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ABSTRACT: This paper explains mainly by examples the mathematical foundation of Fuzzy Scaling Theory described
in Wolff (1998). It illustrates the solution of fundamental problems in Fuzzy Theory, especialy the problem of the
pragmatic meaning of ordered sets as logics, the problem of the meaning of Fuzzy implications and the problem of the
construction of direct products of linguistic variables. The key to the solution of these problems is the description of
membership functions by cut contexts and of linguistic variables by conceptual scales. This renders the translation of
Conceptual Scaling Theory into Fuzzy Scaling Theory and the generalization of the latter to L-Fuzzy Scaling Theory
for an arbitrary ordered set L aslogic.

This paper bridges the gap between two scientific communities both using "graded concepts' as tools to handle
granularity: it is shown that L-Fuzzy Scaling Theory is equivalent to Conceptual Scaling Theory.
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1 INTRODUCTION: Problemsin Fuzzy Theory

Fuzzy Theory introduced by Zadeh (1965) got its huge influence by the very convincing idea of representing "graded
concepts’ by "atheory in which everything is a matter of degree, or to put it figuratively, everything has elasticity”
(Zadeh in the foreword of Zimmermann 1994). The formal description of this "elasticity" replaces the classical "crisp”
sets by Fuzzy sets, represented by membership functions mapping each object of a set X into the rea unit interval [0,1].
From a mathematical point of view the definition of a membership function can be generaized by replacing the unit
interval by more genera structures like L-Fuzzy algebras in the sense of Wechler (1978) or complete lattices with a
semigroup structure (Goguen 1967). Omitting the algebraic structure one can clearly choose even an arbitrary ordered
set asthe "Fuzzy logic" of the membership functions.
But these generalizations did not become really valuable for applications. Why? | believe that the meaning of these
general Fuzzy logicsin practice is not understood:

How to apply ageneral Fuzzy logic in practice?

Isthere a canonical Fuzzy logic for all applications?

What about "€elasticity” in discrete logics?
But also the meaning of classical Fuzzy logic, the unit interval [0,1] is not well understood:

How to define the conceptual meaning of Fuzzy implications of the form "If X isA, thenY isB" ?

What is the formal role of objects and measurement values in Fuzzy Theory?

What is the right membership value of a missing value of some measurement?

The reader should be able to solve these problems after having studied the basic concepts and examples in this paper
and the mathematical foundation of it in Wolff (1998).



2 CLASSICAL MEMBERSHIP FUNCTIONS: The unit interval istoo narrow

It is obvious that membership functions play a crucia role in Fuzzy Theory. Why? What is the central idea behind the
technical definition of a membership function? A classical membership function f maps an arbitrary crisp set X into the
unit interval, f: X ® [0,1]. The elements of X are usually interpreted as objects, but sometimes as measurement values
of objects which will be discussed later. The unit interval is used not just as a set without structure, but mainly as an
ordered set which allows to represent the "gradedness" and "elasticity” of concepts. In this paper we concentrate only on
this ordinal point of view and do not discuss the algebraic structure of the unit interval.

The advantage of the unit interval lies in the fact that any chain can be order embedded in [0,1], its disadvantage is that
only chains can be represented by an order embedding in [0,1].

The following example concerning the fuzzy construct "confidence for investors' shows a typical multidimensional
structure, far away from the simple idea of a chain from low to high confidence even though (or better: since) it is
constructed from many chains.

Example 1. Confidence for investors
This example is taken from Jambu (1991, p.236, 450):
"With a view to advising their customers, a group of banks asked some economists to study the risk of
their investment abroad; 43 countries were selected according to 15 confidence criteria. Each of the
economists gave a mark between 0 (the maximum of risk) and 4 (the minimum of risk)."
For this paper we study all 43 countries but only 5 confidence criteria. The mean values of the marks are shown in the
following Table 1 for only 6 countries.

Table 1; Confidence marks

longterm | marketing | economical no political

credits services increasing inflation stability
Belgium 1.0 3.3 2.6 2.8 34
Brazil 2.1 2.4 3.2 17 2.8
Greece 2.8 2.3 2.0 2.3 2.1
Spain 1.9 2.0 2.6 2.2 24
Taiwan 2.1 2.8 2.7 2.8 2.0
Turkey 3.6 1.9 2.0 1.6 1.9

By construction the values of each confidence criterion can be arranged in a chain from 0 to 4. Hence each country can
be represented as a point in the direct product of 5 chains, each chain a copy of [0,4]. To visualize a 2-dimensional
projection of this 5-dimensional space we draw the usual scatterplot in the direct product [0,4] © [0,4] and embed the 6
countries of Table 1 at the places of their value pairs for "long term credits" and "no inflation", say.

