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ABSTRACT: This paper shows how games can be played that involve natural
language, learning, and evolutionary �ctitious play. This is implemented us-
ing respectively fuzzy logic, neural networks, and evolutionary programming.
Because of this combination, they can be called soft games. The algorithm is
described, and placed in the context of related research.
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1 Intelligent agents and game theory

An agent should not operate on its own. Communication is essential in a mod-
ern, distributed environment. Moreover, collaboration can have an e�ect greater
than the sum of the individual contributions. No single ant, however sophis-
ticated, can build a termite nest. In software terms this means that many
relatively simple agents may be more powerful than a few sophisticated agents.

This should not be taken to extremes. If agents become too simple, they will
only be able to do straightforward operations on bitstreams. Such a network of
switches may operate e�ciently, but does not show any intelligence. This will be
sub-optimal. Communications can be routed so much more e�ciently, if some-
thing is know about their content, rather than just a probability distribution of
their symbols.

For intelligent networks, composed of intelligent agents, it is thus best to
choose moderately sophisticated agents. How should their communication be
organized? Rosenschein and Zlotkin have made a powerful argument for bas-
ing the communication of intelligent agents on game theory (Rosenschein and
Zlotkin, 1994). Their emphasis is on negotiation. Coordination of agents by
games has more recently been advocated in (Ossowski, 1999).

Negotiation is part of game theory. Should agents be restricted to negotia-
tions only? Agents act on behalf of humans (Mamdani and Pitt, 1998). They
should be able to establish the full range of human behaviour. They should be
able to play any game with a certain degree of success. The ability to play a
game is a necessary requirement for any agent.

Game theory has developed a solid theoretical framework for analyzing
games. The methods used facilitate mathematical analysis. This is right if
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the players are rational, try to maximize their utility, and are able to do anal-
ysis o�-line during the game. If the game playing agents are to mirror their
human owners, they need special properties.

Firstly, they need to be able to deal with language, expressing moves in
natural language. A proven way to compute with words is to use fuzzy logic
(Zadeh, 1994). Making fuzzy moves will be essential in a theory of games for
intelligent agents.

Secondly, agents need to be able to learn, because their human owners learn.
A theory of learning in games has been presented in (Fudenberg and Levine,
1998). It is quite di�erent from human learning in that the models that are op-
timized are mathematical models, chosen for their tractability rather than their
closeness to human learning. How humans learn is a matter for neurobiology,
and, some would claim, psychology. There is a strong argument in favour of
connectionist learning (Rumelhart et al., 1986), a view that is adopted in this
paper. Agents that learn using neural networks will resemble human learning
to some extent. They learn to classify patterns from examples.

Finally, agents need to compete in an evolutionary environment, because
humans do so. This leads us into the domain of evolutionary game theory
(Weibull, 1995). However, the number of agents is �xed in many realizations of
agent networks. Our agents will each have a population of agents, subject to
evolutionary dynamics, that helps them to make moves.

As the proposed agents contain fuzzy, neural, and evolutionary attributes,
they will be called soft agents. During the game, the three attributes will
interact, they are more than just modules, they are integrated. The following
three sections describe the attributes of the agents, explain how they are used in
a game, and discuss their relationship with current concepts from game theory.

2 Game with fuzzy information

Combinations of fuzzy systems and games have been explored before. Coalitions
can be fuzzy (Aubin, 1981). The Nash equilibrium can be fuzzy, because of
fuzziness in the payo�s (Ponsard, 1987). Generally, in any decision making
process, preferences can be fuzzy (Kacprzyk, 1996). A variant of game theory is
the theory of moves, fuzzi�ed into a theory of fuzzy moves (Kandel and Zhang,
1998).

The soft agent will express its move by a linguistic variable, e.g. \high" or
\low". These moves are de�ned by a membership function. These membership
functions are either known to the other players, or not.

We will now de�ne the extensive form of this game, following (Mas-Colell
et al., 1995). Many standard conventions are omitted. The game played by the
agents consists of the following items

1. A �nite set of possible actions A and a �nite set of players f1; : : : ; Ig.

2. The usual game tree with decision nodes and terminal nodes.

3. An action leads to a node from its immediate predecessor in the tree.
This action is unique. It is only known to the player who takes the action.
The other players only know a fuzzy subset of A. If they only know the
name or symbol of the subset, we call the game a game with linguistic



s1 s2 s3
t1 -3, 4 -2, 1 -3, -3
t2 1, 1 2, -3 -3, -3

Figure 1: The normal form of a two-player fuzzy game. Player 1 can choose
between strategies t1 and t2. Player 2 has strategies s1; s2 and s3. To every
strategy corresponds a single action. The players do not know each other's
actions, but either a linguistic variable describing a fuzzy subset of the actions
(game with linguistic information), or the membership function itself (game
with membership information).

information. If they know the membership function, we will talk about a
game with membership information.

4. A collection of information sets H, and a function assigning each deci-
sion node to an information set. All decision nodes assigned to a single
information set have the same choices available.

