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ABSTRACT : A family of objective functions is discussed for which the conjecture, stating that globally optimal
solution (not a local one) of Hopfield neural networks may be obtained by starting from an initial point sufficiently
close to the origin, truly holds. To the conjecture, Nishi (1998) has been giving an interesting family of objective
functions through the eigenvector analysis. The present paper extends his result to the larger family which suggests that
the conjecture really holds for a wide range of objective functions.
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1. INTRODUCTION

Since Hopfield and Tank (1985) pointed out the possibility such that their neural networks (i.e., Hopfield machine)
might be able to solve intractable combinatorial problems such as the traveling salesman problem, a considerable
amount of investigations has been done so far (for examples, Wilson and Pawley, 1988; Aiyer, Niranjan and Fallside,
1990; Kamgar-Parsi, 1990; Abe, 1993; Matsuda, 1994). Severa years ago Uesaka (1991) gave a mathematical
formulation to solve combinatorial problems by means of Hopfield neural netwoks and showed that ailmost all problems
may be reduced to the minimization of a quadratic form of objective function with a dynamical system derived from
Hopfield neural networks.

When we solve the problem by simulation of the dynamical system, we encounter the problem of selecting a "good"
initial state approaching to the global optimum point. Based on numerical simulation of the dynamical system, Uesaka
(1991) obtained the conjecture stating that globally optimal solution (not alocal one) may be obtained by starting from
an initial point sufficiently close to the origin. Though this conjecture has been left a long time without mathematical
analysis, recently Nishi (1998) has began to analyze this conjecture from a mathematical point of view and found an
interesting family of objective functions for which the conjecture holds.

In the present paper it is tried to extend the Nishi's result to a larger family of objective functions which includes the
Nishi's family as a special case. The obtained family suggests that the conjecture really holds for a considerably wide
range of objective functions.

2. COMBINATORIAL OPTIMIZATION PROBLEMS

Let X be a Cartesian product of N |- 1+1C's, that is, X:={[x1 o %] e X =ﬂ}, where T denotes the

transpose of avector and/or matrix. Consider areal-valued function (objective function) on X such that
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where a; and b; are constants satisfying that for any i, j =1...,n &; =0 and a; =a;;. First we discuss the following
problem :

Problem A Let S beasubset of X. Find the minimumvalue Fy, and minimum point X, of F with a constraint
of "x1 S", thatis, find



(2 Fin:= minmngT SE xmin::argminmngT Sr.

It iswell known that most combinatorial optimization problems such as the traveling salesman problem (TSP) may be
formulated as Problem 1 (Hopfield and Tank, 1985). In amost all cases the constraint " x1 S" might be, however,
removed away :

Theorem 1 (Uesaka, 1991) Assume that there exists a real-valued quadratic function, induced from S, on X such
that Gblgz 0if xI Sand Gbg>0 otherwise. Let H be a real-valued function, madeof F and G, on X :

3 HBG FBG cch,
where C is a positive constant. Then, there exists a € such that if Xyiq isa minimum point of H on X, itisalso a
minimum point of F on S.

Though this theorem requires the existence of G, for typical optimization problems, e.g., TSP, G iswell known to be
easily found (Uesaka and Ozeki, 1990). In view of Theorem 1 we discuss hereafter the minimum search problem
without constraint :

Problem B Find the minimumvalue Ry, and minimum point X, of F, that is, find

(4) Fin= minmngT Xl Xmin:= argminmngT Xr.

It has been proved that we can drop the linear term in (1) without loss of generality :

Theorem 2 (Uesaka, 1991) Using the matrix and vector made up of coefficientsin (1) as follows:
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we define the square matrix of order n+1 as
& bTU
(6) B=¢a a
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and consider the following quadratic form:
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(7) Gb(}-%yTBy, y=[x x - Xn]T-
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If [XO Xy e xn] is a minimum point of G on |-L+1q X, then a minimum point of F on X is given by the n

. . [ T
dimensional vector xo[xl xn].

