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ABSTRACT. We consider the problem of classifying the states of a discrete possibilistic system for which the
available information is specified by stationary one-step transition possibilities and initial possibilities. Therefore,
we shall model this system by a possibilistic Markov process, i.e., a collection of variables with a common
sample space satisfying a possibilistic counterpart of the Markov condition. We define the relation ‘possibly
leads to’ and indicate how this relation can be used for dividing all states into disjoint ‘possibilistic classes’.
We then introduce the concept of ‘possibilistic class property’ and focus on two examples: the property of
being possibilistically essential and the property of having a given possibilistic period. We furthermore define
‘possibilistically recurrent’ states. After deriving a number of alternative interpretations for the relation ‘possibly
leads to’ and the possibilistic recurrence of a state, we indicate that finite possibilistically closed sets contain at
least one possibilistically recurrent state.

1. Introduction

Possibility measures were proposed by Zadeh [18] for modelling information in natural language. Formally, a
possibility measure II on the power set of a nonempty set {2 is a supremum preserving set mapping on ()
that assumes its values in the real unit interval ([0, 1], <), that is, IT is a p(€2) — [0, 1]-mapping such that

(| J Aj) = supTI(4;)
jeJ JjEJ

for any collection (A; |j € J) of elements of p(Q2). The @ — [0,1]-mapping = such that n(w) = H({w}),
Yw € Q is called the distribution of II. Obviously, II is completely determined by 7, since for any E € p(12):
II(E) = sup,cp m(w). The distribution 7 is called normal if TI(Q) = sup,cq m(w) = 1. A possibility measure
with a normal distribution is also called a normal possibility measure. The triple (2, p(Q2),II,) is called a
possibility space.

In this paper we will be concerned with discrete possibilistic systems, that is, systems for which the available
information is given by possibility measures, or alternatively, by distributions of possibility measures, and that
are having a countable time set. Provided that the observations lead to a consistent collection of distributions
that are defined on finite Cartesian products, a possibilistic system can be modelled by a collection of variables
with a common basic space. Using a possibilistic counterpart of the Daniell-Kolmogorov theorem [14, 13] all
variables can be considered as possibilistic variables [5, 6], i.e., their behaviour is determined by a possibility
measure. Similarly to a stochastic variable, a possibilistic variable has a basic space Q! and a sample space X.
The available information is represented by a possibility measure Il on (Q,p(2)). A Q — X-mapping [ is
called a possibilistic variable in X. The X — [0, 1]-mapping 7, given for any x € X by 7¢(z) = Ho(f~'({z})),
is called the possibility distribution function of f. The joint possibility distribution function of a finite sequence
fos-++ s fn, n € N of possibilistic variables, having basic space (€, p(Q),Ilq) and sample spaces X,, ..., X,, is
given by:

T(foresfn) @or -1 8n) = Mo (MiZp /7 ({2:}), V(0. 7m) € X™HL.

A collection of possibilistic variables having a common sample space X is called a possibilistic process in X.
In Section 2 we shall explain how a discrete possibilistic system that is specified by stationary one-step
transition possibilities and initial possibilities can be represented by a possibilistic Markov process, i.e., a
possibilistic process satisfying a possibilistic counterpart of the Markov condition. We show in Section 3 how
the states of such a system can be divided into disjoint possibilistic classes. To achieve this, we introduce the
relation ‘possibly leads to’. We define possibilistically recurrent and possibilistically nonrecurrent states. By
representing the available system information by a specific possibilistic Markov process, we shall derive a number
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of alternative interpretations for the previously mentioned notions. Finally, we indicate that finite possibilistic
closed sets always contain a possibilistically recurrent state.

2. Discrete possibilistic systems

Consider a discrete possibilistic system having the set of all natural numbers N as its time set. It is furthermore
assumed that N is ordered by the usual linear ordering < of natural numbers.
Assume that the following information was gathered from the observations of the system:

e X is the set of all possible states for the system at any time n € N;

e initial possibilities g, i.e., a X — [0, 1]-mapping g such that g(x) is the possibility that the system is in state
x € X at time 0;

e a possibilistic matrix P, i.e., a X2 — [0, 1]-mapping P such that, for any couple (z,y) € X2, P(x,y) denotes
the one-step stationary transition possibility from state x at time n € N to state y at time n + 1, and that is
normalised as follows:

sup P(z,y) =1, Vze X. (1)
yeX

Consequently, the partial mapping P(z,-) is the distribution of a unique, normal possibility measure on
(X, p(X)) for every element x € X. The mapping g can be taken as the distribution of a unique possibility
measure ) on (X, p(X)).

