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ABSTRACT: Many processes in the chemical industry have modest nonlinearities. Linear dynamics play a
dominant role in governing the process output behaviour in the interesting operating range, but the linearization errors
are significant. Linear based control will give a poor performance, while a nonlinear based control will result in
computation complexity. For this type of processes we propose to model them with a composite model consisting of a
linear model (LM) and a multilayered feedforward neural network (MFNN). The LM is used to capture the linear
dynamics, while the MFNN is employed to approximate the LM's residual errors, i.e., the process nonlinearities.
Effective off-line and on-line identification algorithms are proposed for the identification of the composite model.
With this model structure, it is shown that a simple analytical predictive control law can be formulated to control a
nonlinear process. A simulation example is also given to illustrate the effectiveness of the model identification and the
proposed predictive control.
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1. Introduction
Model predictive control (MPC), an intuitive and effective control strategy, has attracted much research

attention [1-3], primarily due to its design feature of the minimization of a cost  penalizing future deviations from an
output or state reference trajectory. Linear model predictive control (LMPC), a widely recognized method, has been
successfully applied to many chemical processes [4-6]. Despite of the fact that most chemical processes are inherently
nonlinear, they have been "adequately" controlled with a  linear control design over a small operating range. Today,
demands for  tighter environmental regulation, better energy utilization, higher product quality and more production
flexibility have made process operations more complex with a larger operating range. Consequently, predictive
control based on linear model may not always yield satisfactory results.
 The interest now has been increasingly shifting toward designing predictive controllers based on nonlinear
models [7-9]. Neural networks, having an inherent ability to approximate an arbitrary nonlinear function, have
become an attractive means for modeling nonlinear processes. Several neural-network-based predictive control
algorithms for nonlinear processes have been proposed [10,11]. However, with nonlinear process models, two major
drawbacks arise in MPC. First, it is now difficult to obtain the control law in an analytical form, and the control
sequence must be obtained via nonlinear optimization routine, resulting in a higher computational effort and potential
numerical stability problem. Second, the abundant theory and experience accumulated for the design and the tuning of
linear controllers cannot easily be used for the design and tuning of nonlinear controllers.

A well-known method to simplify a nonlinear model is the use of the Jacobian linearization, but it is only
valid in a certain operating range. To make a process model to be valid for a broader operating range than the Jacobian
linearization, a process model consisting of a linear model (LM) plus a multilayered feedforward neural network
model (MFNN) is proposed to model a nonlinear process, in which the LM represents the Jacobian linearization of the
process, while the MFNN approximates the LM's modeling error, i.e., the nonlinearity of the process. This paper
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concerns with the model identification and the MPC design for nonlinear processes in which the LM can represent the
dominant dynamics in the interesting operating range. With this form of the model, we will show that predictive
controllers can be designed based on the LM, and the outputs of the MFNN, which represent the process
nonlinearities, can be viewed as measurable disturbances and are eliminated through "feedforward" control. As a
result, the existing linear predictive control techniques can be directly applied to yield an analytical control law.
Furthermore, the process nonlinearities are compensated with the aid of the MFNN, this strategy can be expected to be
applicable to a broad process operating range, without any intensive computation for the control determination.

2. Process modeling and controller design
In this section, a class of single-input-single-output nonlinear processes is first modeled, followed by

derivation of the predictive controller based on this model. As stated earlier, it is assumed that the process nonlinearity
is modest, i.e., a linear model can represent the dominant process dynamics in the interesting operating range, and at
the same time, the linearization errors are significant. A composite model consisting of a linear model (LM) and a
multilayered feedforward neural network (MFNN) is used to model such a process. Suppose that an input sequence
{ )(ku } is presented to the process and that the corresponding output sequence { )(ky } is measured. The following

can then be used to model the nonlinear input-output mapping from { )(ku } to { )(ky }:

   )1()),(()()1( 21 +++=+ kkxNNkxky T ξθθ                                              (1)

In this equation, 1)( θTkx is a linear model (LM) with parameter vector 1θ  and input

vector Tmkukukunkykykykx )](),...,1(),(),1(),...,1(),([)( −−+−−= , )),(( 2θkxNN  is a multilayered

feedforward neural network (MFNN) with weight vector 2θ  and input vector )(kx , and )1( +kξ  is the modeling

error. The LM represents the linearization of the process in the interesting operating range, while the MFNN
approximates the linearization error, i.e., the process linearility.  The good nonlinear mapping ability of the MFNN

can make the modeling error, )1( +kξ , to be sufficiently small by properly determining the parameter vector 1θ  and

the network weight vector 2θ .

