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ABSTRACT: This article presentsa rule-basedfuzzy model for the identificationof nonlinearMISO (multiple input,
singleoutput)systems.Thepresentedmethodof fuzzy modelingconsistsof two parts: (1) structuremodeling,i.e., the
determinationof thenumberof rulesandinput variablesinvolvedrespectively, and(2) parameteroptimization,i.e., the
optimizationof thelocationandform of thecurveswhichdescribethefuzzysetsandtheoptimizationof theconsequence
parameters.For structuremodelingwe usea modifiedTSK-model,which wasfirst proposedby Takagi,Sugeno,and
Kangin [Takagi85,Sugeno88]. For parameteroptimizationof theinitial modelweproposesingularvaluedecomposition
(SVD). To optimizetheparametersof furthermodelsweproposetheuseof RPROP[Riedmiller93,Zell 94]. We applied
RPROP to themodifiedversionof theTSK-model,implementedthealgorithm,andtestedits performance[Männle95,
Männle96]. In thisarticlewefocuson thestructuremodelingpart.By meansof two examplesweshow theperformance
of RPROPandtheinputspacepartitioningperformedby thestructuringalgorithm.
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1 INTRODUCTION

Fuzzytheoryfindsits applicationto dealwith problemswherethereis imprecisioncausedby theabsenceof sharpcriteria
[Zadeh65]. An examplefor this is humanlanguageprocessing.Linguistic termscanbedefinedby fuzzysetsandwecan
formulizefuzzy if-then rules[Zadeh73]. Operatorslike AND andOR andtheimplicationIF ����� THEN aredefinedand
sowecansomehow calculate with statementsgivenin this form.

Oneimportantpracticalapplicationof fuzzy theoryis fuzzy control: Thedesiredcontrolactionsaredescribedby human
expertsin theform of fuzzy if-then rules. Combinedwith fuzzification,a fuzzy inferencemachine,anddefuzzification,
a setof fuzzy if-then rulesprovidesa fuzzy controller, which showeditself asa robustandpowerful controllerin many
applications.

In this paperwe describea modelingapproach.We exploit measuredinput-outputdataof anunknown processin order
to getan interpretableprocessdescription.Therefore,we automaticallygeneratefuzzy if-then ruleswhich describethe
process’input-outputbehavior. This is commonlyknown asfuzzy modeling or fuzzy identification[Zadeh94].

In reality, themodelresponseis anapproximationto thesystemresponsewhichholdsfor a restrictedsetof inputs.Such
anapproximationcanbedesignedatanarbitraryprecision(e.g.,usingapolynomialcoveringall datapoints),but usually
you thenhave identifiedthesetof inputsandnot theunderlyingprocess.Whatwe aresearchinghereis an interpretable
model, i.e., a qualitative descriptionof the underlyingprocess.For this task fuzzy modelinghasbeenproven to be a
suitableapproach.

Therearevariouskinds of fuzzy modeling. Oneis to describethe input-outputrelationof datawith a fuzzy relation.
Relation-based approachesarefor exampledescribedin [Pedrycz91,Vrba92,Chen94]. Somecomparisonsof relation-
basedapprochescanbefoundin [Postlethwaite91,Böhler94].

Anotherapproachis to dividetheinput-outputspaceinto clusters. Fuzzyrulesaregeneratedby projectionof theseclusters
to the input spaceuniverses.Eachrule representsoneor severalclusterswhich canbe interpretedaslocal models.For
clustering,SugenoandYasukawausethefuzzyc-meansmethod[Sugeno93], NakamoriandRyokeusefuzzyc-varieties
[Nakamori94].

In this work we have to dealwith anotherproblem.We wantto identify complex systemswith a a large number of input
variables. For this, methodsyielding a polynomialor evenexponentialnumberof rules(dependingfrom thenumberof
inputvariables)likerelation-basedapproachesarenotapplicable.Thatis why wetakea“bottomup” rule-basedapproach:
thealgorithmstartswith a one-rulemodelandaddsadditionalrulesat eachrefiningstepuntil thedesiredaccuracy or a
maximumnumberof rulesis reached.Themodelstructureweusehereis similar to theTSK-model’s [Zadeh94], which



wasfirst proposedby Takagi,Sugeno,andKangin [Takagi85,Sugeno88]. Otherderivationsfrom TSK canbefoundfor
examplein [Yager93,Tanaka94,Jang93,Yen98].