Figure 1: A scatterplot
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Such direct products of two (or more) chains are the standard representation frame for metric and for ordinal data — but
they are no longer chains and therefore not order embeddable into a chain. We will see later that this is the central
obstacle for the development of classical Fuzzy Theory since it prohibits the construction of the direct product of two
linguistic variables as long as the logics are restricted to be chains.

Very similar but much more general than this classical representation of objects in direct product of chains is the
conceptual representation of objectsin direct products of concept lattices of conceptual scales.



3 FORMAL CONCEPT ANALY SIS: Concepts and Order

Formal Concept Analysis (FCA) was introduced by Wille (1982). The interested reader is also referred to Ganter, Wille
(1999), Wille (1996) and, for a short introduction, to Wolff (1994). The basic tool is the notion of a formal context
(G,M,]) where | is abinary relation between a set G (of "objects") and a set M of "attributes’, i.e. | | G M. A formal
context can be represented by its concept lattice. Using conceptual scaling techniques data tables with arbitrary values
can be represented in concept lattices of suitable granularity.

Now we demonstrate a typical application of FCA using a very simple conceptual scaling procedure in the example
above. At first we study the distribution of al 43 countries over the five confidence criteria of Table 1 looking very
roughly only whether avalue is greater than 2 (printed bold in Table 1).This yields a 43" 5-table from which only the 6

rows corresponding to Table 1 are shown in Table 2.

Table 2:

The whole 43" 5-table can be described as aformal context K = (G,M,l) where G is the set of al 43 chosen countries, M
is the set of the 5 confidence criteriain Table 2 and the incidence relation | isdefinedby gl m:U m(g) > 2, where
m(g) denotes the value of the confidence criterion m at the country g. The information of this formal context K is

long term
credits

marketing

economica

no
inflation

political

Belgium

services

increasing

’

stability

Brazil

-

Greece

’

Spain

Taiwan

Turkey

represented in the line diagram in Figure 2.

Figure 2:

How to read this line diagram? First of all, it does not represent an undirected graph but a directed on, more precisely a
conceptual hierarchy, called the concept lattice B(K) of the given formal context K. The elements of the concept lattice
are called (formal) concepts. They are represented graphically by small circles. A formal concept of the context (G,M,1)
is by definition a pair (A,B) where Al G and Bi M, such that A = B , the set of all objects having all attributes of B,
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and B = A", the set of al attributes which hold for all objects of A. A is called the extent and B the intent of (A,B). The
hierarchy between conceptsis defined by the set inclusion of their extents:

(A1,B1)£(A;,B,): 0 AT A, (whichisequivaenttoB, | By).

A concept ¢ is called alower neighbour of aconcept d, iff ¢c<d andthereisno concept x I B(K) such that c< x< d.
The lower neighbourhood relation is represented graphically by upwards leading lines. Hence upward leading paths
represent the hierarchy of concepts. - -

The bottom circle in Figure 2 represents the smallest concept (M , M). In our example M is the set of those countries
fulfilling all 5 confidence criteria. The top circle represents the biggest concept (G, A ) consisting of all objects and (in
this example) the empty set. The labelling of the line diagram is explained now.

Each object g determines the concept

o0 :=({g} ,{g}}, caled the object concept of g,

while for each attribute m the concept

mm = ({m} ,{m} "} iscalled the attribute concept of m.

In aline diagram the circle of an object concept c is labelled by the names of those objects having ¢ as object concept.
Objects having the same object concept are called equivalent, they have exactly the same attributes. The classes of this
equivalence relation are called the (object) contingency classes. Analogously the circles of the attribute concepts are
labelled by the names of equivalent attributes.

The reading rule for line diagrams says: An object g has an attribute m if and only if there is an upwards leading path
from the circle of g to the circle of m. Example: From the circle of Spain (Portugal and Venezuela) there are upwards
leading paths to the circles of "economical increasing”, "no inflation”, "political stability", but not to the circles of the
other attributes. Hence the formal context is represented without any loss of information in the line diagram.

Finally we mention that concept lattices are (up to isomorphism) just the complete lattices (where any subset has an
infimum and a supremum), the main examples are all finite lattices and all closed real intervals, especially the unit
interval.

Now we are ready to discuss the central themein all knowledge representation theories, namely granularity, restricted to
its formal representation in Fuzzy Theory and FCA.

4 SCALING THEORY : Working with granularity

With respect to a given purpose we have to choose an appropriate granularity of the structure under consideration. This
leads to granularity toolsin all theories. Scaling Theory is understood here as the theory of granularity. The central aim
is the development of flexible tools for the generation of purpose oriented granularity.