In view of those results above we consider the minimum search problem of a quadratic form on X as combinatorial
problems without loss of generality :
Problem C Let F beareal-valued quadratic functionon X :

) Fbg=-%xTAx,
where Az[aij] is a matrix of order n, satisfying that for any i,j =1,...,n &; =0 and &j =ajj. Then, find the

minimumvalue Ry, and minimum point X, of F, thatis,

9 Fmin:=minmngi S xmin::argminmngT st

3. DYNAMICAL SYSTEM FOR OPTIMIZATION PROBLEMS
In order to solve Problem C, we prepare a real-valued function E which is obtained by extension of F to the n
dimensional Euclidean space and consider the following dynamical system :
17 T AN
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dx; 2: IE 2 N .
11) —L =-@- x| — = @- x TRV =1....n,
(12) at e XiJﬂXi e XIJi,Ja:?”XJ, i=1...,n
or in the matrix form
(12) %:-RbgradEszg\x, RO diagl1- 3¢ - 1- G,

This dynamical system is closely related to the Hopfield neural network (Hopfield and Tank, 1985), and the function
E is caled its energy function. Note that the n dimensional vector X, of which components are outputs of neural
elements, is regarded as a state of the dynamical system. Aseasily seenin (11) or (12), the state moves with time in the



n dimensiona cube C::[- L+1]n, drawing a trajectory, i.e., a solution of the differential equation (12). If, after
starting from an initial sate, the state asymptotically approaches to the vertex of C which is a minimum point of F,
then the optimization Problem C is able to be solved by means of simulation of the dynamical system above. In fact the
following results have been obtained :

Theorem 3 (Uesaka, 1991) For the objective function F, a vertex p:[pl pn]T of the cube C is said to be
minimal if the inequalitieshold for i =1,...,n:

(13) FBy,..opivoo pn G FL i R €
If at least one of <'sisreplaced with £, p issaid to be minimal in wide sense. If p isneither minimal nor minimal in
wide sense, it is said to be nonminimal. Then, the dynamical system (12) has the following properties :

1" Any minimal point of F isasymptotically stable,

2° Any minimal point in wide sense of F may be stable or unstable,

3° Any nonminimal point of F isunstable,

4° Any inner point of C except the origin is unstable when the matrix A in Problem C is nonsingular.

In the case of A being singular, the right-hand side of (12) becomes zero at some inner points of C. If we choose

such points asinitia points, then we can get no minimal point of the objective function F. However the probability to
choose such an initial point is zero except the trivial case of A.

4. MAIN RESULTS

Theorem 3 guarantees that minimal points of F can be obtained as asymptotically stable ones of the dynamical system
if the state starts from an appropriate inner point of C. What we want to get is however globally minimal (minimum)
points of F but not locally minimal ones. Since the globally minimal pointslie, of course, among their locally minimal
ones, it is possible to obtain them if "good" initial states are selected. Thus it becomes very important to choose an
appropriate initial point in order to get globally minimal points of F.

On this problem of selecting good initial points, Uesaka (1991) has been giving the following conjecture based on
simulation results :

Conjecture (Uesaka, 1991) Let Std( be an n dimensional hypercube of size d T b,lg and let Pbg denote the
probability that an initial point randomly selected from the cube Sbg falls in the basin of globally minimal points of
F, that is, the probability for a minimum search with randomly selected initial points to achieve success. Then Ptdg
convergestol asd becomesto O.

This conjecture is very important from not only theoretical but also practical point of view. Soit isan interesting task
to characterize a family of objective functions for which the conjecture holds. In fact Nishi (1998) has given the
following attractive family :

Theorem 4 (Nishi, 1998) Let dy,...,d, beeigenvalues of A, assuming without |oss of generality that

(14) d13 ---3 dn.