In Section2 we describethemodifiedTSK-modelwe usefor fuzzy modeling.We alsoexplain in detail thealgorithm’s
searchfor themodelstructureandtheparameteroptimizationof theinitial modelby singularvaluedecomposition(SVD).
For a descriptionof RPROP, theparameteroptimizationfor thedefinedmodels,we referto [Männle95,Männle96]. In
Section3 wedemonstratethewayRPROPworksandhow thestructuringalgorithmperformsaninputspacepartitioning.
As afirst examplewechooseastepfunctionin orderto show theperformanceof theRPROPparameteroptimization.This
typeof functionis relatively hardto approximatefor a modelhaving smoothsigmoidalmembershipfunctions,sincethe
optimizationtechniquehasto find a very high steepnessof themembershipfunction. Thesecondexampledemonstrates
how the algorithmand especiallythe input spacepartitioningworks. For this purposewe choosetwo Gaussianbell
functionsasa morecomplex exampleof a two dimensionalmapping.Section4 closesthis articleby someconclusions
andperspectives.

2 FUZZY IDENTIFICATION

The modelingis performediteratively. Eachiterationconsistsof two phases(seefigure 1): Beginning from a simple
model,a new andmorecomplex structure(containingmorefuzzy rules)is chosenandits parametersareoptimizedby a
learningalgorithmbasedon thegiventrainingdata.This stepis repeateduntil themodelis consideredgoodenoughor
theborderfor amaximumnumberof fuzzy rulesis exceeded.

good enough?
model

choose new structure

optimize all parameters

y

n

Figure1: Basicschemeof themodelingprocedure.

The trainingdataconsistsof
�

measuredor simulatedinput-outputdatapairs ������
	��
����	 ����� 	 �������	������ with ������ IR � ,����� IR. For ����� 	 ����� 	 � , thefuzzymodelperformsanonlinearmapping �!� �  " ������#�%$& �!�'	 (1)

i.e.,it modelsaMISO systemwith ( inputvariables.MIMO systemscanbeidentifiedby applyingseveralMISO models.

2.1 TheFuzzyModel

The fuzzy modelusedis derivedfrom the fuzzy modelof Takagi,Sugeno,andKang[Takagi85, Sugeno88], which is
oftenreferredto asTSK-model.Thewholefuzzymodelconsistsof asetof ) fuzzyrules ) � 	 ����� 	 )+* . Eachruleconsists
of a premiseanda consequence.Consequencesof Sugeno-like fuzzy modelslike the TSK modelaresimply a linear
combinationof (possiblybut not necessarily)all input variables.Therefore,eachconsequencedefinesa linearmapping
or, geometricallyspeaking,ahyperplanein theinput-outputspace.

Thepremiseof thefuzzyrule )#, 	 �#-/.0-1) isaconjunctionof 2�, fuzzyclausesof theform ��354 ,76�8#9;:<, , i.e.,it considers
those2�, input variables,which aregivenin theindex set =�, . Usinganindex setfor eachrule is necessary, sincea fuzzy
rule needsnot to becomplete,i.e., needsnot to considerall input variables� : 	?> ��� 	 ����� 	 ( . As we will seelater, each
premisedefinesasubspaceof theinputspace.Therefore,Sugeno-likemodelscanbeseenaspiecewiselinearmodelswith
fuzzy transitions.

Theinitial fuzzy rule ) � hasfor = � �A@ theform6CBED
F�GIHEJ�KML!N " � �POMQ �SR O �<�UT��;�VR ����� R O � �UT�� � 	



andhasfor =�,0W�X@ theform6CB ��3ZY\[ 6�8]9 � ,_^!NI` ����� ^!NI` �a3cb [ [ 6�8]9]d [ ,eJ�KMLfN " ,g�%O Q , R O � , T�� � R ����� R O � , T�� , 	 (2)

with
" , astherule’s (crisp)consequencevalue.Theconsequenceis definedby its parametersOhQ , 	 ����� 	 O � , , O :<, � IR.