Using the foregoing information we want to determine the possibility that the system visits a finite number
of states z,,...,Z,, n € N at the corresponding times 0, ... , n. We are furthermore interested in determining
the k-step transition possibilities of the system. First of all, we shall give a number of formulae for these
possibilities, and then show how the formulae can be justified. To compute these values a triangular norm 7T
on the real unit interval may be used. Recall that a triangular norm 7 is a nondecreasing, commutative and
associative binary operator on the real unit interval ([0, 1], <), with neutral element 1 and absorbing element 0
[16, 17].

Using 7 we define the k-step transition possibility from state z € X at time n € N to state y € X at time
n+k as

. sup o 7;’“:_011_3(zj, zjp1) if k> 2;
(wy) = § oze ©)

Zo=T,zk=Yy

P(z,y) it k=1.

N

This means that the k-th power I_Dk of the possibilistic matrix P in the (sup, T)-algebra is taken for the k-step
transition possibilities of the system.

In a similar way we define the possibility 7 . (%) that some ‘joint state’ z = (z,,...,2,) € Xl neN
is assumed by the system at the corresponding times O, ... , n as the value:

— T(ﬁ(fo);ﬁflP(mj,ij)) ifn>1
0 m(2) = {G(w) 0 if n = 0. 3)

Obviously, myo,... 3 can be considered as the distribution of a possibility measure on (X"*!, p(X"*1)).

If the triangular norm 7 that we are working with has left-continuous partial mappings, the resulting dis-
tributions (7o, .. ny | 7 € (N, <)) satisfy the following natural consistency condition: if (n,m) € N? such that
n < m, then

00, n} (Zoy- -+, Tn) = SUP  SUP Mo, m} (o, -+ TnyYnt1s--- »¥m) forall (zo,...,2,) € Xt
n+1<j<my;eX

In that case, the possibilistic Daniell-Kolmogorov theorem [14, 13] guarantees the existence of a possibilistic
process (f, | n € (N,<)) in X such that

T(forifn) = T{0,... n}s YN EN (4)

To establish this, the following choices can be made:

— for fn, n € N take the projection operator pry ,, that maps a sequence z € X N onto its n+ 1-th component
Tn;



— for the basic space of pry ,, n € N, take (XN, p(XN), Oy ) where Ily; is the possibility measure with
distribution 7y g whose value in a sequence = (2,,...,Zpn,...) € XN is given by

mg(@) = Inf 7o, 0y (o, -, 2n) = neiNn\f{O}T(q(mo),’fj’;f)lP(wj,le)).
Moreover, Iy 7 is the greatest (or least specific) possibility measure on the basic space (XN, p(X™)) for which
the variables pry ,,, n € N satisfy (4).

We now give a justification for the formulae (2)—(4). Any collection (f,, | n € (N, <)) of possibilistic variables
representing the information (7o, 1 | n € (N, <)) as expressed by (2)—(4) satisfies a possibilistic analogon of
the Markov condition [9, 12]. To derive this result, we need to use the following notion of conditional possibility
[3, 4, 5, 7]. Consider two possibilistic variables g;, g» having sample spaces Y7 and Ys. Let y; € Y;. Then, for
all yo € Y3, the conditional possibility m,,|4,(y1 | y2) that g1 assumes the value y;, given that g, assumes the
value y-, is a solution of the equation

T (Y, mgs (y2)) = T (g, ,90) (Y1,y2) where y € [0,1]. (5)

To ensure the existence of a solution of (5), it is sufficient that 7 have continuous partial mappings. The
equation (5) may in general have more than one solution. In that case the least specific (or greatest) solution is
often proposed for the conditional possibility 7, |4, (y1 | ¥2). Various authors [3, 4, 5] have argued that 7 should
furthermore satisfy the cancellation law, or equivalently, should have strictly increasing partial mappings. A
continuous triangular norm 7 having this additional property is also called a strict triangular norm and can be
characterised as a ¢-transform of the algebraic product [15]. More specifically this means: 7 = Ty, where ¢ is
a continuous, strictly increasing — and therefore invertible — transformation of the real unit interval [0, 1] such
that ¢(0) = 0 and ¢(1) =1, and 7y is given by

To(z,y) = 67 (H(2)d(y)), V(z,y) € [0,1]".