5. A function assigning each information set to the player who moves at the
decision nodes in that set. Remember that all players have full knowledge
of the nodes in their information set, but only know fuzzy subsets of the
actions that led to the nodes, if these actions were taken by other players.

6. All players are equally likely to be allowed to make the �rst move.

7. A collection of payo� functions u = fu1(�); : : : ; uI(�)g assigning utilities to
the players for each terminal node that can be reached.

The structure of the game is common knowledge, except that the other
player's actions are only known from fuzzy descriptions. The concept of strat-
egy is still based on the information set, but the latter contains fuzzy subsets
of A instead of player's actions. Strictly speaking, a strategy is a function from
the player's information set H to the set of actions A. The normal form rep-
resentation does not deviate from the standard one, as the utility functions are
standard. The payo� matrix has the player's strategies in the column and row
headers, but the players have only fuzzy information about the actions resulting
from each other's strategies. For an example, see �gure 1.

The game with fuzzy information de�ned above is a game with incomplete
information (Aumann, 1989; Mas-Colell et al., 1995). Is fuzzy informationmath-
ematically equivalent to incomplete information? In a game of incomplete in-
formation, or a Bayesian game, each agent has a type, a random variable only
observed by the agent itself. The distribution of the type is common knowledge
among the players. The strategy depends on the player's type. If we identify
the strategy with the action it leads to, and if the membership function de-
scribing the fuzzy action is a probability distribution, then an equivalence is
possible. Indeed, in our game with membership information, all players know
the membership function, now a probability distribution, of what the other play-
ers are going to do. What they actually do, the element of the fuzzy set, is then
equivalent to the realization of the random variable of which the probability
distribution is known. The fuzzy set element is equivalent to the type.

However, a membership function is not necessarily a probability distribution,
and this is one of the strengths of fuzzy systems (Zadeh, 1993). We could use



pl.1 \medium" pl.2 \medium" pl.3 \high"
linguistic 2 2 3
membership 2 5 5 2 2 5 5 2 1 2 4 5

Figure 2: The pattern of actions taken by three players for a game with lin-
guistic information (top row) and membership information (bottom row). The
linguistic variable can take three values, \low", \medium", and \high", corre-
sponding to 1, 2, and 3 in the pattern. For the \linguistic" row, Q = 3. The
membership functions are de�ned on four points, and can take �ve values. For
the \membership" row, Q = 5.

possibility theory to de�ne the type of the players, but we will not do this at this
stage. Just observe that a game with membership information is more general
than a game with incomplete information when the membership functions are
not probability distributions.

In a game with linguistic information, the membership functions themselves
are unknown. It is as if the players get an identi�er of a probability distribution,
but not the distribution itself. However, they may be able to approximate the
distribution from observing the players. This leads us to the next topic, learning
in soft games.

3 Learning in soft games

Learning has only recently gained importance in the game theory community
(Fudenberg and Levine, 1998). The emphasis is on �ctitious play and, to a
lesser extent, on reinforcement learning (Erev and Rapoport, 1998). There are
many more powerful learning algorithms to be explored, and we use recurrent
or Hop�eld neural networks.

In a game with membership information or linguistic information, the play-
ers have incomplete information, and hence they will gain from learning. In
�ctitious play, the players exploit statistics about each other's strategies. This
only works well if the strategies or corresponding actions are known explicitly.

Linguistic information or membership information can be seen as patterns.
In a game with fuzzy information, a pattern is a vector x(t) = (x1(t); : : : ; xI(t))
containing all the information that a player has about the actions of the other
players at time t. If there are Q classes (\high", \low", etc.) in the information
about player i, then xi will be one of Q values, 1; 2; : : : ; Q.

In a game with membership information, a pattern is a vector x(t) =
(x1(t); : : : ; xI(t)), where xi is now a vector itself, containing the membership
function. If every membership function is discretely de�ned on d points, the
patterns in a game with membership information with be d times longer than
the patterns in a game with linguistic information. To simplify the learning
algorithm, the membership function can take on Q values, 1; 2; : : : ; Q, instead
of the usual values in [0; 1]. For an illustration, see �gure 2.

The players learn by storing patterns of play in which they won in a neural
network. They use this neural network to decide which action to take, when
presented with the fuzzy information of the actions that the other players are
taking. The neural network learning algorithm is that of Potts-glasses (Kanter,
1988). Denote the winning patterns by k

�
i . They have either I or dI compo-



nents, dependent on whether the game is with linguistic or membership infor-
mation. Call this number of components N . The neural network has a weight
tensor Jkl

ij ; i; j = 1; : : : ; N ; k; l = 1; : : : ; Q. This tensor is an accumulation of
functions of the p winning patterns as follows

Jkl
ij =

1

Q2N

pX
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�

i
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�

j
;l; i; j = 1; : : : ; N ; k; l = 1; : : : ; Q; (1)

with
m�� = Q��� � 1; (2)

and ��� = 1 for � = � and 0 otherwise. Every agent has such a tensor J , and
when a new winning pattern is encountered, a new term is added to the sum
in (1).