We alsoconsidersimplified fuzzy modelscontainingonly oneparameterin the consequences.Thesemodelsare less
generalthanthemodelswith linearcombinations,but they areof interestbecauseit is mucheasierfor humansto interpret
them.Theinitial fuzzy rule ) � of thesimplifiedfuzzymodelhasfor = � �A@ theform6CBiD
F�GIHEJ�KML!N " � �jO Q 	
andhasfor = , W�X@ theform 6CB ��3ZY\[ 6�8e9 � ,_^!Nk` ����� ^!Nk` ��3lb [ [ 6�8e9md [ ,eJ�KML!N " ,g�%Oa, 	 (3)

with
" , astherule’s (crisp)consequencevalue.

In ourapproachwechoosesigmoidalfunctionsasshapesor membershipfunctionsfor thepremises’fuzzysets9�:<, . They
aredefinedfor .i��� 	 ����� 	 ) and ���n� 	 ����� 	 � and o >p� =�, ; � : � � IR as

9 :<, � � : �E�rq � �� Rjs
t 4\[vuxw5yv4\z|{�}
4\[�~ � (4)

Theparameter� :<, describesthelocation,parameter� :<, thesteepnessof the > th membershipfunctionin rule . . Figure2
(right) showsanexampleof two sigmoidalmembershipfunctionswith �%��� and ���n� (solid line) or �����g� (dashed
line).

The . th rule’s strength � , for theinputvector ��a� with ����� 	 ����� 	 � ; ����������#��T�T�TM��� � ; �V�e� IR is givenby

�|,����� � ��q ���:��!� [ 9�:<,�� � : � � andby choosingtheproductast-normweget ��,����� � � ���:��!� [ 9�:<,�� � : � � � (5)

For .i��� 	 ����� 	 )0��o�������U�#��T�T�Tk��� � wealsodefinethenormalized strength � , ����;� as

� , ����a�|q � �|,�����;�*�3c� � � 3 ����;� wherewehave
,�� � � � � ������ �n� � (6)

So,thenormalizedstrengthcanberegardedasapossibilitydistribution.

Thefuzzymodelperformsa mapping
 �pq�� � ��T�T�Tk��� � �¡£¢ with � : � IR and ¢ � IR. By usingtheproduct inference

(Larsen)asfuzzy inferenceandweighted average for defuzzification,thecrispmodeloutputcanbecalculatedas

 � ����;� �
*�, � � �|,�������eT " ,f����;�*�, � � � , ����;� � (7)

Figure2 (left) showsthetwo consequences
" � and

"C¤
(solidlines)andthemodeloutput

 � (dashedline) of thefuzzymodelFM¥ q 6
B � � 6�8e9 � J�KML!N " � ��� R � 	 � T�� �FI¦ q 6
B � � 6�8e9 ¤ J�KML!N " ¤ �����1� 	 � T�� �
with � � �n� ¤ ��� , � � ��� and � ¤ �§�g� for themembershipfunctions 9 � and 9 ¤ , which areshown in Figure2 (right).
Onecanseehow themodeloutputis formedby the two linearconsequences

" � and
"C¤

with a fuzzy transitionbetween��� ���¨� �ª© and ��� �«� �ª© .
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Figure2: Fuzzymodelcontainingtwo rulesfor aonedimensionalinput.

2.2 ParameterIdentification

Adjusting a model’s parametersbasedon a set of training datais also called learning. For the given fuzzy models,
we have to optimize all parametersin the rules’ premisesand consequences.The problemcan be divided into two
subproblems:optimizationof the premiseparameters,which is a nonlinearoptimizationproblem,andoptimizationof
theconsequenceparameters.Optimizationof theconsequenceparametersreducesto a linearoptimizationproblemwhen
fixing thepremises’parameters[Sugeno85,Yen98].

Parameteroptimizationis doneby minimizationof theglobalmodelingerror¬ �­ ¬ ¤ q � ¬ �� � �  � ¬ ¤ 	 (8)

where �  ��q ���  � � 	 ����� 	  � � �¯® with
 � � q �  � ���� � � for ����� 	 ����� 	 � .