Choosing a strict triangular norm for 7 ensures a unique solution of (5) provided that 7y, (y2) > 0.

Guided by this discussion, let us, for the sake of convenience, take the algebraic product for 7. Our discussion
can be generalised, however, to more general, continuous, choices for 7. We obtain the following formulae for
the conditional possibility:

T(g1,92) (y1,92)

pETg (g2 (U1 | Y2) = Ty (Y2)
1 if Tgy (y2) =0;

if Ty (y2) > 0;

where the least informative value is taken for 7y, 4, (1 | y2) when 7y, (y2) = 0. As expected, Dempster’s rule
is recovered for conditioning the variables g; and gs.

The following, obvious relation now holds between the transition possibilities and the conditional possibilities,
formed with the possibilistic variables in the collection (f, | n € (N, <)). Consider two natural numbers n and
k # 0 and let (z,y) € X2, then it follows from (2)-(4) that

—k .
pETflfn Y | T) =P (z,y) if 7z, (z) > 0. (6)
Also, the possibilistic variables (f,, | n € (N, <)) are furthermore conditionally independent in the following way.

Consider a finite subset {n; | i € {1,...,k}} of the time set N such that ¥ € N\ {0} and n; < --- < nj. Let
n € N such that ny <n. If z,, € X foralli € {1,... ,k} and y € X, then

DE7Tfn|(fn1,...,fnk)(y | (mnu"' 7mnk)) :DEﬂ-fn‘fnk (y | xnk) if W(fn17...,fnk)(xn1"" ,.’Enk) > 0. (M)

Condition (M) can be regarded as a possibilistic analogon of the Markov condition [9]. In [12] we used condition
(M) as a starting point for developing a formal, measure-theoretic theory of possibilistic Markov families
(processes), i.e., families of possibilistic variables satisfying property (M). This ends our justification of the
formulae (2)—(4).

3. Classification of states

Let us reconsider the discrete possibilistic system introduced in the foregoing section, i.e., the discrete possi-
bilistic system for which the following information is given:

— the partially ordered set of natural numbers (N, <) as time set;

— a nonempty set X as state space;

— a possibilistic matrix P: X2 — [0, 1] specifying the stationary one-step transition possibilities of the system;
— initial possibilities g: X — [0, 1].



In the sequel we shall denote by N the set that is obtained by adding a top +oo to (N, <). The k-step transition

possiblities of the system are again defined as the k-th power P" of the possibilistic matrix P in the (sup, 7)-
algebra, where a continuous triangular norm on ([0, 1], <) is taken for the operator 7.

As explained in Section 2 it is possible to model the available system information by a possibilistic Markov
process in X, allowing us to interpret the k-step transition possibilities as conditional possibilities. In this light
the following definition of the binary relation ‘possibly leads to’ on the state space X is meaningful.

Definition 3.1. Consider two states © and y in X, then

o £y, i.e., T possibly leads to y if there exists a natural number n > 0 such that I_Jn(a:,y) >0y

o 7y, i.e., x possibly communicates with y if x7y and y~x.
A state x is called possibilistically essential if for any state y in X such that x 7y it follows that y "z, otherwise
x s called possibilistically inessential.

Since P is a possibilistic matrix satisfying condition (1), i.e.,

sup P(z,y) =1, Vze€ X,

yeX
it is immediately clear that every state © € X possibly leads to some state y € X. However, the relation ~ is
in general not reflexive nor symmetric. In the following proposition we derive a condition that is sufficient for
the transitivity of —.

