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ABSTRACT. This paper presents a genetic algorithm for the assembly line balancing problem with an additional type
of constraint, which requires that the workstations are compatible with a given cover of the assembly tasks. Specific
structural genetic operators are used in order to maintain the topological order of the offsprings and no repair procedure
is needed. In order to prevent the premature stagnation we propose a control technique of genetic operator frequency
using the information energy within population. This technique maintains the diversity of individuals by ensuring a
prescribed value of the information energy or by minimizing this energy.
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1. INTRODUCTION

The original assembly line balancing (ALB) problem concerns the clustering of a set of nondivisible tasks of an
assembly process into workstations, so that the precedence constraints in task execution are respected and execution
time of each workstation does not exceed the cycle time. The number of workstations has to be minimized. This
optimization problem is NP-hard. Different variants of ALB problem and solving techniques can be found in [RusB90],
[Tal89], [BruB96], [BruBR97], and [TsuG95].
In this paper  we consider the ALB problem with compatibility constraints and present a genetic algorithm for solving
this problem. The information energy of the population under evolution is used in order to estimate the diversity of
individuals. A feedback mechanism is proposed in order maintain a desired level of this energy by acting on the
probability of mutation and crossover events.
In Section 2, we formulate the ALB problem with compatibility constraints. Sections 3 describes the representation of
problem solutions and the generation of the initial population,  gives the evaluation algorithm, the replacement strategy
and the rule of population sizing. Also, it presents  the genetic operators and the strategy to use them, and  explains the
use of information energy within population for preventing premature stagnation. The results of experimental
investigation of the proposed algorithm are given in Section 4. Last section summarizes the work.

2. PROBLEM FORMULATION

The assembly line balancing with compatibility constaints (ALBC) can be stated as following [Bru98]. Let
},...,2,1{ nV = be the set of tasks. The acyclic digraph ),( AVG =  contains the precedence constraints in task execution.

If Ayx ∈),( then, the execution of y can begin after the ending of task x . The execution time of task i  is denoted by

)(it  and is a positive real number. The cycle time C is the time elapsed between two successive outputs from the line

and we suppose that niCit ,...,1,)( =≤ . Let },...,{ 1 pQQQ = be a cover of V i.e. pQQV ∪∪= ...1 . Let S be the set of

all partitions },...,{ 1 mWWW = of V  that satisfy the following conditions:

if srWyWxAyx sr ≤⇒∈∈∈ ,,),( ; (1)
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)( that so },...,1{)()(  },...,1{)( jkj QWpjkmj ⊆∈∃∈∀ . (3)

Each member of S is called a solution to ALBC. A solution with a minimum number m of workstations is an optimal
solution.
We note that the original ALB problem only assumes condition (1) and (2). Condition (3) is the compatibility
constraint. While the original is NP-hard, the ALBC remains NP-hard.

3. GENETIC APPROACH

In this section we present the components of the genetic algorithm.

3.1. REPRESENTATION AND INITIAL POPULATION GENERATION

There is an intrinsic relation between the set of partition of V satisfying (1) and the set of permutations of V that sort
the set of tasks in topological order [Hors82]. So, a permutation ),...,( 1 nxxx =  induces a topological order if

Axx sr ∈),(  implies sr < . Actually, if the tasks in each workstation are arranged in topological order and these

sequences are concatenated in the order of workstations, the resulted permutation is in topological order and is the
technological assembly flow. Thus, a natural way to encode a solution is to use a permutation ),...,( 1 nxxx = , which

sorts V in topological order. The  chromosome is just such a permutation. The way to obtain the best solution
corresponding to x  is shown in Section 3.2.1.
A first benefit of this representation is the generation of the initial population. Let K be the number of levels of G .
These levels exist because G  is acyclic and can be easily obtained starting from a an arbitrary topological permutation

),...,( 1 nxxx = of G  and applying the steps below:

1. Set 1)( =hxc , for all tasks hx  without predecessors in G ;

2. Compute { } 1),/()(max)( +∈= Axzzcxc ii , for each task ix  with predecessors.

3. Determine )(max i
i

xcK = , and { }kiciLk == )(/ , Kk ,...,1= .

Now, a chromosome of the initial population is obtained by concatenating the random permutations of KLL ,...,1 . In this

way, it is possible to obtain )(...)( 1 KLcardLcard ×× individuals.

3.2. EVALUATION, POPULATION SIZE AND REPLACEMENT

In this section we present a simple algorithm for computing the minimum number of workstations for a given
chromosome that identifies a certain assembly sequence. Also, we give the sizing of the population at the end of each
stage and the manner to select the parents and offsprings for the next iteration.

3.2.1.Evaluation

The evaluating of the chromosome ),...,( 1 nxxx = returns a natural number )(xm  equal to the minimum number of

workstations among the all solutions that have x as an assembly flow. The next greedy method constructs this solution
},...,{ 1 mWWW = with mxm =)( , and also returns )( jj Wcardl = , mj ,...,1= .