For the premiseparameteroptimizationonecould chooseany nonlinearoptimizationtechnique.We apply RPROP, a
powerful nonlinearoptimizationtechniquewhich wasoriginally developedfor artificial neuralnetwork training [Ried-
miller 93, Zell 94]. We chooseRPROP becauseit is muchfasterthansimplegradientdescentmethodsandit is easier
to applythanothersophisticatedgradientdescentmethodsasfor exampleLevenberg-Marquardtalgorithms[Hagan94].
In this paperwe do not explain in detail how to apply RPROP to the given fuzzy model,sincethis is alreadydonein
[Männle95,Männle96].

For optimizationof theconsequenceparameterswe first applysingularvaluedecomposition(SVD) which yieldsa nu-
mericallystablesolutionof a linearleastsquaresoptimizationproblem[Klema80,Chen94].

Let the
� � �°( R � �]T ) matrix ± bedefinedas

± q �
²³³³³³³
´
� � ���� � � � � �v�� � �eT�� �<� ����� � � �v�� � �eT�� � � ����� �f*����� � � ����� �f*|���� � �eT�� � �...� � ���� � � � � ���� � �eT�� �¯� ����� � � ���� � �eT�� � � ����� �f*����� � � ����� �f*����� � �eT�� � �...� � ����;��� � � ������µ�eT����¯� ����� � � ����;���eT�� � � ����� � * ����;�µ� ����� � * ����;���eT�� � �

¶�······
¸ (9)

with �f, asin (6) andtheconsequenceparametervector �O q �§�ªO Q � O �¹� ����� O � � ����� O Q *+O � * ����� O � * � ® we canwrite the
modeloutput �  � of all examplessimplyas �  � �A± T �O .

The � � in ± dependon thepremiseparameters� and � . Theseareconsideredconstantduringtheoptimizationof �O . So,
theerror

¬ �­ ¬ ¤ only dependson theparametersO � andwehave for theminimalerror:º ¬ �­ ¬ ¤º O � �X� � (10)

By choosingtheEuclideannorm » ¤ for
¬ T ¬ wegetfor ¼��n� 	 ����� 	 �°( R � �]T )º ¬ �­ ¬ ¤º O � � ��� � �M½

²´ ��¾ � w �|¿ � ~Àu ,�: � �ÂÁ � :�OI:
¶¸ ��� Á � � � �Ã� � (11)



With (9) wecanalsowrite

½ �°±��O�����k� ® ± � �± ® ±Ä�O � ± ® ���O � ÅaÆ°± ® ±#Ç { � ± ®mÈ �� � (12)

For theselinearregressionequations,SVD computesÉ , Ê , and Ë sothat ± �XÉEÊÌË ® , whereÉ ® É �XÍ , Ê is diagonal,
and Ë is orthogonal.Usingthisweget

�O � Æ ËÎÊ ® É ® É7ÊÌË ® Ç { � ËÎÊ ® É ® �� �\±X��É7ÊÌË ® �� Æ?ËÎÊ ® Ê�Ë ® Ç { � ËiÊ ® É ® �� �ÀÉ ® Én�XÍ ��	 ( Ê ® Ê diagonal)� Æ°Ê ® ÊÌÇ { � ËÎÊ ® É ® �� ( Ë orthogonalÏÐËiË ® �«Í )� ËEÊ { � É ® �� � (13)

Using the above approachfor consequenceparameteroptimizationandRPROP for premiseparameteroptimizationat
each stepwe did not get good results. The reasonis that the linear optimizationcalculatesthe bestsolution for the
consequenceparametersin onestep.After that, the iteratively adaptingRPROPdid not changethepremiseparameters
any more. Apparently, by applyingSVD the parameteroptimizationof thewhole fuzzy modelkept sticking in a local
minimum. We thereforeapply SVD only for the initial linear fuzzy model. For all othermodelswe use RPROP to
iteratively adapt all parameters at the same time.

2.3 HeuristicSearchof ModelStructure

Thedeterminationof theoptimal modelstructureis a combinatorialproblemandanefficient algorithmto solve sucha
problemis not (yet) available.Therefore,a heuristicsearchalgorithmis usedto find a good but not necessarilyoptimal
structurewithin a reasonablecalculationtime.