In this section we compare both Conceptual and Fuzzy Scaling Theory. The main granularity generating tools in these
theories are the conceptual scales and the linguistic variables.

4.1 CONCEPTUAL SCALING THEORY

Conceptual Scaling Theory was developed by Ganter and Wille (1989). The general process in conceptual scaling
starts with the representation of knowledge in a data table with arbitrary values and possibly missing values. These data
tables are formally described by many-valued contexts (G,M,W,1), where G is a set of "objects’, M is a set of "many-
valued attributes', W is a set of "values' and | is aternary relation, | | G°M” W, such that for any g1 G, ml M there
is at most one value w satisfying (g,mw) 1 . Therefore a many-valued attribute m is usually interpreted as a (partial)
measurement function and we write m(g) = w iff (g,mw) T 1. An exampleisgivenin Table 1.

The central granularity choosing process in conceptual scaling theory is the construction of aformal context S, = (W,
M, Im) for each ml M such that W, E mG := {m(g) | gi G }. Such formal contexts, called conceptual scales,
represent a contextual language about the set of values of m. Usually one chooses Wi, as the set of all "possible” values
of m with respect to some purpose. Each attribute nl M, is called a scale attribute. Thesetn ={w |w I, n} isthe
extent of the attribute concept of n in the scale S, . Hence the choice of a scale induces a selection of subsets of W, -
describing the granularity of the contextual language about the possible values. The set of all intersections of these
subsets constitute just the closure system of all extents of the concept lattice of S, .

The granularity of the language about the possible values of m induces in a natural way a granularity on the set G of
objects of the given many-valued context since each object g is mapped via m onto its value m(g) and m(g) is mapped
viathe object concept mapping g, of S, onto g,(M(g)): g® M(g) ® gn(m(Q)).

Hence the set of all object concepts of S, plays the role of a frame into which each object of G can be embedded. For
two attributesm, m T M each object g can be mapped onto the corresponding pairs:

g® (m(g), m'(9)) ® (gn(M(9)), Gn(M'(g)) T B(Sn) " B(Sw).



As a simple example we scale each of the two many-valued attributes used in Figure 2 by a scale whose concept lattice
isachain of lenght 8 and get the line diagram in Figure 3.

Figure 3:

long term credits 200 200 no inflation

Reading example: Brazil has the attribute (long term credits, 3 2.0) but not the attribute (long term credits, 3 2.5)
reflecting the fact that the original value (2.1) for long term credits for Brazil satisfies2.0 £ 2.1< 2.5.

This embedding of objects into the direct product of the concept lattices of two (or more) scales (not necessarily
chaingl) isthe fundamental conceptual scaling technique.

The contextual connection between the objects of the given many-valued context and the scale attributes of the scales
Sn (mi M) isdescribed in the derived context K = (G, {(m,n) [mT M,nT M.}, J) defined by

gJ(mn):U m@lnwn  (forgl G,mT M,nT My).

In the example above, Brazil has the attribute (long term credits, 3 2.0) since the value "long term credits(Brazil)" has
the scale attribute "3 2.0".

The derived context has the property that its concept lattice B(K) can be (supremum-)embedded into the direct product
of the concept lattices of the chosen scales. Figure 3 shows the supremum-embedded concept lattice in the direct
product of two chains. Thisis the discrete analogon of the scatterplot in Figure 1. The corresponding theory is described
in Ganter, Wille (1989, 1999).

Another typical example is the concept lattice in Figure 2. Each many-valued attribute m of the many-valued context in
Figure 1 is scaled by the scale S, = ([0,4], {n}, In),where wl, n :U w>2 (forwi [04]). Hence the extent of
the only scale attribute is the set {wl [0,4]| w > 2 }. Therefore B(S, ) is a chain with exactly 2 concepts. The direct
product of these 5 chains is a lattice which is isomorphic to the 5-dimensional Boolean lattice with 32 elements. The
derived context for these scales is the formal context K represented by the line diagram of Figure 2.



4.2 CLASSICAL FUZZY SCALING THEORY': Linguistic variables

Classical Fuzzy Theory has a powerful tool to manage granularity, namely linguistic variables, introduced by Zadeh
(1975):
“By alinguistic variable we mean a variable whose values are words or sentences in a natural or artificial
language. For example, Age is a linguistic variable if its values are linguistic rather than numerical, i.e.,
young, not young, very young, quite young, old, not very old and not very young, etc., rather than 20, 21,
22,23,..."

