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ABSTRACT: A method, based on using Artificial Neural Network (ANN), is presented to reduce noise in chaotic
attractors without knowing the underlying maps. The fractal dimension of the attractor is used as an indicator
to determine the number of input layer nodes. For moderate levels of additive noise, the ANN method was
able to capture a less noisy attractor; however, for high levels of additive noise, a combination of a refinement
procedure with ANN is used. In this case, only one refinement is needed for the successfull use of ANN. The
obtained ANN model is then used for long-term predictions of the future behavior of a Hénon attractor, using
information based only on past values.
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1. INTRODUCTION

During the last decade, the problem of noise reduction has been a subject of interest in dynamical systems
[1], signal processing [2] and experimental measurements [3]. A variety of methods of noise reduction has been
treated by different investigators. Kostelich and Yorke [4] implemented a least-square noise reduction procedure
that works by taking many nearby points in phase space to find a local approximation of the dynamics. Farmer
and Sidorovich [5] described an idea that exploits local expanding and contracting directions when the map is
known. Hammel [6] used a noise reduction by shadowing based on the proof of the shadow Lemma [7,8] and
where the map is also known. Other related work in this direction is that of Smaoui [9,13] and Casdagli [10]. In
this paper, we describe a noise-reduction procedure using Artificial Neural Network (ANN) on the time series
data without knowing the underlying map of the attractor.

Chaos is a dynamical system that exhibits aperiodic behavior that depends on initial conditions. This
sensitivity to initial conditions makes one wonder whether the orbit of a chaotic process is a true orbit or an
orbit that is contaminated with noise. A true orbit {u,}Y_,, satisfying x,41 = flzn), 0<n< N—1isan
orbit free of noise. There are several ways by which a dynamical system, represented by f, can be contaminated
by noise. One way is when errors are made upon each iteration of the process, thus generating a noisy orbit.
This type of noise generation is called dynamic noise and it is associated with the shadowing problem [7,8].
Chaotic processes have the property that very small numerical errors grow exponentially fast, therefore, 1t is not
clear that a numerical orbit may mimic a true orbit. Hammel [11,12] has demonstrated that some numerically
generated chaotic orbits can be shadowed by true orbits for long time periods and Smaoui [13] has shown that
a computer-generated orbit of the chaotic attractor outside the periodic window of the quadratic map can be
shadowed for all time. Another way by which a dynamical system can be contaminated by noise is when the
true physical process is obscured by errors in measurements. This type of noise is called an additive noise. A
noisy orbit {Pn}nN:o is generated by p, = x, + ¢, for small additive noise ||¢,|| < 8. In this work, we apply an
ANN noise reduction procedure on an additive noisy orbit of the Hénon attractor where the underlying map is
not known.

The paper is organized as follows: In section 2 we describe the ANN method. Section 3 defines the Hénon
attractor. Section 4 shows the application of the ANN noise reduction method on the Hénon attractor with and
without noise. In that section, a noise reduction approach which is a combination of ANN and a refinement
procedure when the noise level is high is also presented and we conclude in section 5.

2. NEURAL NETWORK APPROACH

Artificial Neural Networks (ANN) has been widely used in many different disciplines to perform complex func-
tions in various fields of applications including pattern recognition, identification, classification, speech, vision
and control systems [14-18]. Recently ANN has been used to obtain a nonlinear map which, given the present



measurement, and possibly some recent history, will predict the state of the system at the next time step [19]. Tt
is the ability to control nonlinearity in the neural net that allows prediction of chaotic time series with an accu-
racy far exceeding conventional methods. While chaos can occur in very simple deterministic systems; chaotic
time series are sufficiently complicated that they appear to be “ random” time series. Thus, random-looking
data may contain simple deterministic relationships that involve only a few irreducible degrees of freedom. The
Henon map is used as an example to show how ANN can capture the underlying map from the time series.
Before analyzing this example, we explain how ANN works.

ANN are composed of many simple elements or nodes, operating in parallel, communicate with each other
through connecting synapses. The architecture of these models depends on the node characteristics, network
topology and learning algorithm which are described below.