In this work we usea heuristicsearchvery similar to thatdescribedin [Takagi85, Sugeno88]. In Figure3 theheuristic
searchalgorithmis given in pseudocode. It alternatelydeterminesa new modelstructure

�jÑ�Ò d�Ó , thenoptimizesthis
structureandfinally calculatesits quality Ô Ñ�Ò d!Ó . In betweeneachepoch) , thebeststructureof all investigatedstructures
is saved in

� * andbecomesthe startingpoint for the next epoch. In every epocheachrule is refinedin eachinput
variable,yielding ) T ( possibilitiesto examine.Thus,at every epochtheinput spaceis oncemoredividedby addinga
new rule.

Figure4 shows thepossibilitiesof modelrefinementsto examine.Thealgorithmstartswith onerule containinga linear
model. In thefirst epoch,assumingtherefinementin the Õ th variablewasthebest,we have a modelwith two ruleswith
premisescontaining��3 . Then,themodelis furtherrefinedby examinatingall ½ T ( possibilitiesyielding to a three-rule
model,say � 3 � � : , wheretherefinementin � : in thesecondrulewasbest,andfinally thefour-rulemodel � 3 � � : � � �
in the third epoch. As an advantage,the modelingneednot start at the one-rulemodel. Onecan formulateà priori
knowledgeby a setof rulesandthenstartthealgorithmimproving this initial model.

Whenrefining a model,thesubspacecoveredby onerule is devided to be coveredby two rulesafterwards. The inital
partition(givenby thefuzzyset’s � ) is performedonthemiddleof thesubspace.

Thechoiceof thestoppingcriterionfor theoptimizationprocessis crucial for thequality of themodel. We usethesum
squarederror

¬ �­ ¬ ¤ (8) to calculatethemodelquality. In orderto avoid “over-learning”,i.e., theidentificationof noisein
thetrainingdata,wedividethetrainingsetinto two setsA andB. Then,theRPROPalgorithmis performedonA whereas
the quality calculationis basedon B (crossvalidation). Thus, identificationof noisein A usuallyyields a decreasing
qualitysincethenoisein A andB canbeconsidereddifferentandthetrainingprocedureis terminated.



) q ��� /* initial linearmodel(seesect.2.1)*/
optimize

� � /* e.g.,throughSVD (seesect.2.2)*/
calculateÔ � /* modelquality */�×ÖÀØ�Ù q � � �Ô ÖÀØ�Ù q �AÔ �
while )�ÚÛ) � Ò�Ü and (not modelgoodenough) do) q �A) R �Ô�, q � Ý

for . q ��� to )A�/� do
for >�q �n� to ( do�jÑ�Ò d�Ó q � � * { ��jÑ�Ò d�Ó q � �jÑ�Ò d�Ó R . th ruledividedin the > th variable

optimizeall parameters(e.g.,usingRPROP)
calculateÔ Ñ�Ò d!Ó
if Ô Ñ�Ò d!Ó ÚÛÔ * /* bestmodelin epoch) sofar */� * q � � Ñ�Ò d�ÓÔ * q �AÔ Ñ�Ò d!Ó
end if

end for
end for
if Ô�*×Ú/Ô ÖÀØ�Ù /* overallbestmodelsofar */� Ö�Ø�Ù q � � *Ô Ö�Ø�Ù q �«Ô�*
end if

end while

Figure3: Schemeof theheuristicstructuresearch.
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Figure4: Searchtreefor inputspacepartitioning.

3 EXAMPLES

In this paperwe focuson the heuristicsearchalgorithmandthe iterative way the modelsaremoreandmorerefinedat
eachepoch.Theexamplesshown herehave two aims:

As afirst examplewechoseastepfunctionin orderto show theperformanceof theRPROPparameteroptimization.This
typeof functionis relatively hardto approximatefor a modelhaving smoothsigmoidalmembershipfunctions,sincethe
optimizationtechniquehasto find a veryhighsteepnessof themembershipfunctions.

Thesecondexampledemonstrateshow thestructuringalgorithmandespeciallyits inputspacepartitioningwork. For this
purposewechoseGaussianbell functionsasa morecomplex exampleof a two dimensionalmapping.

The evaluationof the algorithm’s performanceis describedbriefly, sinceyou can find two examplesin [Männle 95,
Männle96].



3.1 StepFunction

Stepfunctionsarequitehardto approximateby modelshaving smoothsigmoidalmembershipfunctions.Crispfunctions
areusuallyhardto approximateby fuzzymodels.Thisis becausetheoptimizationalgorithmhasto adjustthemembership
functionto beverysteep,i.e.,hasto find veryhighvaluesfor � .
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Figure6: Modelsfor stepfunctioncontainingtwo (left) andthreerules(right).
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Figure7: Model for stepfunction,threerules.

