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Abstract
We present a model allowing to aggregate decision criteria when the available information is of qualitative
nature. The use of the Sugeno integral in this model is justified by an axiomatic approach. An illustrative
example is also provided.
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1 Problem setting

Assume A = {a,b,c,...} is a finite set of potential alternatives, among which the decision maker must choose.
Consider also a finite set of criteria N = {1,...,n} to be satisfied. Each criterion is represented by a mapping
g; from the set of alternatives A to a given finite ordinal scale X; = {gfl) < e < gl(ei)}. Such a scale can
be included in the unit interval [0, 1] without loss of generality. For each alternative a € A and each criterion
i € N, g;(a) then represents the evaluation of a along criterion i. We assume that all the mappings g; are given
beforehand.

Our central interest is the problem of constructing a single comprehensive criterion from the given criteria.
Such a criterion, which is supposed to be a representative of the original criteria, is modeled by a mapping g
from A to a given finite ordinal scale X = {0 = ¢ < ... < g® = 1}. The value g(a) then represents the
global evaluation of alternative a expressed in the scale X.

In order to aggregate properly the partial evaluations of a € A, we will assume that there exist n non-
decreasing mappings U; : X; — X (i € N) and an aggregation operator M : X™ — X such that

g(a) :M[Ul(gl(a))v'"7Un<gn(a>)]’ a€ A

The mappings U;, called utility functions, enable us to express all the partial evaluations in the common scale
X, so that the operator M aggregates commensurable evaluations. We will also make the assumption that

Ui(g™M) = 0 and U;(g{") =1 for all i € N.

The construction of g can be done in two steps. We first propose an axiomatic-based aggregation operator
M, then we identify each mapping U; by asking appropriate questions to the decision maker.

2 Meaningful aggregation operators

In this section we propose an axiomatic setting allowing to determine a suitable aggregation operator M : X" —
X. Since the scale X C [0, 1] is of ordinal nature, the numbers that constitute it are defined up to an increasing
bijection ¢ from [0,1] to [0,1]. A meaningful aggregation operator should then satisfy the following property:
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Definition 2.1 M : [0,1]" — [0, 1] is comparison meaningful for ordinal scales if for any increasing bijection
©:[0,1] — [0,1] and any n-tuples x,z’ € [0,1]", we have

M(z) < M(2') <«  M(p(x)) < M(p(a)),
where the notation o(x) means (¢(x1), ..., p(x,)).

We will also assume that M is internal to the set of its arguments, that is,

/\xiSM(xl,...,xn)S \/xi, x €10,1]",
ieN iEN

where A and V denote the minimum and maximum operations, respectively. This implies that M is idempotent,
ie, M(z,...,z) = x for all x € [0,1]. Moreover, it has been shown in [3, Theorem 4.1] that any idempotent
aggregation operator M : [0,1]" — [0, 1] satisfying the comparison meaningful property above is such that

M(z1,...,2n) € {x1,...,Zn}, x €10,1]™.

Finally, it seems natural to assume that any £ C [0, 1]™ is a closed subset whenever its image {M (z) |z € E}
is a closed subset of [0, 1]. This condition simply expresses that M is a continuous function.
We then have the following axiomatic characterization, see [1, Theorem 3.4.12].

Theorem 2.1 M : [0,1]" — [0,1] is continuous, idempotent, and comparison meaningful for ordinal scales if
and only if there exists a monotone set function u : 2™ — {0,1} fulfilling u(9) = 0 and u(N) = 1 such that

M@)=\/ Nz xelo1"
TCN 4eT
pn(T)y=1
Theorem 2.1 provides the general form of operators M : X™ — X that are appropriate to aggregate the given
criteria. However, all these operators present the following major drawback: If eg represents the characteristic
vector in {0,1}™ of a given subset of criteria S C N then we have

M(es) = u(S) € {0,1}.