The process model of Eq. (1) can be rearranged as

)()1()1()()()( 11 kkkuqBkyqA ξϕ +−+−= −−                                          (2)

where n
nqaqaqA −−− +++= ...1)( 1

1
1  and m

mqbqbbqB −−− +++= ...)( 1
10

1  with  ),...,1(,1 nia ii =−= θ

and  ),...,1,0(1,1 mjb jnj == ++θ ; i,1θ 's ( )1,...,1 ++= mni  are the components of the parameter vector 1θ ;

)(kϕ  is defined as ))),(()( 2θϕ kxNNk = .

 In a predictive control, predictive equations should be developed to predict the process outputs. To do so,
introducing the following polynomial equations:

                  )()()(1 111 −−−− += qGqqAqF i
i

i                      1≥i                                 (3)
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where )()()( 111 −−− = qBqFqH ii . Defining
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can be written as:
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The polynomials )( 1−qFi , )( 1−qGi , )( 1
1,

−qH i  and )( 1
2,

−qH i  can be calculated by the following recursive

formulas:

                        0,
11

1 )()( i
i

ii gqqFqF −−−
+ +=                                                                 (7)

                      )]()([)( 1
0,

11
1

−−−
+ −= qAgqGqqG iii                                                                 (8)



3

                                         )()()( 00,
0

2,
1

1,
1

1,1 bghqqHqH ii
i

ii ++= −−−
+                                                (9)

                                        ])()([)( 00,
0

2,
1

0,
1

2,
1

2,1 bghqBgqHqqH iiiii −−+= −−−
+                         (10)

with the initial values 1)( 1
1 =−qF , )](1[)( 11

1
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1
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11
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 From Eq. (6), the i -step-ahead prediction of the process output can be obtained by neglecting the unknown

quantity )()( 1 ikqFi +− ξ , which is a linear combination of the future model errors. Then the predictive equations

take the form:

)1()(
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ϕ
               (11)

where )1(
^

−+ ikϕ ,  the prediction of )1( −+ ikϕ , can be calculated by replacing the future process outputs with

their corresponding predictions. The predictions ,...)2,1()(
^

=+ iiky  can be recursively calculated using Eq. (11).

 Long range predictive control strategies minimize a quadratic criterion consisting of future process output
predictions and control inputs in a receding horizon sense.  A commonly used quadratic criterion  is as follows:

                ∑ −+−−+++−+=
=

M

i
ikuikuikyikwJ

1
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^
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2

1
λ                                (12)

where )(kw  is the desired process output, M  is the prediction horizon and 0≥λ  is a weighting factor. The control

is to minimize the criterion  (12) in a receding horizon sense, resulting in a sequence of optimized control moves over
the control horizon )1(),...,1(),( −++ Mkukuku . Only the first control move in the sequence, )(ku , is actually

implemented. At the next instant, the procedure is repeated and )1( +ku  is determined in the same fashion.

 A common practice in reducing the complexity of the optimization computation is to assume a constant
control over the prediction horizon, i.e., )1()()( ≥=+ ikuiku . In this case, the prediction equation (11) reduces

to

)1()()()()1()()()1()(
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and Eq. (12) becomes
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  The definition of )(
^

kϕ  indicates that ),...2,1()1(
^

Miik =−+ϕ  is a function of )(ku , and this makes

the minimization of J with respect to )(ku  a nonlinear optimization problem. An iterative computation is commonly

needed to obtain a numerical solution of a nonlinear optimization. For a real-time control, iterative computation is not
preferred due to the time constraint. A simplification is proposed to cope with this problem. Notice that we have
placed a constraint on the term )1()( −− kuku , the change between two consecutive control moves. This implies

that )(ku  can not be significantly different from )1( −ku . ),...2,1()1(
^

Miik =−+ϕ  can , therefore, be

approximately determined by replacing the current control )(ku  with the previous control )1( −ku . The

approximates of ),...2,1()1(
^

Miik =−+ϕ , denoted by )1(0

^

−+ ikϕ , can be computed prior to the

optimization as:
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^
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and )()(0