For the description of linguistic values Fuzzy sets are used, formally described as membership functions. The set of all
membership functions (or the set of all Fuzzy sets) on a set X is denoted by F(X, [0,1]). Hence a classical linguistic
variable can be defined as follows:

Definition:

A classical linguistic variable is a quintupel (X, V, m [0,1], £), where X is a set (called the "domain’), V is a set (of
“linguistic values’), ([0,1], £) isthereal unit interval with its usual ordering and misamapping mV ® F(X, [0,1])
which represents each linguistic value v by a membership function m, := n{v) on X.

To understand the notion of alinguistic variable from a conceptual point of view we study the fundamental connection
between Fuzzy sets and crisp sets—namely a-cuts:

Definition:

For f1 F(X,[0,1])and al [0,1] thecrispset f,:={x1 X |f(x)3 a} iscaledthea-cut of f.

The well-known representation theorem (cf. Béhme 1993) states that each membership function f can be represented by
the family (f. | a1 [0,] ) of its a-cuts. But what about the relation between several membership functions of a

linguistic variable?
We start with a small example:

Table 3: A classical linguistic variable

X young old
20 0.8 0.2
40 0.6 0.4
60 0.4 0.6
80 0.2 0.8
100 0 1.0

Each membership function f can be described much coarser marking only the values x with f(x) 3 a, say a = 0.6. This
clearly yields a conceptual scale.

Table 4:

X (young, 0.6) (old, 0.6)
20 ’
40
60
80
100

This Fuzzy-to-crisp transformation can be viewed as a quite rough conceptual scaling of the many-valued context in
Table 3, using for each of the many-valued attributes "young" and "old" the same "threshold" scale with one scale
attribute describing the property "3 0.6" , namely the scale ([0,1], {0.6}, 3). In the derived context (Table 4) the extent
of the attribute concept of (young, 0.6) isjust the a-cut of the membership function of "young" where a = 0.6, in this
example the set { 20,40} .

Since a membership function f is determined by the family of its a-cuts we now apply the very fine scale



S = ([0,1], X, 3) to Table 3 and get the derived context shown in Table 5.

Table 5: The context of alinguistic variable

X oun old
00/02|04|06|08[02|04|06|08]| 1
20 , , , , , ,

40 . . . . .
60 . . . .
80 ’ ’ ’ . . ’
100 ’ ’ ’ ’ ’

Reading example: In the "young" part of Table 5 the second row contains the elements of fX and for eacha 1 fX we
see crosses in the a-column at the elements of the extent of the attribute concept of (young, a) which isjust the a-cut of
the membership function f of "young".

Reading this part row-wise we see that the row of x T X has crosses for all a £ f(x). Roughly speaking: There are
crosses for al values £ f(x).

Definition:

For each membership function f: X ® [0,1] we introduce the contexts:

K::=(01], X, ;) where al;x :U f(x)3 a (forxT X,aTl [0,1]), called the cut context of f (Wolff 1998),
Ci:=(X,[0,1], ) where xJa:0 f(x)3a (forxT X,al [0,1]), caled the context of f and its subcontext
D¢:=(X, fX, J C (X X)), caled the subdirect context of f.

Clearly Cisthe dual of K ; and from each of these contexts the membership function f can be reconstructed since it
can be reconstructed from D ; because f(x) =sup{a 1 X |x ka}.

In Table 5 the subdirect contexts of the two membership functions are represented.

The incidence relation J isjust the "set under the curve f" visualized in Figure 4.

Figure 4: A classical Fuzzy set and some cuts - the concept lattice of its cut context isachain
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The concept lattice B(C ) is a chain (hence also B(D ;) and B(K ¢)) which follows from the fact that the extents of any
two attributes a, b T [0,1] are comparable. Proof: since a and b are comparable, say a £ b , f(x) 3 b impliesf(x) 3 a,
hencethef, | f. . Remark: In the general situation of arbitrary ordered sets as logics (instead of the unit interval) the
corresponding concept lattices are no longer chains — and this leads to the desired freedom in applications.

In our example the two chains B(D ;) corresponding to "young" and "old" are drawn in Figure 5.



Figure5:

young old
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Figure 5 shows that high values of the membership functions correspond to small concepts which follows from the
mentioned fact that a £ b impliesf, | f, . This "handstand effect" can be reversed by dualization: in the concept lattice
of the cut context small values correspond to small concepts as shown in the right part of Figure 4.

The concept lattice of the context in Table 5 is shown in Figure 6.

