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1 Introduction

Testing hypotheses is one of the primary purposes of statistical inference. In classical statistics all model
parameters, i.e. data, hypotheses and test requirements should be precise. However in real life we meet
very often vague data, like ”about ten”, "more or less between five and seven”, “rather greater than
1007, etc. Moreover, sometimes we are quite satisfied in verifying fuzzy hypothesis like the mean p is
about 40” instead of the crisp one p@. We may also test a hypothesis on a significance level ”not greater
than a” instead of the crisp value of a.. Such statistical test under fuzzy constraints were considered
by Arnold [1]. The problem of testing hypotheses with vague data was considered by Casals et al. [3],
[4] and Grzegorzewski [8], [9]. Testing fuzzy hypotheses was discussed by Delgado et al. [5], Saade and
Schwarzlander [17], [18], Watanabe and Imaizumi [19] and Arnold [2].

The present paper is devoted to testing fuzzy hypotheses in the presence of vague data. This problem
was slightly touched in the excellent book by Kruse and Meier [13]. Unfortunately, their solution reveals
many disadvantages and gaps (see [10]). Below, we propose other approach utilizing the Dubois-Prade
necessity index of strict dominance, so popular in the possibility theory.

2 Basic concepts and notation

Assume that the investigated phenomenon is described by a probability distribution Pg which belongs to
a family of distributions P = {Pg : 8 [CA}. We consider the null hypothesis H : 8 @y concerning the
parameter 8, with the alternative hypothesis K : 6 @y, where ©y and Ok are subsets of © such that
On N Ok = [We assume that if 8 were known one would also know whether or not the hypothesis is
true.

In the hypothesis testing problem we observe a random sample Vs, ... , Vn, and this observation can lead
to one of two possible decisions: either to reject H (and to accept K), or to not reject H (usually identified
with accepting H). Traditionally, rejection of H is denoted by zero and acceptance of H by one. Hence,
a decision rule, called a statistical test, can be defined as a function ¢ : R" - {0,1}. Each statistical

test divides the sample space R" into two exclusive subsets: {(v1,...,vn) CR": ¢(v1,...,vn) =0} - the
set of the acceptance of H, and K = {(v1,...,vn) CR" : ¢(vy,...,vn) = 1} - the set of the rejection
of H which is also called a critical region. In practice, we compute a certain test statistic T (V1,...,Vn)

(i.e. a function of the observations), then we find a critical region K, and finally we reject the considered
hypothesis if T(V1,...,Vn) Kl or accept it otherwise. A typical statistical test has a following form:

M T Vn) [K
_ 1 1y---,Vn g
¢(V1,.. V)= otherwise. v

The critical region depends on a preselected upper bound of the probability of the type I error (i.e. rejecting
H when it is actually true), called a significance level 6 . Thus we have

P{O(Vi,...,Vn) =1 | H} <8. )

For more details concerning the traditional theory of testing statistical hypotheses we refer the reader to
Lehmann [15].



Now let Xi,..., X, denote a fuzzy sample which is a fuzzy perception of the usual random sample
Vi,...,Vn, from the population with the distribution Pg. Assume that each X; is a fuzzy number, i.e.
Xj is a normal, fuzzy convex and bounded fuzzy subset of the real line R with an upper semicontinuous
membership function px, (see, e.g., Dubois and Prade [6]). A space of all fuzzy numbers will be denoted
by FN(R). Of course, FN(R) [EI(R), where F(R) denotes a space of all fuzzy sets on the real line.
An useful tool for dealing with fuzzy numbers are their a—cuts. The a—cut of a fuzzy nhumber X with its
membership function pix is a crisp set defined as

Xa ={t [R: px(t) = a}. ©)

Every a—cut of a fuzzy number is a closed interval. A following notation will be useful below: Xy =
XL, XY1, where

X
Xa

inf{t (R : px(t) = a},
sup{t [R: ux(t) = a}.

The precise definition of a fuzzy random variable and fuzzy sample can be found in Kwakernaak [14],
Kruse and Meyer [13] and Puri and Ralescu [16].