Proposition 3.2. Assume that T has no zero divisors, i.e., =(3(z,y) €]0,1[*)(T (z,y) = 0). Then ~ is
transitive binary relation on X.

If 7 has no zero divisors, then < is symmetric and transitive. It is furthermore reflexive over the set of states
that possibly communicate with some other state. Using > we may divide the states into disjoint subsets called
possibilistic classes. This goes as follows. Two states belong to the same possibilistic class if they possibly
communicate. FEach state that does not possibly communicate with any other state forms a possibilistic class
by itself.

A property defined for all states is called a possibilistic class property if its possession by a state of a
possibilistic class implies that it shared by all states of that possibilistic class. In that case the possibilistic class
is said to have the given property. Obviously, the negation of a possibilistic class property is also a possibilistic
class property.

The following proposition gives a first example of a possibilistic class property.

Proposition 3.3. Assume that T has no zero divisors. Then a possibilistically essential state cannot lead to a
possibilistically inessential state. In particular, the property of being possibilistically essential is a possibilistic
class property. Moreover, — is an equivalence relation on the possibilistically essential states in X.

It can be shown to hold that the property of having a possibilistic period equal to d € N\ {0} is also a
possibilistic class property. More precisely, the possibilic period of a state ¢ € X for which 7z is defined as

d(z) = ged{n | n € N\ {0} such that P" (z,z) > 0},

i.e., the greatest common divisor of the set of natural numbers n € N\ {0} for which P" (z,z) > 0. To achieve
this result, it is once again sufficient to take a triangular norm 7 that has no zero divisors.

To define possibilistically recurrent and possibilistically nonrecurrent states, we need the following mappings.
For any state a € X, we denote by T, the hitting time of a. Formally, T, is the X~ — N-mapping given for any
sequence T = (Z,,... ,Ty,...) € X" by

To(r) = inf{n | n € N\ {0} such that z, = a} if 3n € N\ {0} such that z,, = q;
T 4o otherwise.

(7)

We now want to determine for every couple of states (a,b) € X? the possibility P that the system will be
in b at least once, given that it starts from a, or equivalently, the possibility of the event {T', < +o0}, given
that the system starts from a. To compute these values we need to represent the available system information
by a possibilistic Markov process. As explained in Section 2 we may therefore take the projection operators
(PI'N,n | n € N), provided that the behaviour of these variables is determined by the possibility measure Iy 7
on (XN, o(X™N)) with distribution 7y 5 given by

m™g(T) = nel%\ln\f{o} T(G(mo),ﬁzolP(mj,ij)) for all z = (z4,... ,%p,...) € X\



Since pry ,,, n € N is the projection operator on X" that maps any sequence z = (Zo,... ,Zn,...) € X\ onto
its n 4+ 1-component x,, (7) can be rewritten as:
T, () inf{n | n € N\ {0} such that pry ,(z) =a} if In € N\ {0} such that pry,(z) = a;
z) = , ,
¢ +00 otherwise.
The hitting time T’ of b can be considered as a possibilistic variable in N that is dependent of the possibilistic

variables pry ,, n € N\ {0}. Consequently, its behaviour is also determined by Ily 7. In this way we obtain the
following formula:

Py =Ty g, ({Ts < +o0}),
where the initial possibilities g, are given by
7. (2) 1 ifz=ga
) =
1o 0 ifzeX)\{al).

Obviously, the possibility measure associated with g, is a probability measure telling us that is completely sure
that system starts from a. -
By a short computation it turns out that P, is equal to

Pa =supP (a,b).
n>1

This brings us to the following characterisation of the relation .
Proposition 3.4. For every couple of states (a,b) € X? we have:
a”b iff Pa > 0.

We now call a state a € X possibilistically recurrent when it is completely possible that the system will
eventually return to a, given that it starts from a.

Definition 3.5. A state a € X is called possibilistically recurrent if P,, = 1, otherwise, it is called possibilis-
tically nonrecurrent.

