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ABSTRACT: This paper presents an improved identi�cation method of non-linear dynamic systems with
State-Space models. This method is based on Genetic algorithms with a new technique to simulate the behaviour
of the gradient method without using the concept of derivatives. This method uses an identi�cation algorithm
that begins by calculating what ARX model adapts better to the system. Then the algorithm uses Restricted
Genetic Optimization (RGO) which improves the previous identi�cation.

1 LINEAR MODELS IN THE STATE-SPACE

A general linear invariant system can be described in discrete time as

y(t) = G0(q)u(t) +H0(q)e0(t); (1)

where y(t) is the output vector of dimension p, u(t) is the input vector of dimension m and they are supposed
to be known. The unknown output perturbations that appear in the output are supposedly generated by the
second term, where e0(t) is the noise vector of dimension p. e0(t) is supposed to be a sequence of independent
sthochastic variables that verify

E[e0(t)] = 0; y E[e0(t)e0(t)
T ] = �0 (2)

where E is the mean operator.
As the system is of �nite order, it can be described in the State-Space by the introduction of an auxiliar

vector of states x(t) of dimension n, where n is the dimension of the system. The input-output relationship can
be described as

x(t+ 1) = Ax(t) +Bu(t) +Ke0(t)

y(t) = Cx(t) + e0(t)
(3)

where A 2 Rn�n , B 2 Rn�m , K 2 Rn�p and C 2 Rp�n .
The way of representing the noise in 3 is called innovations. State-space model 3 is equal to system 1 if

matrices A, B, C and K verify

G0(q) = C(qI �A)�1B; y H0(q) = C(qI �A)�1K + I: (4)

None of the matrices A, B, C and K is unique. Changing the base for the states is possible the following
way:

~x(t) = T�1x(t) (5)

where T 2 Rn�n is a non singular matrix and the system in the new state variables is

~x(t+ 1) = ~A~x(t) + ~Bu(t) + ~Ke0(t)

y(t) = ~C~x(t) + e0(t)
(6)

where ~A = T�1AT , ~B = T�1B, ~K = T�1K and ~C = CT .
It is easy to see that

C(qI �A)�1B = ~C(qI � ~A)�1 ~B

C(qI �A)�1K + I = ~C(qI � ~A)�1 ~K + I
(7)



2 PARAMETRIZATION AND IDENTIFIABILITY

A model structureM is globally identi�able if M(�) =M(��)) � = ��.
The identi�able model structures have been often used to identify systems because of the bijective corre-

spondence between the models and the values of the parameters. But it is diÆcult to �nd a well conditioned
parametrization for some systems.

The identi�able model structuresMI were introduced in [10] and can be de�ned as:

De�nition 1 Let A(�) a matrix �lled with zeros and with ones in the upper row of the diagonal. Let the rows
numbered r1; r2; : : : ; rp, where rp = n �lled with parameters. Let B(�) and K(�) �lled with parameters and C(�)
with zeros and ones in row ri, column ri +1. (It is considered that r0 = 0 and that p is the dimension of y(t)).

Ljung [8] demonstrates the next theorem, 4A.2.

Theorem 1 The state-space model structure MI de�ned is globally identi�able in �� if and only if fA(��),
[B(��)K(��)]g is controllable.

3 COMPLETELY PARAMETRIZED MODELS IN THE STATE-SPACE

If we consider model 3, with matrices A, B, C and K �lled with parameters, the model is over-parametrized and
part of its identi�ability is lost. To be more precise, for the identi�able model structure, 2np+ nm parameters
are needed.However, the number of parameters for completely parametrized model structure is

d = n2 + 2np+ nm: (8)

That is, for the completely parametrized model structure, n2 parameters more than for the identi�able
model structure are needed.

Nevertheless, with this state-space model structure, it is not necessary to �nd out what multi-index structure
is the best for the problem because the completely parametrized model structure contains all the others.

Moreover, it has the advantage that the structure is more 
exible and it is possible to do transformations
in order to get a description that is numerically better conditioned.

4 BALANCED REALIZATIONS

The matrix

W0 =

1X
k=0

(AT )kCTCAk (9)

is called Observability Gramian for the system in the State Space. The eigenvalues of this matrix describe how
the initial state x(0) in
uence the output signal y(t) when u(t) � 0. This matrix satis�es the next equation of
Lyapounov:

W0 = ATW0A+ CTC: (10)

The dual matrix

Wc =

1X
k=0

AkBBT (AT )k (11)

is called Controllability Gramian. This matrix describe how the input signal u in
uences the state vector x.
Wc satis�es

Wc = AWcA
T +BBT : (12)

The Gramian matrices are symmetric by construction.
De�nition. A realization in the State Space is balanced if

Wo =Wc = � = diag (�1 : : : ; �n) (13)

with �1 � : : : � �n > 0:



5 INTRODUCTION TO THE RESTRICTED GENETIC OPTIMIZATION.

In the literature, the use of genetic algorithms as an optimization method is o�-line and the time used is quite
long. New mechanisms were used the same way Nature does: on-line. We have demonstrated [4, 5], that genetic
algorithms can be a fast optimization method of time-varying functions.