In the presence of fuzzy data we cannot observe the parameter 8 directly but only its vague image.
Moreover, we cannot estimate 8 better than to its fuzzy perception A(8) defined as

Ha@y(®) = sup{v(V,...,Vn) : (V1,...,Vn) OXI',6(V)) = t}, t[R, 4)
where X" is a set of all possible originals of that fuzzy random sample with membership function
v(Vi,...,Vh) = i:rpin n inf{lx; ) (Vi(w)) : 0 COf}. 5)

One can easily obtain a—cuts of A():

(A®))a ={t CR: [(W,... V) O, 68(V1) = t, such that .
Vi(@) CCXi(@))o for © [Qand fori=1,...,n}. (©)

For more information we refer the reader to Kruse, Meyer [13].

Kruse and Meier concluded that since in estimation with vague data the best they could do was to find
fuzzy perception A(8) of the parameter 6 under study, they also restricted hypotheses testing to hypotheses
about A(8). Thus actually they considered the problem of testing fuzzy hypotheses with fuzzy data. They
suggested a following definition of a test:

Definition 1 Let X4,..., X, denote a fuzzy sample, then a function @ : [FN (R)]" - {0, 1} such that
P{o [CA: o(X1(0),... , Xpn(@) =1 | A(B) =No}=<0 @)
is called a test for testing hypothesis H : A(8) = Ao, where Ag [CHN (R), on the significance level 6 [(0,1).

It is easily seen that the definition given above is a natural generalization of definition of the classical
test and (7) reduces to (2) if all the data are crisp, i.e. Xj = V; and we consider crisp hypothesis 6 = 8.

Kruse and Meier also proposed how to construct such a test for verifying hypothesis H : A(8) = A
against two-sided and one-sided alternatives. Unfortunately their method has many drawbacks. For
example, the statement ”A(B) is greater than Ay” they use for one-sided alternative hypothesis, has no
sense in the case of fuzzy numbers where there is no unique linear order. Any time we say that one fuzzy
number is ”greater” than the second one we have to explain what does it mean, i.e. we have to mention
how we order fuzzy numbers. This and other problems connected with Kruse and Meier’s approach to
hypotheses testing were described in [10].



3 Hypotheses using NSD

Below we propose a new method of testing fuzzy hypotheses with vague data which can be used both for
one-sided and two-sided alternatives and which satisfies the Kruse-Meier definition (7). To express this
alternatives we use the necessity index of strict dominance (NSD) due to Dubois and Prade [7]. Let us
recall that for any fuzzy numbers A and B with membership functions pa and pg, respectively, we can
evaluate the degree of necessity to which the relation A > B is fulfilled

Ness(A>B) =1— sup min{ua(x), us(y)}. ®

X,YIX<Y

Dubois and Prade proposed also the possibility of strict dominance index and other indices. However,
we decided to use NSD index because of its natural interpretation and e [edtiveness in solving real-life
problems (see, e.g. Hryniewicz [11], [12]).

Let us begin with the problem of testing the null hypothesis H : A(8) = /g against one-sided alternative
K : Ness(/A(B) = Ng) = &, where § is a fixed number from the interval [0, 1]. Although we have both fuzzy
data and fuzzy hypotheses the order based on NSD leads to a very simple statistical test. Before we show
the construction of that test a following lemma, used in the test construction, should be stated.

Lemma 2 Let X,Y [HN(R). The following conditions are equivalent:
(i) Ness(X >Y) =g,
(i)  Xps=VYY,,
(iii) XL=vy @m@rm1),a=1-¢.

Therefore, according to the lemma, it is enough to consider only one a—level in order to check whether
the relation Ness(A(B) > Ag) = & holds. This conclusion makes the starting point for our test construction.
Moreover, we take advantage from the well known fact that there is an equivalence between the totality
of parameters for which the null hypothesis is accepted and the structure of confidence intervals. More
precisely, there is one-to-one correspondence between the acceptance region of the test for the hypothesis
H : 8 = 6 against K : 8 > 6 on the significance level 6 and one-sided confidence interval [r11, +o0) for the
parameter 6 on the confidence level 1 — 93, where My = m(Vy, ..., Vn;9).