Figure5 (left) showstheoriginalstepfunction.Fromfigure5 (right) to figure6 youcanseethedevelopmentof thefuzzy



model.As expected,amodelcontainingthreerulescompletelydescribestheoriginal function

In figure7 you find the resultingfuzzy model. All � areadjustedto thestepwhich lies between0 and0.05. All � are
adjustedto valuesabout100yieldingtheverysteepmembershipfunctionswhichcanbeseenin figure7.

To find the resultingmodel,six modelshadto be examined. In the first epochtwo possiblerefinements( (â� ½ ) of
the initial rule, in thesecondepoch( T )n� ½ T ½ �Aã possibilities.To optimizethemodels’parametersRPROPneeded
on theaverageonly about16 iterationsfor eachmodel,so thatcomputationtime of our C++ implementationon a Sun
UltraSparc1wasonly a few seconds.

3.2 Two GaussianBell Functions
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Figure8: OriginalGaussianbell functions(left) andmodelcontainingtwo rules(right).
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Figure9: Modelsfor Gaussianbell functionscontainingthree(left) andfour rules(right).

To visualizetheway themodelingalgorithmworks,wechosea two dimensionalfunctionasanexample.Thefunctionto
beapproximatedconsistsof two Gaussianbell functionsin thetwo dimensionalinput space.Fromthis function,25x25
equidistantandnormalizedbasepointsweregenerated.(seefigure8 (left)). For bettercomprehensionof the resulting
modelswechosethesimplifiedfuzzymodelscontainingruleswith constantconsequences.

The figures8 (right), 9, and10 show the developmentof the fuzzy model. The figures11 to 13 show the found input
spacepartitioning(grey bars)andthe investigatedrefinements(dashedlines) for thefirst six epochs.Thedashedlines
alsoindicatethe initial locationof thenew fuzzy setsbeforeoptimization.The fuzzy modelsof thefirst six epochsare
givenin thefigures14 to 18 in theappendix.
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Figure10: Modelsfor Gaussianbell functionscontainingfive(left) andsix rules(right).
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In figure8 (right) wecanseethetwo partialmodels:onerulewith
 � & �¨� � ½fá for “ ��� small” ( F ¦ from figure14)andthe

otherwith
 � & � � � © for “ ��� big” ( F ¥ from figure14) anda fuzzy transitionbetweenthem. Rule F ¥ is beingrefinedinto

two new rules.In figure12 (left) youcanseetheresultinginputspacepartitioning.



Themodelof theestimationin figure9 (right) is listed in figure16. This modelcanbe interpretedeasily. For � � small
( FI¦ )ä and � � big ( FIà ) wehave

" ¤ & "Cå & �¨� � ½ ß . Thetwo “hills” in themiddleof the � � -rangeareformedby therules FM¥
and F�æ by theirpositiveconsequencevalues.

Figure10 shows thelastrefinementsroundingoff thebell functions.Thefinal input spacepartitionis shown in figure13
(right), thecompletefuzzy modelis givenin figure18. Thus,in thisexample,theoriginal functionis modeledwith only
six fuzzy rules.

3.3 PerformanceEvaluation

A comparisonwith four othernonlinearmodelingalgorithmstaken from [Frank 95] is given in [Männle96]. In some
casesof the 40 modelsto identify the presentedapproachwasoutperformedby the bestof the otheralgorithms,but it
shows itself astheoverallbesttechnique.Especiallywhenapproximatingtherealdatait outperformedall otherregarded
techniques.In [Männle96]wealsoexaminedBox/Jenkins’gasfurnace[Box 76]asawell knownexamplefor adynamical
system.For thisdata,a simplemodelcontainingonly threerulesalreadyyieldsasatisfyingapproximation.

4 CONCLUSIONS

In this paperwe focusedon thestructuremodelingandinput partitioningpartof our approachto build rule-basedfuzzy
models.Theinitial one-rulemodelis iteratively refinedby addingrules,i.e., furtherpartitioningtheinput space.Every
rule canbeconsideredasa local modelandtheimprecisionof thefuzzy setsresultsin smoothtransitionsbetweenthese
local models.We illustratedthisby meansof a two dimensionalexamplein section3.2.