Then, the conjecture holds for the case that the eigenvector corresponding to the largest eigenvalue d; is composed

only of i@/\/ﬁj

In the present paper we extend Theorem 4, that is, we will give the larger family, than one specified by Theorem 4, of
objective functions for which the conjecture holds.
Since A isareal symmetric matrix, it may be diagonalized as

éd; 0u

— T -6 - a

(15 A=UDU , D=4 G
8o dn 8

where U is the orthogonal matrix and D is the diagonal matrix composed of eigenvalues of A, assumed as (14)
without loss of generdity. Let u; denote the eigenvector corresponding to the eigenvalue dj, being also the j th

column vector of U, that is,

T .
(16) uj::[ulj unj] , J:L...,n,whereU:[uij].
Note that w,..., 4, isan orthonormal basis, and hence

17 uTu=uuT =1,
where | istheidentity matrix. Furthermore, we have



(18) dy+---+d, =0
sincethetrace of A iszero.

Our main result is now stated as follows :

Theorem 5 If the matrix A of an objective function F satisfies that

(19) dy=---=dg>dgsq 3 -3 dp,
and there exist real numbers a4 ,...,a ¢ such that

(20) a1w +---+asus | X,
that is, the vector a;u +---+agug is composed only of £1, then the conjecture holds for the objective function F
specified by A asin (8).

The proof for Theorem 5 will be given in the next section after preparing afew lemmata.

As easily seen by taking s=1, Theorem 4 is included in Theorem 5 as a specia case. In order to get examples
satisfying the premise of Theorem 5, we note the following :

Lemmal If thematrix A satisfiesthat

(21) dy=---=dg>dgeq 3 -3 dp,
and there exist real numbers a4 ,...,a ¢ such that

(22) aju +---+agug I X,

then
n JE d |
(23) "i=1...n, & wW(h —LJ=1,
j=s+l ! dlk
and

n
(24) "j=s+1...,n, uij: aujp =0,
i=1
where p:=aju +--- +asus.
Pr oof InV|evv of (15), any component of A iscaculated as

(25) aj = a Uik dkdkhUjy = a UkUjkdk ,
kh=1 k=1

where dy, isKronecker's delta. Hence, with a; = 0 and ujTuj =1, we have that

n S n n
824 - 812, & 24 — s 2 i
(26) 0= a yjdj =dya uj+ aujd;=di- a U@y - dji,
j=1 j=1 j=s+1 j=s+l
which gives (23). Noting that uy,...,w, isan orthonormal basis, we havefor j=s+1,...,n
(27 uij :alu-jrul +.e +asu}ruS =adj +---+asdjs =0. QED.
Consider the case of n = 3. Suppose that
(28) dl =d2 >d3.
Applying thisto (23) and noting that d3 = - 2d; because of dy +d, +d3 =0, we have u; 3 = i@/\/éj fori =1,23. On

the other hand, from (24), Uz Py +UgsP, +UzgP3 =0, where p=[p; P p3]T =aqUy +a Uy, which implies that
(29) £pr = p2+t 3 =0.
Since p; takesonly =1, (29) is not satisfied by any p, which meansthat s =1 isaonly possible case except the trivial
A.
However we can have amatrix A satisfying the premise of Theorem 5 for the case of n3 4. For example, let
(30) d1:d2 =3 d3 =-1, d4: -5.
Then, from (23), we have that
. 4 , 8
"i=1..,4,7uU3+z
(31) "i=1...,4,2u’3+3
Hence, for example, we may take uz and uy as

32) u3:%[1 1 -1 -1, u4:%[1 11 -1,

Ui2’4 =1.

which satisfy (24) for p=[1 1 1 1]". Taking two vectors ugug, say ug=[1 0 0 0]' andug=[0 1 0 0,
for which ug ug, uz, us are linearly independent, and orthonormalizing them by Gram-Schmitt method, we obtain an
orthonormal matrix :



