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ABSTRACT: A serious well-known problem of fuzzy prolog is that a same solution of a query has different proof paths
and truth-values. It means that fuzzy prolog should retrieve the whole proof paths and will spend quite a long time for
only one solution. Even the famous linear resolution (SDL resolution) is no enough for solving this problem.
Accordingly, an efficient retrieval strategy is indispensable for fuzzy prolog.
In previous work we proposed a fuzzy prolog, named LbFP, adopted Lukasiewicz's implication for the implication
operation and Lukasiewicz's product (bounded product) for the composition operation, respectively. LbFP is formulated
in terms of tree resolution rather than the more usual linear resolution, because predicates of a rule body are combined
using MIN operation which is different from the composition operation (Lukasiewicz's product) using in a derivation
process.
In this paper, we prove our tree resolution's efficiency is equivalent to linear resolution's and show efficient retrieval
strategy for LbFP.
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1.  INTRODUCTION

A lot of prolog systems applied fuzzy theory, so called fuzzy prolog, has been studied. In previous works, we studied
fuzzy logic programming theory by paying attention to the property of implication operation and composition operation
on the inference process. By using two conditions about truth-value of fuzzy logical inference, we had proposed for
fuzzy logic programming, we concluded that three pairs of operations were best for fuzzy logic programming. Our
fuzzy prolog LbFP is adopted one of these pairs, Lukasiewicz's implication for the implication operation and
Lukasiewicz's product (bounded product) for the composition operation, respectively Yasui (1994, 1995, 1996, 1998).
In this section, we introduce our LbFP, which deals with fuzzy predicates, fuzzy horn clauses and crisp terms.

1.1.  SYNTAX AND SEMANTICS

 We consider a first-order language L that has a set of constants C, a set of variables V, a set of functors F and a set of
predicates P.

Definition 1: Truth-value
Let the closed interval [0,1] be the universe of truth-values of fuzzy logic.

Definition 2: Logical operations
Let a, b be variables of truth-value.
•  a ← b = min { 1, a-b+1 } (Lukasiewicz implication)
•  a ∧ b = min { a , b }

Theorem 1: Term
Let x ⊂ ( C ∪ V) and f ∈ F.
An arbitrary c ∈ C, v ∈ V and f(x) is called term and a set of terms is denoted by T.



Definition 3: Fuzzy predicate
Let a fuzzy predicate p ∈ P be a function from Tn into truth-values [0, 1].
n is called arity of p and p(x) is called an atomic formula and a set of atomic formulae is denoted by U.

Definition 4: Fuzzy horn clause
Let B1, ..., Bn, and A be atomic formulae. A fuzzy horn clause is a fuzzy logical expression described by
•  Rule A ← B1,B2,... ,Bn

•  Fact A
The first expression means A ← (B1 ∧ B2 ∧ ... ∧ Bn) and A is called the head of rule and B1,B2,... ,Bn is the body of rule.
This expression is called rule clause and second expression is called fact clause.

Definition 5: Program
Let a set of fuzzy horn clauses attached truth values each other be called a program and a fuzzy horn clause C in a
program Γ be expressed µΓ(C) = τ. (in short µ (C), when no confusion)

An attached truth-value τ means that a truth-value of a fuzzy horn clause is more than equals τ.

Definition 6: Substitution
Let an assignment of a term in U to a variable term in terms of a atomic formula A be called a substitution and be
denoted by Aθ .

Next, we discuss the inference rule of LbFP.

1.2.  INFERENCE RULE

Proposition 1: Substitution
Let A be an atomic formula and θ be a substitution.
Then Aθ is a logical conclusion of the inference and the truth value of Aθ is calculated as follows:
µ (Aθ) = µ (A)

Proposition 2: Modus ponens
Let Aθ be a logical conclusion of the inference from fuzzy horn clauses B' and A← B where B'θ = Bθ for a
substitution θ. Then, the truth value of the conclusion is calculated as follows:
µ(Aθ) = µ (B'θ) ∗ µ (Aθ ← Bθ)

Where ∗ is the composition operation of truth values of premises and a ∗ b = max{ a + b - 1 } (Lukasiewicz product)

Proposition 3: Combination
Let B1 , ..., Bn be atomic formulae.
Then the truth-value of the fuzzy expression B1 ∧ ... ∧ Bn is calculated as follows:
µ (B1 ∧ ... ∧ Bn) = µ (B1) ∧ ... ∧ µ(Bn)

Where ∧ is a fuzzy logical conjunction (min) operator.

Definition 7: Implicit fact
If G can be a logical conclusion of the inference, then it is an implicit fact, which plays the same role as any other
real fact.