WeappliedRPROPasapowerfuloptimizationtechniqueto theparameteroptimizationproblem.Wefoundit to berobust,
i.e.,workingfinewith its standardparameters,andconvergingveryfastto agoodminimum(seesection3.1).Thismakes
it possibleto built alsomodelsfor highdimensionaltrainingsets(e.g., (ç�n�v� ) thatcomprisemany trainingexamples.

Thesolutionfor findinga goodmodelstructuremustbeconsideredprovisionaryandit seemsworth spendingadditional
effort in developinga bettermethod.

Computationtime grows quadraticallywhenrising ( linearly. This is the resultof the heuristicsearchalgorithm. A
strongerheuristiccan further reducethis factor. For exampleby excluding input variableswhich arenot involved in
premisesduring several epochs(potentially indicatingthat this variabledoesnot contribute to the modelandis unim-
portant),somebranchesof the searchtree(figure4) arecut. This canconsiderablyreducethe searchspace.However,
practicalinvestigationsshowedthatvariables,althoughseemingunimportantat thebeginning,aresometimesneededlate
in themodelingprocedureto getagoodmodel.

Anotherpromisingapproachis to iteratively refinethemodelin thoseinputspaceregionswherethehighestapproximation
error ­ ¤ is made.Note,thatonemustregardregions sinceregardingsingle input-outputpairscancauseatoobig influence
of possibleoutliers.

Theproblemof structuremodelingasit appearsin this work is well suitedfor metaalgorithmslike for examplegenetic
algorithms. Tanakaet al. [Tanaka94] investigatedthe useof a geneticalgorithm for fuzzy modelswith trapezoidal
membershipfunctionsanda restrictedmodelstructure.Whentrying this, researcheffort shouldbespentto thecoding
scheme,sincetheapplicationof anappropriatecodingschemelargelydeterminesthesuccessof suchageneticalgorithm.

Finally, onecouldthink of a“top down” approachinsteadof a“bottomup” method.For atopdown approachonechooses
a fine partitioncontainingmany rulesat thebeginningandthendeletestherulesfoundnot to benecessary. This is done
for examplein [Jang93] and[Yen98]. Wedid not investigatethisapproachsinceit hasacrucialdrawbackwhenapplying
it onsomeof ourdatasets:We foundtrainingdatasetsof realtechnicalprocessesto oftenhaveaninputdimensionof 10
or evenhigher. Evenwhenonly choosinga coarseinitial partitionanddividing eachinput dimensionby only four fuzzy
sets,theresultingmodelsbecomeinfeasible,sinceyouhave to dealwith ã � Q & � Mio initial fuzzy rules.Evenif youcan
build a modelandreducethenumberof fuzzy rulesthereareusuallyso many rulesleft that it is very hardto interpret
the model. We found that if you want to build models automatically (including parameteroptimizationand structure
modeling)for a high dimensional training set you usuallyhavenochoicebut a bottom up approach.



5 APPENDIX:FUZZY MODELSOF GAUSSIANBELL FUNCTIONS

FM¥ : if � � is
0

0.5

1

-0.5 0 0.5

then
" � �A� 	 � © ã

FI¦ : if � � is
0

0.5

1

-0.5 0 0.5

then
" ¤ ���¨� 	 ½fá �

Figure14: Model for two Gaussianbell functions,two rules.

FM¥ : if � � is
0
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1

-0.5 0 0.5

then
" � �A� � ã�ã ©

F ¦ : if ��� is
0
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-0.5 0 0.5

then
"f¤ ���¨� � ½ ß ©

FIà : if � � is
0
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-0.5 0 0.5

then
"få ���¨� � ½ ß ½

Figure15: Model for two Gaussianbell functions,threerules.



FM¥ : if � � is
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F ¦ : if ��� is
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FIà : if � � is
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then
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Figure16: Model for two Gaussianbell functions,four rules.

F ¥ : if ��� is
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FIê : if � � is
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Figure17: Model for two Gaussianbell functions,five rules.



F ¥ : if ��� is
0
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Figure18: Model for two Gaussianbell functions,six rules.
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