When an agent has to take an action, it calculates

h�i = �

NX

j 6=i

QX

k;l=1

Jkl
ijm�i;km�j ;l (3)

for all �i 2 f1; : : : ; Qg. The �j are the components of the pattern of the actions
that the players intend to take. The state of the neuron i is the �i that min-
imizes (3). This way, a new pattern vector is obtained. This is iterated until
convergence.

In a game with linguistic information, agent i inspects the state of the neuron
i. This number indicates what move to make, via the correspondence between
the linguistic variable and the numbers 1; : : : ; Q. In a game with membership
information, the agent inspects the state of a group of d neurons, starting at
neuron di. The numbers observed give the membership function of the optimal
action to take. In both cases, a defuzzi�cation is necessary.

In short, agents store successful patterns of actions taken by other agents, in
a neural network. They use the currently observed pattern of actions as input
to the neural network (3). After convergence, they obtain a suggestion for an
action to take. They take this action, and if it has increased their utility, add
it to the store of successful patterns (1).

Will this work? For a given input, the neural network will converge to
its nearest stored pattern, provided not too many patterns are stored (Kanter,
1988). The storage rule (3) is not unlike �ctitious play, it remembers past moves.
On top of this, it can deal well with correlation between players. It is related
to reinforcement learning in that it stores only patterns that were successful.

The convergence of learning is non-trivial (Foster and Young, 1998). How-
ever, the convergence and learning of neural networks is well understood (De
Wilde, 1997) and this may help in the analysis.

4 Every agent its population of virtual agents

If agents act on behalf of humans, their number cannot be constant. Not only
does the population of humans using agents change, humans constantly join and
leave societies, environments. Companies come and go, interests and opportu-
nities grow and wane.



Wherever populations are changing, evolution is a good model for population
dynamics and adaptation. If a human interacts with a population via agents, it
will be advantageous for this human to have a population of virtual agents as
a model of the real population. Some of the virtual agents will be copies of the
human's agents.

Our agents are engaged in game playing, and evolutionary game theory
(Weibull, 1995) will give an insight in the population dynamics. We will inte-
grate evolution in the neuro-fuzzy game playing described so far. Every agent
will have a population of virtual agents playing the game. After some evolution,
the �ttest agent will be selected to make the actual move.

In our setup of the game, although the information the players receive about
each other's actions is fuzzy, the utility they derive from playing is known to
them. An example is a sealed-bid auction where fuzzy information about the
bids is leaked among the players. Any strategic business decision would give an-
other example. The utility is known, and fuzzy information will be known about
the actions of the other players, either leaked, obtained via insider information,
or analysis.

The utility was used by the neural network to classify what are the winning
patterns for a particular player. It will be used again here in the replicator
dynamics for the population of virtual agents.

The populations of virtual agents do not interact, the players do not ex-
change information at this level. Concentrate on a single population of virtual
agents here, belonging to one player. The standard replicator dynamics in a
homogeneous population is de�ned as follows (Weibull, 1995; Fudenberg and
Levine, 1998). Suppose that all agents use pure strategies. If �t(s) is the frac-
tion of players using pure strategy s at time t, then

_�t(s) = �t(s)[ut(s) � �ut]; (4)

where
ut(s) =

X

s0

�t(s
0)u(s; s0) (5)

is the expected payo� to using pure strategy s at time t, and u(s; s0) is the utility
from playing strategy s against s0. If the game is a two-player game, then s0 is
the strategy of the single adversary playing against the player using s, and if
the play is a multi-player game, s0 is the combined strategy of the adversaries.
Finally,

�ut =
X

s

�t(s)ut(s) (6)

is the average expected payo� in the population.
This continuous time dynamics increases the fraction of players having above

average utility. It is easy to de�ne a more realistic, discrete time version of these
dynamics (Weibull, 1995; Fudenberg and Levine, 1998). Moreover, equation (4)
will not be used directly. The strategy of an agent is a direct consequence of the
weight matrix J , see (1), of the neural network used by the agent. The weight
matrix de�nes, for a given fuzzy information set, the action the agent will take.
When the virtual agents interact, those whose weight matrices give rise to an
above average utility will duplicate, and those below average will be removed
from the population. This is our replicator dynamics in practice.



The combination of neural learning and evolutionary dynamics is potentially
very powerful. The �tness or utility depends on how well the neural network
performs. The successful neural networks get duplicated. This means that what
is learned is passed on to the o�spring. This does not happen in the natural
world, where evolution is Darwinian (Smith, 1989). The soft game described
here tries to out-smart nature.

5 Conclusion

This paper uses fuzzy systems, neural learning, and evolutionary computing to
construct agents that have a human-like intelligence for playing games. They
can use language to express moves, learn patterns, and survive in a competitive
environment.

The algorithm has been described, and placed in the context of related re-
search. A simpli�ed version of this algorithm has been successfully applied to
an auction. This will be reported elsewhere. Further analysis is necessary,
especially about the convergence properties of the learning.

The fuzzy, neural, and evolutionary algorithms are really integrated, not just
modules in a library. As far as I am aware, this is the �rst application of all
aspects of soft computing to game theory and intelligent agents.

I would like to thank N. Azarmi and B. Azvine for their continuing interest
in soft agents.
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