2.1 PROCESSING NODES

Nodes are considered the key components of a neural net. They can be described as simple functions that take
n variables as argument and output only one which can serve as input to other nodes. The number of variables
connected to a particular node depends on its position in the network. Because the network is inherently
parallel, all the nodes perform their computations simultaneously.

2.2 ACTIVATION STATE

The activation state u; consists of the product of all inputs from nodes of the previous layer multiplied by their
corresponding synaptic weights minus the bias of the jth node.

up =) wije; = f (1)
where z; is the measurement or input pattern of the ith layer, w;; is the weight and 3; is the bias of the jth
node. This activation can be positive, zero, or negative, because the synaptic weightings and the inputs can

be either positive or negative. A positive weighted input is considered a positive contribution to the activation
and therefore represents a stimulus; however, a negative contribution represents an inhibition.

2.3 OUTPUT FUNCTION

Once an activation is determined, then a signal transfer function is applied to that activation to determine an
output. Several functional forms might be used as a transfer function. The transfer function used in this work
is:
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This function belongs to the class of sigmoidal functions and has advantageous characteristics such as being

continuous, differentiable at all points, and monotonically increasing. It also accepts inputs varying from —oo
to co and produces outputs over a finite range from -1 to 1.

S(u) =

2.4 NETWORK TOPOLOGY

Several ANN topologies, that differ in the number and character of the processing nodes, the connections and
the training procedures, have been proposed [20-22]. In this work, a multilayer feedforward neural network
which consists of a six-node input layer, two ten-node hidden layers, with nonlinear sigmoid function S, and a
two-node output layer with linear transfer function is used (see Figure 1).

With this network topology, the aim is to obtain an explicit nonlinear map

xn-l—l :f(xn,$n—1a~~~axn—m)a (3)

where m is the number of chosen delays. For future prediction, this map can be iterated to give

Tp41l = f(f(xna$n—1a R $n—m)a Ty Tp—1y .-y xn—m+1) (4)
or, using an m+1 dimensional vector x, = (Z,, 21, ...,Zn_m)’, we can define the map
g1 = Fxy). (5)



2.5 LEARNING

Training a network is an essential factor for the success of the neural network. Levenberg-Marquardt method
[23], which makes use of a compromise between the Gauss-Newton and the steepest descent approaches, has
been used. The method has been shown to be efficient and reliable for training feedforward networks. The

overall error is usually defined as
1 2
sse = 2 Ep gk (2 — yk)p (6)

where z; and y; are the desired and actual output vector of the kth output node. The p subscript refers to the
specific input vector pattern used. The weights leading into an output node k are adjusted in proportion to the
difference between the actual node output and its target output. This can be accomplished by considering the
derivative of the error function with respect to the change in synaptic weight leading into an output node. The
weight adjustment on a hidden node h, with input signal zj, leading to output node k is given by

Awpy = (JTT + pl) 1 e, (7)

where J is the Jacobian matrix of derivatives of each error to each weight, e is an error vector and p is a scalar.
As limiting cases, we obtain the Gauss-Newton method if 4 — 0 and the steepest descent method if y — oc.
Large values for p give a small step-length, i.e. minor corrections of the weights.

3. THE HENON ATTRACTOR

The Hénon map was first introduced by Hénon [24] as a simple two-dimensional map possessing special properties
of more complicated systems. This map with z,, = (21 5, xzyn)T is given by

1 1—|—xn—ax2n
po = fa) = (7 ) = (T e ) ®

T2 n+1

Hénon [24] studied this map for various values of a and b and observed that for the values of @ = 1.42 and
b = 0.3, the map possess chaotic attractor. This chaotic attractor, shown in Figure 2, depicts a scatterplot of
the first 3000 iterations of the map for the initial conditions 1 = 0 and x5 = 0.