A following proposition holds

Proposition 3 Let Xg,...,X,, denote a fuzzy random sample, where X; CHN(R) for i = 1,...,n,
from the distribution with unknown real parameter 6 and let £ []D,1]. Let A(6) CHN(R) denote a
fuzzy perception of 6 and let [111, +o0) be upper one-sided confidence interval for the parameter 6 on the
confidence level 1 — 8. Then a function ¢ : (FN(R))" - {0, 1} such that

(-
T if (Mo)fg <N

O(X1 - Xn) = 5 therwise,

)

where

Nie =N g(Xy,..., Xp;0) =inf{t (R: OI{,...,n}

3 [(Xi)1—¢ suchthat Tmy(X1,...,Xn) < t}, (10)

is a test for hypothesis H : A(B) = A against one-sided alternative K : Ness(A(B) > Ag) = &, on the
significance level 9, i.e.

P{o CQ: (X1(®), ..., Xn(®) =1 | AB) = Ao} <5.

Similarly, using one-to-one correspondence between the acceptance region of the test for the hypothesis
H : 6 = 8y against K : 8 < 6y on the significance level 6 and one-sided confidence interval (—oo, 5] for
the parameter 8 on the confidence level 1 — 6, where 1, = 12(V1,...,Vn;0), we get a test for the opposite
one-sided alternative fuzzy hypothesis.



Proposition 4 Let Xq,...,X,, denote a fuzzy random sample, where X; CHN(R) fori = 1,...,n,
from the distribution with unknown real parameter 8 and let & []Q, 1]. Let A(6) CHN (R) denote a fuzzy
perception of 8 and let (—oo, 112] be lower one-sided confidence interval for the parameter 6 on the confidence
level 1 —3. Then a function ¢ : (FN(R))" - {0, 1} such that

1
1 it (Ao)—g > Mi_¢

(X1 Xn) = 5 Gtherwise,

(11)

where

I'ILIJ_E = I'ILIJ_E(Xl,... yXn;0)=sup{t (R: OI{,...,n}
x] C(Xj)1—¢ such that me(X1,...,Xn) =t},

is a test for hypothesis H : A(B) = /A against one-sided alternative K : Ness(Ag > A(B)) = &, on the
significance level 0.

(12

We can also use NSD index for testing our null hypothesis against two-sided alternative. Firstly we
will define a following relation

Definition 5 Let X,Y [CHN(R) and let § [0, 1]. Then
Ness(XEBY)=¢& « (Ness(X=>Y)=¢& or Ness(Y =>X)=¥¢). (13)

Now, keeping in mind that there is one-to-one correspondence between the acceptance region of the
test for the hypothesis H : 6 = 6y against K : 8 & 6 on the significance level § and two-sided confidence
interval [ry, 2] for the parameter 8 on the confidence level 1 — &, where M3 = M (V1,...,Vn; g) My =
Mo (V1, ..., Vn; %), we can state a following proposition

Proposition 6 Let Xq,...,X,, denote a fuzzy random sample, where X; CHN(R) fori = 1,...,n,
from the distribution with unknown real parameter 6 and let & []0,1]. Let A(B) [CHN (R) denote a fuzzy
perception of 8 and let [my, 1M2] be two-sided confidence interval for the parameter 6 on the confidence level
1—19. Then a function ¢ : (FN(R))" - {0, 1} such that

1 .
1 if (/\o)ij_g < nll'—z or (/\O)If—z - ntlJ—E

01 Xn) = Gtherwise, (14)
where
NE e =NE Xy, ..., Xn; ) =inf{t (R: OI{,...,n} 15)
Xj [C(Xi)1—& such that mi(X1,...,Xn) <t},
N =NY e(X1,..., Xn; 3) =sup{t [(R: G1{,...,n} (16)

xX] C(Xj)i—s such that To(X1,...,Xn) =t},

is a test for hypothesis H : A(B) = Ao against one-sided alternative K : Ness(A\o B A(B)) = &, on the
significance level 8.

4 Conclusions

The propositions given above show how to construct statistical tests for verifying fuzzy hypotheses with
fuzzy data. In defining fuzzy alternatives we have used the Dubois-Prade necessity index of strict dom-
inance. Of course, one may construct similar tests for other indices, like the possibility index of strict
dominance, etc.

Our tests are well defined, because if we use crisp data instead of fuzzy observations and if we replace
fuzzy hypotheses by crisp ones our tests reduce to the classical tests of significance. These tests are also
very simple in use. Although we consider fuzziness both in data and in hypotheses the output of these test
is crisp, i.e. our tests lead to precisely described decision: to rejection or to acceptance of the hypothesis
under study. Thus they do not require any defuzzification method, which is also their advantage.
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