1. ∅=== 11 ,0,1 Wlm ;

2. for i=1,…,n do:
if ( ) }{ },,...,1{  and }){( himim QxWphCxWT ⊆∪∈∃≤∪
then add ix  to mW , 1+= mm ll ,

else 1+= mm , 1=ml , }{ im xW = .

3. mxm =)(

Actually, we only need )(xm  and 11,..., −mll .



3.2.2. Population size

 Denote by )(sNP  the population size in the s -th stage of evolution, Ss ,...,1= . We use a logarithmic dependency

given by )][lg()( bassNP += , where a  and b are calculated from the conditions: min)1( NPNP = , max)( NPSNP = ,

with maxmin NPNP ≤ , and [.]  returns the smallest integer greater than or equal to the argument.  We prefer this variation

because we start with small size population and terminate with a maximum value permitted by the amount of available
memory. In this way we can consume a larger amount of memory for the offsprings in the earlier stages of evolution.

3.2.3. Replacement strategy

The set of offsprings generated in stage s  using a population of )(sNP individuals competes with the parent population

in order to provide the best )1( +sNP  chromosomes for the stage 1+s .

3.3. GENETIC OPERATORS

Further we present simple genetic operators that preserves the topological sorting of the chromosomes.

3.3.1. Crossover

The probability to produce a crossover is denoted by cp . Once the crossover event is produced, the parents are obtained

by generating two different uniformly distributed random numbers in the range 1,…, )(sNP . We use a structural

crossover [Mic94, pp.261] that acts on the parents ),...,( 1 nxxx = and ),...,( 1 nyyy =  and produces two offsprings

),...,( 1 naaa =  and ),...,( 1 nbbb = in the following way:

1. generate a cut point r in the range 1,...,1 −n ;

2. take the segment rxx ,...,1 and put it as prefix in a (i.e. rixa ii ,...,1, == );

3. starting from the beginning, the tasks in y are transferred in the same order to a  for completing the locations

nr ,...,1+ , omitting tasks already in a .

The offspring b  is obtained in the same way interchanging the roles of x  and y . An example is given in Table 1, for

7=n  and 3=r .

Table 1. Example of applying the crossover operator.
x yParents

1 2 4 3 5 6 7 1 4 6 7 2 3 5
a bChildren

1 2 4 6 7 3 5 1 4 6 2 3 5

It is easy to prove that if x  and y  are in topological order then so are a  and b .

3.3.2. Mutation

Denote by mp the probability of mutation. If a mutation event appears then generate a random number in the range

)(,...,1 sNP for finding a chromosome ),...,( 1 nxxx =  which is altered by the mutation operator to obtain a mutant

),...,( 1 naaa = . The mutation operator is called last-first mutual change (LMC), and is suggested by the rule applied by

the human operator to produce good balanced workstations. Suppose that evaluation algorithm described in Section
3.2.1 produced the number of workstations )(xm and the number of tasks jl  in the workstation

{ }),(),...,1,( jj ljjW αα= , )(,...,1 xmj = . The simplest form of LMC is to generate a random number between 1  and

1)( −xm , say h , and tray to make a mutual change between ),( hr lhx α= (the last task in hW ) and



)1,1(1 +=+ hxr α (the fist task in 1+hW ). Since this change could lead to precedence constraint violation, the attempt is

successful only if Axx rr ∉+ ),( 1 . If the last task in hW  precedes the fist task in 1+hW  then a different h  is generated. In

this way the mutant ),...,,,,,...,( 2111 nrrrr xxxxxxa ++−= satisfies the precedence constraints. A more general LMC can

be obtained taking many interchange points. On the other hand, it seems that a mutual change between tasks that are not
consecutive is computational intensive. So, it is better to use many times the simplest form of LMC operator.

3.4. INFORMATION ENERGY AND CONTROL OF GENETIC OPERATORS FREQUENCY

One of the major problems in classical GAs is the premature stagnation due to the loss of diversity in the population. As
is shown in [Rya95] and [VemC95], niches and species or the isolation by distance models are able to maintain
diversity in a population. Another remedy is to use a so-called statistical population, which has a considerably larger
size than the GA working population [NegA95]. The price of these techniques is a large amount of computing time and
memory space. One possible way to introduce diversity in a convergent population is to increase the mutation rate
[Das95]. Also, the decrease of diversity could be the effect of a too high crossover probability. Thus, we have at least
two simple tools to modify the population diversity. On the other hand, a simple way to measure the population
diversity, especially with regard to the variability of the fitness function values, is to compute the information energy
[OniS79] within current population. In case of our problem, consider the set { })(/)()( sPOPxxmsM ∈= , where

)(sPOP  is the population that enters in the 1+s  evolution stage and is the result of mutation, crossover and

replacement from stage s . Denote by d  the number of elements in M and by dqq ,...,1  their relative frequencies.

