl(s') giP,?(S). (11)
i=k 1=k

For our example above, we have U = {0,1}, i.e., P}*(S) and P{*(S) simply correspond to the probability of
receiving a “bad” and a “good” outcome, respectively, in connection with the nth decision. Moreover, a decision
criterion S is preferred to S’ in the sense of (11) if P/*(S) > P*(S’) for all n € N. Appendix A shows simulation
results for different decision strategies S, which only differ with respect to the choice of ¢, i.e., the definition of
the “for most” quantifier. The states wy,ws,ws occur with probability 0.6, 0.3, and 0.1, respectively. Acts are
valuated according to (10), and ties between equally rated decisions are broken by coin flipping. The results
confirm the supposition that € should satisfy 0.1 < & < 0.4. The critical values are € = 0.1 and ¢ = 0.4. For
e < 0.1, all acts will sooner or later be judged equally and, hence, P*(S.) — 1/2 as n — co. Letting 0.4 < ¢ is
“too tolerant” in the sense that Vj,, a¢(a2) = 1 in the long term, which means that (10) does not differentiate
between a; and ap and, therefore, P{*(S;) — 3/4 as n — co. Observe that the estimation of Pj*(S.) from the
sequence (u(n))n>1 of obtained utility values is a good starting point for learning an optimal value for ¢, i.e.,
for learning an optimal “for most” concept.

5 Summary

We have considered a recently proposed decision model which appears particularly interesting from the viewpoint
of knowledge representation and reasoning since it combines ideas from gqualitative and case-based decision
making. Such an approach, however, does inevitably raise some difficulties. Firstly, a case-based approach to
decision making seems problematic if an agent suffers from a lack of experience, in the sense that he has not yet
encountered enough cases. In order to alleviate this problem we have replaced the scalar evaluation of an act
by means of a “fuzzy” evaluation, which allows for the expression of uncertainty concerning the usefulness of an
act. Besides, this approach allows for the processing of observations with imprecise outcomes, and for making
use of background knowledge which is not necessarily based on observed cases.

Secondly, a qualitative setting for decision making rules out the idea of “averaging” in connection with the
valuation of an act and, hence, does generally favour rather extreme decision rules. Just as, e.g., MAXIMIN,
the case-based valuation of acts according to the above-mentioned model is extremely pessimistic. We have,
therefore, proposed a formalization of a relaxed version of this ordinal (heuristic) decision principle. Instead of
requiring that an act has always led to good outcomes for previous problems which are similar to the problem
under consideration, the proposed version is less demanding and allows for some exceptions. This tolerance
toward exceptions seems to be advantageous, e.g., if an agent has to act repeatedly over time. Moreover, it

9Observe that the sequences (a(n)),>1 of decisions and (u(n)),>1 of obtained outcomes resp. utility values are well-defined
stochastic processes. In fact, for a (deterministic or stochastic) case-based decision procedure, the nth decision is a function of the
stochastic sequence of the first n problems (p(1),...,p(n)).



makes the model more flexible and provides the opportunity of adapting it to a certain class of problems. This
aspect is closely related to the idea of (case-based) learning, which is an interesting topic of future work.
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Simulation results

The pictures on the left plot the performance e(n) of a decision strategy for several simulation runs, where
e(n) = Y p_, u(k)/k, and u(k) € U = {0,1} denotes the outcome for the kth decision. The pictures on the
right plot the respective frequencies f(n) = Y_;_, ¢(k)/n of “correct” decisions, i.e., ¢(k) = 1 if the kth decision
was a1, and c¢(k) = 0 otherwise.



performance e(n)

0.2

performance e(n)

0.2

perfarmance e(n)

0.50 0.60 0.70 0.80 0.90

0.8

0.6

0.4

e = 0.05

e

e

1.00

200 400 600 800 1000

number of acts

1400

200 400 600 800 1000
number of acts

1400

0

200 400 600 800 1000
number of acts

1400

frequency f(n)

frequency f(n)

0.50 0.60 0.70 0.80 0.90

frequency f(n)

<0

00

1.

1.0

0.8

0.6

0.4

0.2

e = 0.05

200

400

600 800 1000
number of acts

1400

200

400

600 800 1000
number of acts

0.2

1400

0

200

400

600 800 1000
number of acts

1400




perfarmance e(n)

performance e(n)

0.2

0.4

0.0

200 400

600 800 1000
number of acts

1400

0

200 400

600 800 1000
number of acts

1400

frequency f(n)

frequency f(n)

1.0

02 04 06 0.8

0.0

1.0

02 04 06 0.8

0.0

Q 200 400 600 800 1000 1400
number of acts
e = 0.5
Q 200 400 600 800 1000 1400

number of acts