Theoretically, a good neural network model can be obtained if many time delays or old observations are
included, but this approach will not be practical since it leads to a large network with a considerable number
of weights to be estimated [25]. To determine the optimal number of input nodes in the ANN, we use the
same strategy as Packards [26] who demonstrated that an attractor may be reconstructed from a time series if
a correct number of time delayed samples of the series is used. Let 7 be a chosen delay, and m be an integer,
then any point on the attractor can be written

Tn+P :f($n,$n—7axn—27a~~~axn—(m—1)7) (9)

where P is a prediction time into the future chosen to be 1 for our work, and f() is a map. With this formulation,
the embedding dimension of the attractor is dg = m. Takens [27] has proved that this embedding dimension is
defined as

where dp is the fractal dimension. The fractal dimension was calculated using a box counting algorithm and
was found to be dp =~ 1.25. Based on this fractal dimension, an embedding dimension, dg = 3, for the
Hénon attractor is estimated using Eq.(10). Therefore, there are six inputs to the nonlinear net consisting of
1 n—2,%1,n-1,%1,n,22,n-2,%2 n—1, and xs , and two linear output elements representing the values x1 41 and
L2 n41-

A set of 500 points was used to train the network (i.e. {z1,,}2%% and {2,}32% ). Once the training stage
is successful (i.e., sse=5 x 10_4), the network is used to predict z1 41 and z2,41 for 500 points not included
in the training data set (i.e. {x1,}:%%); and {x2,}.%%,, ). Figure 3 shows the attractor in phase space for
the predicted and the desired data points. The ANN was successful in capturing the complex structure of the
noiseless Hénon attractor. The average relative error of the testing data for the values of 1 and x5 was found
to be 0.3% and 0.4%), respectively.






4. A NOISE REDUCTION APPROACH

So far, we have shown that, in the abscence of noise, the Hénon attractor was completely captured (i.e. the
trajectory is completely deterministic). However, consider the case where the original trajectory {z,}2_ois
distorted by an additive noise ¢, to obtain a noisy trajectory {p,}._, defined as

n=0
Pn = Zpn + €n. (11)
Figure 4 presents a noisy Hénon attractor with an average additive noise ¢ = 1.15 x 1072, where o =
2 ZnNzo [len|]. The same architecture was used to train a network with a set of 500 noisy data points (i.e.

{p1.n 12000 and {p2.,}:2%,1). The network compares its actual response with the target noisy response and
adjusts its weights in such a way to minimize the sse. Since the target response is noisy, we pick an sse = 0.05.
After convergence, the network captures the hidden attractor obtained from iteration of Eq.(3) rather than
reproduce the noisy attractor. Comparing the noisy Hénon attractor shown in Figure 4 with the one obtained
from the ANN model shown in Figure b, one can clearly observe that the ANN model have reduced the noise
to a minimum.

The successful noise reduction method using ANN is superior over previous methods since the map 1s not
known in advance as in [5,6]. This noise reduction procedure was successful for all values of ¢ < 5 x 1072
Of course, there are some limitations to this procedure. One of which is that when the noise level is greater
then 5 x 1072, the ANN captures a distorted attractor. One solution for such a case is to combine Hammel’s
refinement procedure [6,11] and ANN. We have successfully applied the refinement procedure on the noisy
Hénon attractor with noise level ¢ = 6.14 x 1072, First we have examined fifty applications of the refinement
procedures without using ANN. Because of machine presision, the refinement procedure does not improve after
the fifteenth refinement. Next, ANN has been successfully used on the less noisy attractor obtained after one
refinement to completely eliminate the noise. The obtained ANN model has the advantage of predicting the
true behavior of the system knowing the present state and some recent history.

5. CONCLUSIONS

In this paper we have demonstrated the successful use of ANN to reduce noise in chaotic attractors. We have
applied this technique on the Hénon attractor with and without noise. In both cases, only the trajectories or
sequences of points are assumed to be known as compared to other noise reduction techniques where the map
is assumed to be known. The fractal dimension of the attractor was used as an indicator to determine the
number of input layer nodes. In the case where the attractor is noiseless, the ANN was able to predict the
chaotic behavior within 1% of accuracy. When additive noise was added to each point of the trajectories, the
ANN method was able to capture a less noisy attractor for all noise levels up to o = 5x10~2. In case where the
noise level ¢ is high, a combination of a refinement procedure and ANN method is used to successfully reduce
the noise. Only one refinement procedure was needed for the successful use of ANN. It must be noted that the
technique presented here is used not only to reduce noise, but also to generate the future behavior of chaotic
attractors.
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