Following [Onis78] the information energy of )(sM is

∑
=

=
d

j
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1

2)( , where   1
1

=∑
=

d

j
jq (4)

and

1)(/1 ≤≤ sEd . (5)

 Also, msE /1)( =  when dq j /1= , dj ,...,1=  and 1)( =sE , when for some j  it holds 1=jq  and jhqh ≠= ,0 .

Another important property of information energy is: the energy decreases whenever the difference between iq  and

jq decreases even if the inequality ji qq > is preserved [OniS78]. Therefore, the information energy is smaller as the

variability in )(sE  is higher.

Now, suppose we had as objective for the stage s  of the evolution a prescribed energy level )(sEob of )(sM . We use

the difference )()()( sEsEsE ob −=∆ for modifying the mutation and crossover probabilities as it follows:

)(sEpp mm ∆×−= α ,  )(sEpp cc ∆×+= β , (6)

where α and β are parameters in range ]1,0[ and tune the action of E∆  on the probabilities. Whenever a new

probability value goes out of the margins of ]1,0[ , it is  set to some value closed to that margin but strictly inside the

interval ]1,0[ . These new values mp and cp are used in stage 1+s .

3.5. OUTLINE OF THE PROPOSED GENETIC ALGORITHM

Using the notation above, define

{ })(/)(min)( sPOPxxmsMIN ∈= ,

∑
∈

=
)(

)(
)(

1
)(

sPOPx

xm
sNP

sMED

and
( ) )(/)()()( sMINsMINsMEDsRD −= , representing the relative difference between the median fitness and the

performance of the best individual. Denote by  maxS  the maximum number of evolution stages.



The structure of GA for ALBC is:

• Set 1=s  and generate the initial population )1(POP .

• While ( tolsRD >)(  and maxSs < ) do:

• 1+= ss ;
• compute )1( −sE  (the energy of )1( −sPOP ) and )1( −sEob  (target energy for )1( −sPOP );

• compute the probabilities mp and cp to use in  the current stage;

• generate offsprings by mutation and crossover;
• evaluate offsprings;
• determine the resulted population ).(sPOP

We denote by )1,0(∈tol a prescribed error threshold.

4. EXPERIMENTAL RESULTS

An investigation was carried out  using 20 instances of the ALBC problem with up to 40 tasks. This set was split in 4
subgroups of 5 instances having the same digraph and execution times but different covers. The experiments included
different structure of initial population, absence/presence of information energy control and different energy targets. A
maximum number of 40 evolution stages were used. The population size varies from 10)1( =SP  to 50)40( =SP .

If the information energy control mechanism is not active then:
(a) the final selection set is dominated by the copies of  chromosomes within a subset representing  5-8% from the

entire set;
(b) the relative difference stopping condition becomes true after 15-20 iterations;
(c) for the same problem instance, the ratio between the mean value of m  and the minimum m -value is in the range

)5.1 ,3.1( ;

(d) no significant improvement of the results is obtained if the number of evolution stages is forced to be higher.
The activation of the information energy control leads to:
• a significant higher diversity in the final population expressed by  a maximum value of relative frequency of the

same m -value less than 10/1 ;
• a higher number of stages needed to make true the relative difference stop condition, but in this case )(sSP can be

reduced with %30%20 −  without bad effects in quality of solutions;
• the ratio defined in (c) becomes )2.1  ,1.1( ;

• absolute better solutions in %80  of cases;

We taken βα >  (e.g. 2/1=α and 4/1=β ), in order to make the mutation more sensitive at E∆ -value, while

1.005.0 ÷=tol . In all experiments we started with 5.0== cm pp . The population energy oscillates around a mean

value. The distance between this mean value and the target energy is less than %10  of the target value. No monotonic
variation of the energy was observed even if sometimes the probabilities monotonically vary.
Experiments show that no gain is obtained if we take zero as target value for the energy (hopping in a minimization of
the information energy). In this case, the control mechanism keeps the maximal and minimal value for mp  and cp  and

the process becomes a random search. This aspect can be prevented if we consider   (5) and  use )(/1)( sNPsEob = .

This objective is more realistic than 0)( =sEob . On the other hand, since )(sNP  is an increasing sequence, the energy

target is a decreasing one.

 5. CONCLUSIVE REMARKS

We presented a GA for assembly line balancing with compatibility constraints. The genetic operators have good
performances, a low computational complexity, and need no repair procedure. We included in the GA a control
mechanism based on the information energy of the population. It is quite simple and significantly improves the
variability of population. This mechanism offers better solutions and avoids premature stagnation of evolution.
Further direction of investigation are related to the following aspects:



• initial population should be generated so that condition (3) is favored (i.e. as many as possible successive tasks
should be in the same Q -set);

• design of a local optimization operator oriented to the cover compatibility constraints;
• design of an information energy based control capable to discriminate the states in population set using both

chromosome structure and objective function values.
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