Usually GAs are used as a parallel, global search technique. It evaluates many points simultaneously,
improving the probability of �nding the global optimum. In time-varying optimization, this characteristic is
useful in the �rst generations, to �nd the correct basin of attraction, however, it consumes a large computation
time later. For this reason, a fast semi-local optimization method, such as RGO is better.

The proposed method is called after the mechanism of restricted search. It consists of carrying out the
search in the neighbourhood of a point, and of taking the best adapted point as the center of the search of the
new generation.

We get new generations oriented in the direction of the steepest slope of the cost function, and with a
distance to the center as close as possible to the correct one. This distance corresponds to the velocity at which
the system is changing.

This behaviour simulates the gradient method without using derivatives and can be used when signals are
very noisy. If these signals are not very noisy, a gradient-based method can be used.

We can carry out a search in a big neighbourhood at the beginning and then reduce its radius (The radius
is taken as proportional to uncertainty) . In fact, the method does a global search at �rst and a local search at
the end. This method reduces the probability of �nding a local minimum.

In the algorithm, the following operators are implemented: reproduction, cross, mutation, elitism, immigra-
tion, ranking and restricted search.

A ranking mechanism was used to regulate the number of o�spring that an individual can have because if
an individual is very good, it can have too many descendants and the genetic diversity of the population can
decrease considerably. This mechanism is implemented by using the �tness function Fn(i) =

1
cte+Vn(i)

, where

Vn(i) = �buff
k=1 (yn�k � ŷn�k)

2 is the loss function and cte is a constant with a high value (108).

5.1 RGO IDENTIFICATION.

The excitation input u(t) was chosen as a pseudo random binary sequence (PRBS), with coloured noise.
At �rst, a least squares estimation using an ARX model is done. Then, this model is transformed in a

State-Space model. The estimation is transformed in a balanced realization in order to have a numerically
better conditioned model.

To improve this estimation, a search of models is carried out. In order to get this minimization, the algorithm
searches for new models in a neighbourhood of the last estimate. These models must have coeÆcients close
to the ones previously calculated and their loss function must be as small as possible. The radius of this
neighbourhood is taken as proportional to the uncertainty.

The search is carried out using completely parametrized matrices and the estimation is transformed in a
balanced realization at the end of each generation.

At each generation, the last model is substituted by the best of the new generation as center of the neigh-
bourhood where the search is realized. In this way our model tracks the exact model. In this neighborhood
the individuals of the new generations will be oriented mostly in the direction of the steepest slope of the loss
function and at the distance which corresponds to the velocity of the real system changing with time.

The algorithm used is:

1. A �rst estimation using least squares and an ARX model is done. Then, this model is transformed in a
State-Space model.

2. The model is transformed in a balanced realization.

3. k is assigned the value 1.

4. The minimization problem

�̂k = argmin
�

VN (�) (14)

is solved using RGO (Restricted Genetic Optimization) with completely parametrized matrices.

5. The estimation is transformed in a balanced realization.



6. The value of k is incremented by one and steps 4-6 are repeated until the condition

VN (�̂
k�2
b )� VN (�̂

k�1
b ) < " (15)

is satis�ed, where " is a priori known constant.
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Figure 1: Results of identi�cation of the Plant with the ARX method. Top: Model output vs. system output.
Bottom: Error

6 RESULTS

In order to contrast the results, the Relative Root Mean Square (RMS) error is used as a performance index:

RMS error =

r
1

N
�N
i=1(yi � ŷi)2 (16)

Relative RMS error =

q
�n

i=1
(yi�ŷi)2

Nq
�n

i=1
(yi)2

N

� 100% (17)

To compare the various identi�cation methods we consider the application to a real system: the Twin Rotor
Mimo System (TRMS) which is a laboratory set-up designed for control experiments.

In certain aspects its behaviour resembles that of a helicopter. From the control point of view it exempli�es
a high order non-linear system with di�erent dynamics in each position.
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Figure 2: Results of identi�cation of the Plant with the Gauss-Newton method. Top: Model output vs. system
output. Bottom: Error

The obtained results of relative RMS errors can be summarized in the next table :

Rel. RMS error
ARX 0.1964
Gauss-Newton 0.06425
RGO 0.03378
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Figure 3: Results of identi�cation of the Plant with the RGO method. Top: Model output vs. system output.
Bottom: Error
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