(33 U =
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In view of (30) and (33) we finally get amatrix A satisfying the premise of Theorem 5 :

60 -1 1 3y
8 u
€1 0 3 1U
(34) A=UDU' =& a
gl 3 0 -1g
83 1 -1 oH

5. PROOF FOR THEOREM 5

In this section we will give a complete proof for Theorem 5. In order to do so we first prepare afew lemmata. From
(8), (15) and (17), it is easily confirmed that

Lemma2 For any vector X in C, therearereal numbers a,...,a, such that

(35) x=aqy+--+ayu, and Fbg= - %@fdl+--~+a§dnj.

Lemma 3 Supposethat d1 =---=ds >ds+13 ---3 dn for some S between1 and n. Let p bein X. If there exist
real numbers ay,...,ag such that

(36) p=agy++ags,
then the objective function F takesaminimumvalueat p.

Proof Let g be any vector in X. Since the eigenvectors u,...,4, of A are an orthonorma basis of the n
dimensional Euclidean space, there exist real numbers by, ...,b, such that g = byu; +--+bu,. Hence, by calculating the
normsof p and q, we have that

2 2

@37 n=|p|° = p'p=af+ +aZ n=|d|* =q q=bf+ +bZ.

Thus, inview of Lemma2and di =--- =dg >dg4q1 3 --- 2 dp,

1 1 - 1 : 1 :
38) FQ Flag: - - @fa;++addsj+ - @fdy+-+tidy £ - Z@F +-+aljoy +~ @+ +bljo;

1 1
= - _2nd1+§ndl =0. QED
Lemma4 The dynamical system (12) may be rewritten as
dx _ . . .
(39) E:dlag[l- x12 e 1- xrz,]ﬁl@ijul+~-+dnengunk
For any p in X, wedefineafunctionon C such that
Wi 1 2_1
(40) " xI C,ng=5||x— o| =Eb' pg - pC
When X lies on the solution of the dynamical system (12),
d g .
(41) @Q . a Uijbi - p@- xizjdjuij.
dt i,j:].
Proof Applying (15) to (12), we have (39) straightforward. Inserting (12) and (15) into the relation
dQ/dt =R- pQlax/dt(, itsright-hand side is calculated asin (41). QE.D.
Lemma 5 Suppose that d; =---=dg >dg+13 ---2 dy, for some S between 1 and n, and that there exist real
numbers ay,...,ag such that p = ayuy +--+agug. Notethat p isa minimum point of the objective function F in view of
Lemma 3. Hence, by Theorem 3, p isalso an asymptotically stable.



Then, the straight line G connecting the origin and p, that is, the set G:= X $b 1 b,lgx = bpl is contained in the
basinof p.

Proof Suppose that for some time t 3 0 the solution x(t) lies on the line G, that is, there is areal number b 1 lO,lg
such that x(t) =bp. Then, in view of Lemma 4, we have that

dx : . .
(4 o =diagl1-b%pf - 1-bZpf)p @] pju+-+an@] pjnk
(because of pjz =1 and p being orthogonal to u; for j=s+1,...,n)
= @- b2jb[F@] pjur+--+ds@7 pjusk
(because of d; =--- =dg and p = ajuy +--+agug = ulT pu1+-~~+ug pus)
= @- b?jbdyp.

. dx . :
Noting that xh)+ Dtg= xthDt, we can therefore conclude that for any t¢3 t xb&( asoliesontheline G. Onthe
other hand, (41) may be evaluated as

d g .
(43) d—?= & uBp - p@- b2p?jd;uf Ibpg
ij=1
(because of pjz =1)
L7 D
=bh- b @- sz p' aluijujdj
J:
(because of p being orthogonal to uj for j=s+1,...,n and dy =--- =ds)

. s
= bb' b@- szdlpT a U-jerj
=1

(because of p = agly +--+aglg = Uj Puy+--+UJ pug)

=bld>- b@- b2jdip" p=bl- b@- bZjain<o0.
Note that, by Theorem 3, there is no stable point on the line G. Hence (42) and (43) guarantees that xttX_ approaches to
past® ¥. QED.