This means that the global evaluation of an alternative that fully satisfies criteria S and totally fails to satisfy
the other criteria is always an extreme value of X, that is, 0 or 1. In particular, the compensation effects are
not allowed. As we will see in the next section, this indesirable phenomenon can be overcome by the use of a
fuzzy measure and the corresponding Sugeno integral.

3 The Sugeno integral as an aggregation operator

The observation above shows that it is necessary to enrich the aggregation model to authorize compensation
effects. Whatever the operator M considered, it seems natural to interpret M(eg) as the importance of the
combination S of criteria. This importance should be expressed in X and not restricted to the extreme values.

It is clear that any mapping u : 2V — X that represents the importance of each combination of criteria
should be a fuzzy measure, a concept introduced by Sugeno [4].

Definition 3.1 A fuzzy measure on N is a monotone set function p : 2V — [0,1] such that u(})) = 0 and
w(N) = 1. Monotonicity means that u(S) < u(T) whenever S C T.

Now, a suitable aggregation operator should take into consideration the importance of each combination of
criteria. However, since both the partial evaluations and the importances are expressed in the same scale X, it
is natural to consider as new aggregation operator a function M : X"*+2"~2 — X in which the first n arguments
are related to the partial evaluations U;(g;) and the others to the importance coefficients p(S) for S # 0, N
(assuming a fixed order in 2VV).

By definition of importance, we will impose the following condition:

M (es; p) = pu(S),

for any S C N and any fuzzy measure p on N. As in the previous section, we will also ask the operator M to
be continuous and comparison meaningful for ordinal scales. Finally, we will assume that M is idempotent in



the first n arguments, i.e., M(z,...,z;pu) = x for any x € [0,1] and any fuzzy measure p on N. In particular,
this implies that M is idempotent and we have

M(z;p) € {z1,...,2n} U{p(S)| S C N and S # 0, N}
for any « € [0,1]™ and any fuzzy measure p on N.

The Sugeno integral is a typical example of such an aggregation operator. Its definition is the following, see
[4].

Definition 3.2 Let u be a fuzzy measure on N. The Sugeno integral of x € [0, 1]™ with respect to u is defined
by

Sul@) = \/ [z Au{(@),.... D],
=1

where (-) indicates a permutation of N such that x(1y < -+ < ().

In fact, it can be proved that the Sugeno integrals on [0,1]", viewed as operators having (n + 2" — 2)
arguments, are exactly those operators that satisfy the four properties mentioned above. The statement of this
result is the following.

Theorem 3.1 Let M : [0,1]"+2" =2 — [0,1] be such that the last (2" — 2) arguments are related to importance
coefficients u(S) for S # 0, N. This operator

—  fulfils M(es; 1) = p(S) for any S C N and any fuzzy measure p on N,

— 18 continuous,

— is comparison meaningful for ordinal scales,

— is idempotent in the first n arguments,
if and only if M(x; ) = S, (z) for any x € [0,1]" and any fuzzy measure p on N.

Theorem 3.1 provides a rather good motivation for the use of the Sugeno integral as an appropriate operator
to aggregate the criteria. We shall thus adopt this operator as we continue.

The following result shows that the Sugeno integral can take different interesting forms, see e.g. [1, 2]. In
particular, it can be expressed as the median of (2n — 1) values.

Proposition 3.1 Let x € [0,1]™ and p be a fuzzy measure on N. Then we have

Su@) = \/ [0 A (A ).

TCN ieT

and
Su(x) = median(z1, ..., zn, p({(2),..., ()}, p({(3), ..., (M)}, ..., u({(n)})),

where (+) indicates a permutation of N such that Ty < STy

The first formula in Proposition 3.1 shows that the operators described in Theorem 2.1 are nothing but
Sugeno integrals with respect to fuzzy measures taking their values in {0,1}.

4 The aggregation model

Now that the Sugeno integral has been chosen for the aggregation process, we have yet to appraise not only the
utility functions U; (¢ € N) but also the importance of each combination of criteria, that is, the fuzzy measure
1

The importance coefficients p(S) can be provided directly by the decision maker. Of course, this consists of
(2™ — 2) questions. However, in practical problems the total violation of at least two criteria often lead to the
lowest global evaluation. Combining this with the monotonicity of the fuzzy measure, the number of coefficients
to appraise can be reduced significantly.