Proposition 4: Tree resolution
If a substitution θ such that B1 θ = B'1 θ,  ...,  Bn θ = B'n θ exists and B'i θ  (i = 1 , ... , n) are implicit facts, then the
logical conclusion of B'1 , ...,  B'n and A ← B1 , ... , Bn is A θ and µ(A θ) = µ(A θ ← B1 θ , ... , Bn θ ) ∗ ( µ(B'1 θ) ∧
... ∧ µ(B'n θ) )

If we define the linear resolution method as in conventional logic programming theory then that combination rule
doesn't need. However, we don't define it because the composition operation of inference differs from the logical
conjunction operation in LbFP.
If the composition operation and the logical conjunction are the same then the truth-values of the answer by linear
resolution and by tree resolution are also the same. But most composition operations (t-norm) of fuzzy logic are
stronger than logical conjunction. Therefore, the truth-value of the answer by linear resolution is generally smaller than
by tree resolution.   



Figure 1: Illustration of the execution of p(X, Y)

The tree resolution can satisfy soundness and
completeness under the constraint that only fact fuzzy
horn clauses can be derived Yasui (1996).

Definition 8: Meaningless
A fuzzy horn clause whose truth-value is 0 is called
meaningless. If a logical conclusion is meaningless,
then this logical conclusion is not available.

1.3.  REFUTATION

 Refutation is the method used to prove whether
knowledge is a logical conclusion of previously known
knowledge in conventional logic programming. In fuzzy
logic, generally we cannot use this refutation method,
because it is based on the law of contradiction, which is
not satisfied. But our LbFP, which adopts Lukasiewicz's
product as composition operation, satisfies the law of
contradiction.
Thus here, we can introduce the refutation method.

Definition 9: Goal clause
Let G1 ∧ ... ∧ Gn be a problem to be proved. Then, ← G1 , ... , Gn is called a goal clause.

Here ← G1 , ... , Gn means 0 ← G1 ∧ ...∧ Gn . Usually the 0 is omitted.

Theorem 2: Refutation method
Let a goal clause, ← G1, ..., Gn , be given. If ←is derived by tree resolution, then we call this a refutation and the
fuzzy expression G1∧ ... ∧ Gn is a logical conclusion of the program.

← is called an empty clause and a truth-value of this logical conclusion is same as µ(←) calculated by tree resolution.
The truth-value of the logical conclusion is called refutation grade.
The combination of the tree resolution and the refutation method corresponds to SDL resolution Mukaidono (1982).

Example 1: Example of the refutation method
 Let a goal clause be ←p(X,Y) and the program be:

Knowledge Truth value Knowledge Truth value
p(X,Y) ← q(X),r(X,Y),s(Y) 0.9 s(j) 0.6
r(X,Y) ← t(X),u(Y) 0.8 t(a) 0.2
q(a) 0.5 t(b) 0.9
q(b) 0.3 u(i) 1
s(i) 0.7 u(j) 0.8

Table I:. Example program

Figure 1 shows the refutation method.
The diagrams of the Resolution operation and of Calculate truth-value are symmetric with each other. Numbers
within brackets show truth-values of corresponding clauses. For instance, µ(← t(b),u(i)) = 0.9 is calculated from
min(µ(t(b)), µ(u(i))) = min(0.9, 1) and µ( ← r(b, i)) = 0.7 is from µ(← t(b),u(i)) ∗ µ(r(X,Y) ← t(X),u(Y)) = 0.9∗ 0.8.
In the resolution operation, as r(X,Y) is not a fact, ← r(X,Y) becomes the new goal clause.
Then, the results p(b, i) and p(b, j) are logical conclusions of the program and µ(q(b, i)) = 0.2 and µ(p(b, j)) = 0.2.
If we adopt a linear refutation method then the answer of this example cannot be proved, because the logical
conclusions become meaningless immediately.

2.  TREE RESOLUTION AND LINEAR RESOLUTION

Now we show our tree resolution's efficiency is equivalent to linear resolution's.



Linear resolution considers the body of a goal clause as a list of atomic formulae. And the first element of this list is
replaced by a list corresponds to the body of a rule clause whom head is matched to this first element by a substitution.
If the first element of this list is matched a fact, this element is deleted and the second becomes the first.
Similarly, tree resolution considers the body of a goal clause as a branch point of a tree and each atomic formula as each
branch. And the branch of this tree is connected to a new branch point corresponds to the body of a rule clause whom
head is matched to this branch by a substitution. If the branch of this tree is matched a fact, this branch is connected to a
leaf.
Now tree resolution can be adopted two methods. The first method corresponds to the depth fast search algorithm and
the second corresponds to the breadth fast algorithm.
Depth fast method is that the first branch of the tree is always connected to a new branch point. And the first branch of
this new branch point becomes the new first branch of the tree. We adopted this method into our LbFP for more
efficient retrieval strategy that is mentioned the next section.
Breadth fast method is that all branches of the tree are connected to new branch points each other.
If it considers a branch point of the depth fast tree resolution as a list of the linear resolution, it is obvious that the depth
fast method is equivalent to linear resolution. Therefore, we can consider that our tree resolution's efficiency is
equivalent to linear resolution's.