Lemma 6 Suppose that dj=---=ds>ds+13 ---3 dn for some S between 1 and n, and that there exist real
numbers ay,...,ag such that p = agup+--+agug 1 X . If theinitial point x(0) is sufficiently close to the origin, then the
solution x(t) of the dynamical system (12) passes a point sufficiently close to the line G within a sufficiently small time.
More precisely, for any e > 0 thereexist d >0, t >0 and b T 10,1( such that ||xb@<d implies||xhg bp| <e.

Proof First we take respectively t and d sufficiently small so that the diagonal matrix R(x) of (12) may be
considered to be the identity. Then, (12) can be easily solved as

(44) xhg: uePtu Txll)g: @ty +-+enty ol be(
Now we evaluate ||xm bp| asfollows:

(45) |xdg b £ Hxhg @™tuyuf + - +etugul be¢+ Hedlt Uy +--+edstugul beg bp”.
Inview of (44) thefirst term in the right-hand side of (45) is evaluated as

(46) Hxl‘tg @%tuuf + - +edtuud ijq‘b: Hedsﬂtusﬂu;ﬁ-~+ednt U be¢
(using the triangle inequality and Chaucy's inequality)

oL ool e

£ eds+t

up xb¢£ @Us ' +.. -+edntj||xb@
(noting that d; > dg.1 2 -3 dy and [x0OQ<d)
£ha- sgitd.
Since ululT +.t ususT is a projection onto the subspace spanned by w,...,Us, and p isin the subspace, p isequd to
elulT +~~-+usugj p. Hence the second term in the right-hand side of (45) is evaluated with d; =--- =dg as



(@7) |@% uu] +--+e®uqul jxIog bp| = |@uf ++uul j@*xlog b

£ e%xog be| £ <% |slogp o £ ¥4 + b
Combining (46) and (47) with (45), we have the evaluation such that
(48) [xlog bp|£ - s+1g%'d +byn.
Herewetake t sufficiently small and, after that, select d >0 and b 1 b,l( for agiven e > 0 so that the right-hand side

of (48) becomeslessthan e. Q.E.D.

Proof for Theorem 5 For (20) let p=aju +--+agus. Then, by Lemma 3, p is a minimum point of the objective
function F. Hence, in view of Theorem 3, p isalso asymptoticaly stable, meaning that there is a neighborhood V of
p contained in its basin. Note that the right-hand side of the dynamical system (12) is continuously differentiable.
Therefore, as well known in the standard theory of differential eguations (e.g., Hirsch and Smale, 1974), the
neighborhood V is mapped to a neighborhood W of bp (0 <b <1) contained in the basin of p by the flow map of the
system (12) because bp isin the basin in view of Lemma 5. So any solution passing a point in the neighborhood W
approaches to the globally optimal point p.

On the other hand, Lemma 6 guarantees that, if the initial point is sufficiently close to the origin, then the solution of
the dynamical system (12) passes a point in W, and hence it finaly approaches to p. The amount of sufficient
closeness of the initial state to the origin depends on the matrix A, that is, the objective function F. Thus, the
probability for a minimum search with a randomly selected initial point to achieve success converges to one as the size
d of the hypercube Sbg becomesto zero. Q.E.D.

6. CONCLUDING REMARKS

Though it is very difficult to characterize the family for which the conjecture holds, it may be possible to get much
more wider family. The first step to do so might be to analyze the case where the first S eigenvalues dj,...,ds are

nearly equal each other and a global minimum point lies in the subspace spanned by the eigenvectors ..., Us.

Another open problem is to characterize the family of objective functions for which the conjecture holds for a case of
smal n.
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