Figure 6:

This line diagram shows that the union of the scale attributes for "young" and "old" now combine to a new language
about the given age values alowing to express all "intervals' constructed from these age values, for example the
interval {40, 60, 80} in the "middle" of these age values which can be described as the intersection of the extent of the
attribute concepts of "(young, 3 0.2)" and "(old, ® 0.4)" — and this intersection is itself an extent of a concept -
graphically represented by the big circle - namely the infimum of these two attribute concepts. Now new concepts,
namely those without attribute labels arise and may be used to describe the meaning of for example "quite young" in the
framework of the chosen language.
Now it is obvious (and this was proved in Wolff 1998)
that each linguistic variable can be described without any loss of information by its context (which is just the
apposition of the (subdirect) contexts of its membership functions).
This crucial result might be irritating on the first view. How can the continuity of the real unit interval be represented
with discrete structures like formal contexts? Answer: it is right that finite formal contexts are discrete but an arbitrary
context need not to be discrete. For example the concept lattice of the infinite context ([0,1], [0,1], £) is isomorphic to



the real unit interval with its usual real ordering. This shows that "conceptual” does not imply "discrete". But one might
ask: "Where exactly does finiteness come in?"' It is clear that a context (G,M,|) has only finitely many conceptsif G or
M isfinite. Hence the context D := (X, fX, k C (X" fX)) has finitely many concepts if fX isfinite which is clearly the
case if X isfinite. Asin Table 3 one often wishes to have a finite set X. But even if X is not finite we have in any data
table in practice only a finite number of objects and therefore only a finite number of actually occurring measurement
values.

5 MEASUREMENTS: Objects, implications and realized linguistic variables
5.1"IF OBJECTS COMESIN...

The examples above demonstrate two different roles of formal objects in knowledge processing. In the "confidence"
example of Table 1 countries are the objects while in the "linguistic variable" example of Table 3 values of age play the
role of formal objects but we didn"t mention up to now the persons we would like to describe by their age values.

In conceptual knowledge processing an object g of a given many-valued context, its value m(g) of a many-valued
attribute m and the scale attributes (m,n) of the scale S, are glued together in the derived context in avery simple way:

g has an attribute (m,n) in the derived context if and only if thereisavauew T W such that m(g) =w and w I, n.
Example: ADAM has the attribute (age,young), if the age of ADAM has the attribute young in the scale for age.

As far as | know there is no corresponding construction in Fuzzy Theory which describes formally this fundamental
relation between the data (given by a measurement function m) and a linguistic variable describing the Fuzzy language
about the possible values of m. But clearly this process is done in practice and is usually described by words like "If an
input-value comesin..." (Driankov 1993, p.90).

Asasmall example let ustake a part of a questionaire given in Table 6.

Table6:
age
Adam 20
Bill 40
Chris 80

Since we are interested to understand how the persons are classified according to their age we use the context in Table 5
as a conceptua scale for the many-valued attribute "age". The correponding derived context (now called the realized
scale) obtained from this second (!) scaling procedure has a concept lattice which is drawn in Figure 7 using bold lines
indicating the supremum-embedding into the concept lattice of this scale.

Figure 7: A realized scale

200 =0.2

This diagram will be interpreted in the next section.



5.2 ..THEN IMPLICATIONS FOLLOW"

After having introduced the objects of our primarily interest we study implications (in the sense of the following
definition) as one of the most important tools for the description of object distributions in conceptual structures.

Definition:

LetK = (G,M,l) beacontextand P, C i M (P stands for "premise" and C for "conclusion").

We say that the implication (P,C) holds (in K) , written P b C (inK),if P | C , inwords: For al objectsg1 G:
if ghasal attributes of P, then g has all attributes of C.

Interpreting Figure 7 we may say: "All persons which are not old are quite young" understood as

"All persons with the attribute (young, 2 0.4) have the attribute (young, 3 0.6)", shortly described as the implication
"(young, 30.4) b (young, 20.6)". Also theinversimplication "(young, 2 0.6) b (young, 30.4)" holds in this context but
this one holds independently of the given object distribution in the "logic" of this scale! But it holds even in the logic of
the scale of this scale — namely the chain of "young" in Figure 5. Why does it hold there? Since the implication "2 0.6 b
30.4" holdsin the context ([0,1], [0,1], 3). Clearly thisimplication should be written precisely "0.6 b 0.4" which means
"Foral xT [0,1]: if x3 0.6thenx 3 0.4". And thisis equivalent to "0.6 3 0.4" in the ordered set ([0,1], 3).

This example shows in the language of implications a sequence of nested structures representing a "flow of knowledge"
from basic abstract knowledge to meaningful knowledge.

This example gives aso a rough idea how conceptual scaling can be used to understand information flow from one
contextua logic to another. Indeed, there is a nice equivalence between conceptual scaling and information channelsin
the sense of Barwise and Seligman (1997) described in Wolff (1999a).