Now, the evaluation of the utility functions is done as follows. For each fixed ¢ € N, the decision maker is
asked to appraise in X the following global evaluations

S (Uig) e +envgsy),  re{l,.... b}



Clearly, all these evaluations are comprised between S, (en\f;3) = p(N \ {i}) and S, (en) = 1. More exactly,
one can easily show that

Su(Uig)ei +exvisy) = Uilg) v (N \{i}),  re{l,....0}.
Therefore, for each fixed r € {1,...,4;}, we have two exclusive cases:

o IfS, (Ui(glm) ei +envgiy) = w(N \ {i}) then we have an upper bound for Ui(ggj)):

Ui(g") < Su(Ui(9"”) e + enngiy)-

7

o IfS, (Ui(gm) e; +en\giy) > (N \ {i}) then Ui(ggr)) is uniquely determined:
Uilel") = Su(Uilgi”) e + enia)-

If all the utility functions are not completely determined, one could go further and ask the decision maker
to appraise the following global evaluations

S,(UigM ei+es),  SCN\{i}, refl,....4}
for which one can show that
Su(Us(g") ei + es) = median (Us(g)"), u(S), p(SU L)), SCTN\{i}, re{l,... 6}

However, appraising all these evaluations can become a very difficult task for the decision maker. Moreover,
most of these evaluations can be very low and bring no information about the utility functions.

5 An illustrative example

Consider the problem of ranking candidates that apply for a definitive position in a given university. The eval-
uations are done on three criteria: 1) Scientific value, 2) Teaching effectiveness, and 3) Interview by evaluation
committee. The ordinal scales are given as follows:

Scientific value : Exc. > Very Good > Good > Satisfactory > Weak
Teaching effectiveness : Exc. > Very Good > Satisfactory > Weak > Very Weak
Interview P 4+>0> -

Global evaluation : A1 >Ay>B>C

The decision maker gives the following global evaluations:

u123) = A p(12)= Ay p(l) =

To determine Uy, he/she proposes the following evaluations:

S, (h(VG),1,1) = A
Su (Ul (G)v 1, 1) = A
S,(U1(5),1,1) = B.
Since S, (U17 1, 1) = U V u(23) = Uy, these three evaluations determine completely U;. We then have Uy (W) =
C,U(S) =B, U1(G) = A2, U1 (VG) = A1, UL (E) = A;.
For Us, the following evaluations are proposed:
Sﬂ(l, Ux(V@G), 1) = A
Sﬂ(l, Us(S), 1) = A
S.(1L, U2 (W), 1) = A,.



Since S, (1,Uz,1) = Uz V u(13) = Uz V B, these evaluations determine completely U. We then have Uy(VW) =
C, Us(W) = As, Us(S) = A1, Ua(VG) = Ay, Us(E) = A
Finally, the decision maker gives:

S, (1,1,U3(0)) = As.

Since S, (17 1, U3) = Uz V u(12) = Us V Ag, this evaluation only indicates that Us(0) < As. We then have:
Ug(—) = C, U3(0) S {C,B,Ag}, U3(+) = Al.

Although Us(0) is not known, the Sugeno integral is completely determined. To see this, let us use the first
formula in Proposition 3.1. We then have

S8, (U1, Uz, U3(0)) = CV(BAUL)V (CAU)V (CAU30))V (A2 AUL AU3)
V (BAU; AU3(0)) V (C AU AU3(0)) V (A1 AU AU; A U3(0))
= (BAUY)V (Ay AUy AUS).

For instance, suppose that a candidate presents the profile (F, S,0). The global evaluation of this candidate
will then be given by

SH(U1(E),U2(S), U3(0)) = (B A Al) V (A2 ANAL A Al) = A,.
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