To derive a second alternative definition of the relation 7, we introduce the following variables. Consider
a state b € X. Then Ny denotes the X~ — N-mapping N(b) that indicates for every sequence of states
T =(To,.-. ,Tn,-..) € X" the number of times n € N\ {0} that the system is in b, i.e.,

N(b)(z) = |{n | n € N\ {0} and z,, = b}|.
We naturally want to determine the ‘expected’ number of visits to b, given that the system starts from some
state a € X. As before, we consider N (b) as a possibilistic variable in N with basic space (XY, p(X"V),IIng.).

To calculate the requested expected value we may for instance use the Choquet-integral (C) [ N(b)dIIy g, of
N (b) with respect to the possibility measure Iy g , which is equal to the indefinite Riemann-integral [1, 8]

(@/N@ﬂm%ZAmHmﬂN@zﬂW- ®)

For every natural number n € N\ {0} the possibility that the system will be in b at least n times, given that it
starts from a, is equal to

Pay ifn=1;

Oz (NO)>n}) =< no1_
vz, {N(b) 2 n}) T(Pas, _Tllpbb) ifn>1.
=

9)

Taking (8) and (9) into account it is readily seen that

m/mmm@=2nmmg¢m (10)

n>1

Using the result of Proposition 3.4 we may restate the definition of ~ as follows.

Proposition 3.6. For every couple of states (a,b) € X? we have:
b iff Q) / N(B)dll g > 0.

Example 3.7.



— If b is a possibilistically recurrent state, then we find for any state a € X:

0 if Poy = 0;
400 if ?ab > 0.

(©) / N(b)dllr,, = {

— Suppose that b is a possibilistically nonrecurrent state.
e If 7 is the algebraic product on ([0, 1], <), then we find for any state a € X:

Fab
C) | Nbdllrg = ——.
(©) [ Ny, = 2%

e If 7 is the minimum operator on ([0, 1], <), then we find for any state a € X:

o

if ?ab = 0;
(C) /N(b)dHN@a = Fab if Fab >0= ?be
400 if min(ﬁab,ﬁbb) > 0.

A

For every couple of states (a,b) € X? we now determine the possibility that the system will be at infinitely
many times n € N\ {0} in b, given that it starts from a. The calculation of these possibilities, carried out in
the next proposition, leads us to the following, alternative characterisation of possibilistic recurrence.

Proposition 3.8. For every couple of states (a,b) € X? we have:
— if T is the mininum operator on ([0,1], <), then

Iyg, ({N(b) = +00}) = Pap A Py

— if T 1is a continuous Archimedean triangular norm on ([0,1], <), i.e., a continuous triangular norm T on
([0,1], <) such that T (z,z) < z, Yz €]0, 1], then
Puy  if Py =1
g ({N(b) = +o0}) = —
v, (IN@®) = +o0}) {0 P oL

In both cases we have: a € X is a possibilistically recurrent state iff Ilx g, ({N(a) = +o00}).

From the foregoing proposition it is immediately clear that, when a continuous Archimedean triangular norm
— for instance the algebraic product — is taken for 7', the possibility Iy ({N(a) = +o0}), a € X is either 1 or
0 according as a is possibilistically recurrent or not.

Let us now introduce the notion of a possibilistically closed set.

Definition 3.9. A nonempty subset C of X is called possibilistically closed if no state belonging to C' possibly
leads to a state outside C, i.e., if x € C andy € X \ C, then —(z7y).

A well-known result of the theory of stochastic Markov processes is recovered [2, 10].

Proposition 3.10. A non-empty, finite, possibilistically closed subset C' of X contains at least one possibilis-
tically recurrent state.

4. Conclusion

We have described a method of classifying the states of a discrete possibilistic system specified by stationary
one-step transition possibilities and initial possibilities. To justify the formulae and the notions required for
this classification we have used a specific possibilistic Markov process for representing the the available system
information. In this way we have recovered a number of results that are well-known in the theory of stochastic
Markov processes.

To formulate our notion of a possibilistic Markov process we have made use of one particular definition of
conditional possibility introduced in the ordinal version of possibility theory. In a recent paper we have shown
that the initial possibilities, transition possibilities, etc., may be given a behavioral interpretation as marginal
betting rates against events, when the ‘conditional possibilities’ are calculated with Dempster’s conditioning
rule [11]. In a forthcoming paper we shall give a more detailed discussion including the proofs of the results.
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