Figure 2: Illustration of tree resolution and linear resolution

3.  RETRIEVAL STRATEGY

It is often the case that some different refutation processes for the same goal clause. Perhaps the first result of a
refutation is t the best result. In order to know the greatest truth-value (refutation grade), we must try the whole different
refutation processes of the same goal clause. Then the calculation time becomes very long, if there is no efficient
retrieval strategy.
We consider that this problem is able to divide into two phases. The first phase is the retrieve for one result and the
second is the retrieve for the best result.

3.1.  FIRST PHASE

 At fast, we have to find one result. In this case, the depth fast method may be equivalent to the breadth fast method.
However, the depth fast method is more efficient than the breadth fast method by using the property of the meaningless,
the truth-value becomes 0.
Assume that ← G, G' ← G1, ... , Gn and a substitution G'θ = Gθ exist. The truth value of G is equal to the refutation
grade and the refutation grade is calculated by: µ(Gθ) = µ(Gθ ← G1θ, ... , Gnθ) ∗ (µ(G1θ) ∧ ... ∧ µ(Gnθ))
Then, τ = µ(Gθ ← G1θ, ... , Gnθ)

µ(Gθ) =  τ ∗ (µ(G1θ)  ... , µ(Gnθ))
≤  τ ∗ µ(Giθ)If τ ∗ µ(Giθ) = 0

Then µ(Gθ) ≤ 0. Accordingly, this refutation path is failure and we have to search another rule clause matchable to the
goal.
Operation ∗, a ∗ b = max{ a + b - 1, 0}, is easy to become 0 on a cascade operation such as a1 ∗ a2 ∗ ... ∗ an. It means
that the more increase a number of ∗ operations in a expression is, the smaller a truth value of this expression. On the
other hand, operation ∧ does not become 0 like this.
Therefore, the depth fast method is easier to be meaningless than the breadth fast method, because ∗ operation is more
often appeared in the depth fast than the breadth fast.
Our calculation algorithm of first phase is as follows:

                 G ←G1, G2, ..., Gn

        G1←G11, G12, ..., G1m

G11←G111, G112, ..., G11k

G111←

G1, G2, ..., Gn

                    ⇓
G11, G12, ..., G1m , G2, ..., Gn

         ⇓

G111, ..., G11k , G12, ..., G1m , G2, ..., Gn



 Algorithm for one result

Let ← G be a depth i-th subgoal and τ j be a truth value attached to a rule clause corresponds to j-th branch point on the
path from root of the tree to ← G.
 while clauses matchable to G exist:

• select a clause C matched to G.
•  if µ(C) ∗ τ 1 ∗ ... τ i-1 = 0 then C is rejected
•  if µ(C) ∗ τ 1 ∗ ... τ i-1 > 0 then

• τ i = µ(C)
• the logical conclusion of G and C is ← G1, ..., Gm

•  call THIS ALGORITHM with each ← Gk as depth (i+1)-th subgoals.
• µ(G) = τ i ∗ min {µ(G1), ..., µ(Gm) }

 end while
 if µ(G) is not calculated then this subgoal ← G is rejected.
 if ← G is O-th subgoal (real goal) then this refutation grade is µ(G).

3.2.  SECOND PHASE

When we found one result with a refutation grade t, we can ignore another refutation path for the same goal clause such
that it has a refutation grade less than equal t.  And if we find other refutation with a refutation grade greater than t, this
greater grade becomes next t.
Our calculation algorithm of second phase is as follows:

 Algorithm for the best result

Let t be the best refutation grade until now.
 while another refutation for the same goal clause ← G0 exist:
  call DERIVATION with ← G0 as depth 0-th subgoal.
 end while
procedure DERIVATION
Let ← G be a depth i-th subgoal and τ j be a truth value attached to a rule clause corresponds to j-th branch point on the
path from root to ← G.
 while clauses whom truth value is better than t and matchable to G exist:

• select a clause C matched to G.
•  if µ(C) ∗ τ 1 ∗ ... τ i-1 = 0 then C is rejected
•  if µ(C) ∗ τ 1 ∗ ... τ i-1 > t then

• τ i = µ(C)
• the logical conclusion of G and C is ← G1, ..., Gm

•  call DERIVATION with ← Gk as depth (i+1)-th subgoals.
• µ(G) = τ i ∗ min {µ(G1), ..., µ(Gm) }

 end while
 if µ(G) is not calculated then this subgoal ← G is rejected.
 if ← G is O-th subgoal (real goal) then the new best refutation grade is µ(G).

4.  CONCLUSIONS

In this paper, we have displayed the tree resolution with depth fast method is equivalent to linear resolution and
proposed efficient retrieval strategy for tree resolution.
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