5.3 EXTENDING CLASSICAL FUZZY THEORY: Redlized linguistic variables

Conceptua scales are modeled in Fuzzy Theory by linguistic variables, but the connection of the measurement and the
linguistic variable, conceptually described by: g® m(g) ® g,(m(q))

is not described theoretically in Fuzzy Theory. Both situations, the scale and the realized scale can be described by
linguistic variables on the object sets X respectively G. | believe that he similarity of both situations led to an ambiguity
in many books including the above mentioned definition of alinguistic variable by Zadeh (1975).

What should be developed? Clearly a combination of the measurement and the linguistic variable. Therefore we recall
(at first only for the case of the classical logic ([0,1], 3)) the definition of a realized linguistic variable introduced in
Wolff (1998).

Definition:

Letl :=(X,V,m[01], £) beaclassical linguistic variableand m: G® X be afunction from an arbitrary set G into X.
Then the tuple (G, m, 1) := (G, m, X, V, m [0,1], £ ) is called a classical realized linguistic variable of | and | the
linguistic variable of (G, m, I ). The function m is called a measurement function from the set G of objects into the
domain X of the linguistic variablel .

Now the context of arealized linguistic variable with respect to the subdirect scales can be defined.

Definition:

Let (G,m, ) :=(G, m X,V,m[0,1], £) be aclassical realized linguistic variable. Then the context D(G, m, | ) is
defined to be the derived context of the many-valued context (G, {m}, mG, {(g,mm(g))| g1 G}) using the scale Dy,
defined as the apposition of the contexts Dy, Wherev T V.

Thisisthe main tool for the investigation of problemsin Fuzzy reasoning.

5.4 PROBLEMSIN FUZZY REASONING: The unit interval istoo narrow!

What is the relation between Fuzzy reasoning and the above mentioned logical conceptual aspects of Fuzzy scaling? For
adetailed discussion of thisrelation the reader isreferred to Wolff (1999b). We just sketch the main arguments.

In my opinion Fuzzy reasoning (as described in Fuzzy Theory until now) suffers mainly from two facts:

Fact 1: The unit interval istoo narrow for the construction of direct products of linguistic variables.

Fact 2: The different roles of objects and values in the scaling process were not understood.



Now | explain in which sense the unit interval istoo narrow:

Letr :=(G,m, X,V,m[01],£)and r" :=(G,m", X", V", m, [0,1], £) be two classical realized linguistic variables.

If we try to combine them into a single classical realized linguistic variable which contains the whole information of
both we could try to build a classical realized linguistic variable of the form

(G,m m', X X, V'V',m,[01], £),

wherethemapping m" m” : G® X" X" isdefined by (m” m")(g) := ( m(g), m’(g) ). But how to define a mapping

m:V V' ® F(X X, [0,1]) which preserves the information given by mand ni ?

For (vv)T V' V" m(v,v)1 F(X X7, [0,]), henceit is a Fuzzy relation which should be constructed from the given
membership functions m, and m,-. Therefore many Fuzzy researchers tried to find meaningful constructions of Fuzzy
relations T F(X" X", [0,1]) from two membership functions on X and on X'. In the literature they are called
"implications’, for example the Gaines-Rescher implication, Goguen i., Godel i., Larsen i., Lukasiewicz i., Kleene-
Dienesi., Mamdani i., Reichenbach i., stochastic i. and the Zadeh implication (Driankov 1993). As "the most important
implication" (Driankov 1993, p.89) we mention the Mamdani implication:

My (XX) = min (m (x), M- (X)).

What is the meaning of this construction? It has at least a certain effect of "information flow" similar to the modus
ponens rule for the classical implication: If the first value is big and the minimum of both is big, then the second value
is big. But it destroys information irreversibly. All of these implications have some further disadvantages described by
Hellendoorn (1990, 1992).

On the basis of the examples in this paper it is quite easy to understand that there is no reason to represent knowledge
necessarily in a chain. Therefore we take the direct product [0,1] ~ [0,1] as the natura logic for the product of two
classical linguistic variables.

To think of this direct product as a logic is quite hard for a classical Fuzzy theorist but it was prepared by Goguen
(1967) to use as logics not only chains but lattices or even arbitrary ordered sets. The development of Formal Concept
Analysis and its intimate relations to logics give us now the possibility to work with arbitrary ordered sets as logics
using conceptual scaling theory which leads to deep insights into several difficult problemsin contextual logics.

To finish the construction of the product of two classical realized linguistic variables we take

G mm, X X, VV,mmn,[01] " [01], £),

where the mappingmi mi: V' V' ® F(X" X", [0,1] * [0,1]) isdefined by (m mi)(v,Vv’) = m~ m, , where

(m~ my ), x) = (mx), my(x))T [01] " [01] foral (x,x)T X X and

£- meansthe usual product of the real ordering with itself:

(ad) £ (b,b):0 aEband & £ b (foralab,a,b T [041]).

It should be clear from the given examples that we can now construct the context of this product of two classical
realized linguistic variables whose concept lattice can be embedded into the direct product of two chains in the same
way asit isshown in Figure 3.

But clearly the general theory has to start now with an arbitrary ordered set, say (L, £) instead of the unit interval. This
L-Fuzzy Scaling Theory was described by Wolff (1998) and will be discussed in the next section.

6 GENERAL FUZZY SCALING THEORY: Embeddingsinto meaningful contextual logics

Independently of the purely mathematical generalization argument of Goguen (1967) there is a way to understand the
effect of the substitution of the unit interval by an arbitrary ordered set.

The central observation is that the object concept function g G ® B(K) maps objects of a forma context into a
complete lattice, just like, but more general than a classical membership function f: X ® [0,1]. The concept lattices of
the "confidence" example demonstrate that membership in the general sense can be described conceptually very well in
a concept lattice allowing "graded concepts’ in the sense of the conceptua hierarchy, allowing even incomparability of
concepts which often occurs in practice and a great flexibility in the choice of granularity resulting from the flexibility
in choosing scales. Hence the idea of replacing the narrow unit interval by an arbitrary concept lattice seems very
successful. It has not only the advantage to have all complete lattices as possible logics but also to use the short
description of concept lattices by formal contexts and their general applicability and interpretability in many situations.
Since an arbitrary ordered set can always be embedded into the smallest complete lattice containing it, namely its
Dedekind-MacNeille completion (Davey, Priestley 1990; Ganter, Wille 1999), the advantages of concept lattices can
also be used in the general case of arbitrary ordered sets. Clearly this ordered set can again be generalized to an
arbitrary context and then the concept lattice of his context represents its contextual logic.



6.1 BASIC NOTIONS: L-Fuzzy Sets and a-cuts

Let X beaset and (L, £) an ordered set, i.e. £ is areflexive, antisymmetric and transitive relation on the set L. The set
FOX,L) ={f|f:X® L} iscaledthe set of al L-Fuzzy sets (or L-membership functions) on X.

The definition of a-cuts can be generalized easily:
For each L-Fuzzy setf1 F(X,L)andeachal L thea-cut of f isdefinedtobetheset f,:={xl X| f(x)% a}.

6.2 L-FUZZY SCALING THEORY:: Linguistic variables (over L)

Definition:

A linguistic variableisa quintupel (X,V, mL, £), where X isa set (called the "domain’),

V isaset (of “linguistic values), (L, £) isan ordered set and mis a mapping

mV ® F(X, L) which represents each linguistic value v by an L-membership function m := n{v) on X.

Definition:
Letl :=(X,V,mL, £) bealinguistic variableand m: G ® X be afunction from an arbitrary set G into X. Then the
tuple (G, m,1):=(G, m, X,V, mL, £)iscaled arealized linguistic variable of | and | the linguistic variable of (G,
m, | ). The function m is called a measurement function from the set G of objects into the domain X of the linguistic
variablel .

Definition:

Ler =(GmX,V,mL,£)andr” :=(G,m’, X", V', m, L, £ ) betwo realized linguistic variables on the same set
G of objects. The mapping m"m” : G® X" X" which isdefined by (m" m’)(g) := (m(g), m’(g) ) is called the product
of the two measurement functionsmand n'.

Themappingmi mi: V'V ® F(X X', L L") isdefined by (mi mi)(v,v):= m~ m, , where

(m~ my )X, x) = (mx), my(x))T L'L" foral (x,x)T X X"

(L" L7, £ )istheusua product of the ordered sets (L, £), (L", £ ), where

(aa) £ (bb):U aEband a £ b (foralabl L, a,bT L.

Thenthefollowingtuple r'r” :=(G,m m’, X" X", V'V ,minm,L"L", £ )

isarealized linguistic variable on the product (L L", £ ), called the product of r and r .

The quintuple!l "I " := (X" X", V'V, mim, L L", £ ) iscaled the product of the corresponding linguistic variables |
and| .

Discussion of this definition:
1. Theproductr”r” of two realized linguistic variablesr andr~ clearly contains al the information about r andr .
2. If onetries to define another product of two classical linguistic variablesr and r ~ which

isagain aclassical linguistic variable and

contains al theinformation about r and r”
then the information about mand mi represented in the product [0,1]" [0,1] hasto be represented in [0,1]. Asfar as| see
there is no natural way to do this. This difficulty does not occur in the definition above since we used an arbitrary
ordered set instead of the usual ordering on the unit interval — and the direct product of two ordered sets is an ordered
set while the direct product of two intervalsis not an interval.

6.2 TRANSLATION INTO CONTEXTS: Cut context and its dual

Definition:

For each L-Fuzzy set f T F(X,L) we introduce the contexts:

Ki=(L, X, I) where al;x :0 f(x)3 a (forxT X,al L), caledthecut context of f (Wolff 1998),
Ci:=(X,L,J) where xJa:U f(x)3 a (forxT X,aTl L), calledthecontext of f and its subcontext
D= (X, fX, % C (X" X)), caled the subdirect context of f.

The subdirect context D ; (and therefore also K ; and C ;) determines f since f(x) = sup{a T X | x J a }. Clearly the
concept |attices of these contexts are not necessarily chains.

As in the examples, contexts describing the (realized) linguistic variables can be defined such that the (realized)
linguistic variable can be reconstructed from its context. For the mathematical details and an example showing the new



freedom of L-Fuzzy Scaling Theory even in the case of the existence of missing values the reader is referred to Wolff
(1998).

6.3 L-FUZZY REASONING: Implications and Dependencies

Fuzzy implications of the form "If X is A, then Y is B" can be introduced easily syntactically — but what is its semantic
and what its pragmatic meaning? Using realized linguistic variables we define Fuzzy implications syntactically (in its
most simple version) in the following conceptual way:
Ler =(GmX,V,mL,£)and r" :=(G,m", X", V', m, L", £ ) betwo realized linguistic variables on the same set
G of objects. We introduce a Fuzzy implication betweenr and r” asapair ((m,v), (m,v))wherevl Vandv 1T V’
and refer to it by the phrase “If misv, thenm” isv” ",

As afirst attempt we define a semantic meaning of a Fuzzy implication by the validity of an implication of a suitable
derived context:

Definition:
Fo[(a, a’)l L"L" theFuzzy implication (m,v,m",v") betweenr and r” iscalled valid with respect to (a, a") , if
"ol G(aEm(m(g) P a’ £ m,(m(g))).

That the Fuzzy implication (m,v,m",v") is valid with respect to (a, a") is equivalent to the validity of the implication
((v,a) b (v,a"))intheapposition K, ¥K,- of the derived contextsof r and r” (Wolff 1998).

Example: We interpret Figure 3 as the line diagram of the apposition of the derived contexts of the linguistic variable r
for m := "long term credits’ and the linguistic variabler ” for m” := "no inflation" both defined on the same set G of the
six countries asin Table 1. X := X":=[04], V :={m}, V" :={m'}, L :=L":=[0,4], m, (X) := my (X) := the result of
rounding off x to the next half, for example m, (2.8) =2.5. From Figure 3 we see that the following implication holds
in this context: "long term credits3 1.5 and noinflation 3 2.5 implieslong term credits3 2.0."

But the implications of a formal context do not contain the whole information of the context. They just represent the
closure system of the intents. They do not represent the distribution of the objects. If we wish to use also the object
distribution we leave the classical logical field which is mainly concerned with the attribute logic and the structure of
the concept lattice. But in our understanding the object distribution belongs essentially to the data which is obvious
from the use of frequency distributions given for example in histograms.

Tools for the investigation of the frequency distribution have been developed in Statistics and Correspondence Analysis
especialy in the case of the joint frequency distribution in contingency tables (which just represent direct products of
the object concepts of the used scaled many-valued attributes). A useful new graphical representation of dependencies
between two scaled many-valued attributes was introduced by the author and first published in the diploma thesis of
Wehrle (1997). Connections to several dependency notions and "soft implications" will be described in Wolff (1999Db).

7 CONCLUSIONS: L-Fuzzy Scaling Theory is equivalent to Conceptua Scaling Theory

We have seen that Fuzzy Scaling Theory can be generalized to L-Fuzzy Scaling Theory by the introduction of (realized)
linguistic variables over an arbitrary ordered set L. This surmounts the two central obstacles in classical Fuzzy Theory
namely the narrowness of the unit interval and the lack of a scaling procedure. These obstacles prohibited in classical
Fuzzy Theory the investigation of some difficult relations between contextual logics occurring in linguistic variables.
The key to the solution of these problems was the description of the central tool in Fuzzy Theory namely the
membership function by the cut context which represents the given membership function without any loss of
information - independently whether these contexts are finite or not. In practice finiteness of the data implies finiteness
of the corresponding derived concept lattices. Hence L-Fuzzy Scaling Theory can be described by Conceptual Scaling
Theory. But clearly each formal context is a specia (realized) linguistic variable where the characteristic functions of
the extents of the attribute concepts are the membership functions. This demonstrates the main idea how to prove that
both theories are equivalent.

The comparison of two theories has many aspects hence a formal equivalence does not mean that the theories are used
in the same way. But it isahint for both communities that they should try to understand one another.
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