^

jkyjky +=+  for 0≤j . ),...,2,1()(0

^

Miiky =+ , the quasi- i -step-ahead predictions, can be

obtained by replacing )(ku  with )1( −ku  in Eq. (13), i.e.,
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^
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Substituting Eq. (15) into Eq. (13) results in the optimization of Eq. (14) to be linear with the analytic solution of  
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^
1

1
1

1

2
1, MkyMkwqHHkuku

M

i
i +−+∑++−= −−

=
λ            (18)

where

                    1
1,1

1
1,11,

1
1 )1(...)1()1()( +−−

−
− +++= M

MM qHqHHqH                            (19)

It can be seen from Eq. (15) that )1(0

^

−+ ikϕ 's ),...,2,1( Mi =  are the outputs produced by the MFNN

with the input )1(
^

−+ ikx . The process nonlinearity, characterized by )1( −+ ikϕ , is compensated in the control

law by the term )1(0

^

−+ ikϕ .  

  In the case where the controlled process dynamics are unknown, i.e., 1θ  and 2θ  in Eq. (1) are the unknown

parameter vectors, an identification method needs to be developed to estimate them. This will be discussed in the next
section.

3. Identification algorithm
Given a set of process input-output data { Nkkxky ,...,2,1);1(),( =− }, the parameter vectors 1θ  and 2θ

can be estimated by minimizing the following cost function:

            ∑ −−−−=
=

N

i

T ixNNixiyI
1

2
2121 ))),1(()1()((),( θθθθ                                             (20)

This is a typical nonlinear optimization problem, and it can be solved by many standard nonlinear optimization
methods, e.g., gradient descent method. A more effective and simpler algorithm, however, can be formulated by
making use of the unique structure of the process model (1). We propose the following iterative optimization

procedure for the estimation of 1θ  and 2θ . First, make an initial guess on 2θ , say, 0
2θ , and minimize ),( 0

21 θθI  to

obtain the optimal 1
1θ ; With the above optimized 1

1θ , ),( 2
1
1 θθI is then minimized to obtain the optimal 1

2θ . The

above steps can be repeated, in theory, until the modeling error )(kξ  is sufficiently small. As the process nonlinearity

is modest, it can be expected that the output of the MFNN  will be relatively small, implying that the optimized weight

vector, 2θ ,  is in the neighborhood of the origin. 00
2 =θ  is, therefore, a well-guessed initial. Extensive simulations

indicate that with the initial 00
2 =θ , the results after one-round of optimization (i.e., 1

11 θθ =  and 1
22 θθ = ) can

yield satisfactory model parameters. Further iterations generate only little improvement and thus are not necessary in
reality.
  The above can be summarized into the following off-line and on-line estimation procedures.
Off-line estimation algorithm:

    (i)  Set 02 =θ  in Eq. (20), and  minimizing Eq. (20) with respect to 1θ  produces the optimum value of 1θ ,

denoted by *
1θ . This results in:

                 YXXX TT 1*
1 ][ −=θ                                                                       (21)

where
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Alternatively, *
1θ  can be determined equivalently by the recursive least square algorithm:

     )]1()1()()[()1()( 111 −−−+−= iixiyiKii T θθθ                                                             (22a)

    1]1)1()1()1()[1()1()( −+−−−−−= ixiPixixiPiK T                                                    (22b)

                            )1()]()([)( −−= iPixiKIiP T                                                                                              (22c)

                                                   Ni ,...,2,1=
with IP α=)0(  (α  is a big positive real number) and 0)0(1 =θ . Then the optimum value of 1θ  can be obtained

by setting )(1
*
1 Nθθ = .

    (ii) Set *
11 θθ =  in Eq. (20), and minimize Eq. (20) with respect to 2θ . A number of optimization schemes can be

used to find the optimum 2θ , the gradient descent method is used here for simplicity.  The optimum 2θ , denoted by
*
2θ , is calculated iteratively:
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N θ
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θ
ηθθ

0)0(2 =θ ; Tt ,...,2,1=                                                              (23)

where  *
1)1()()( θ−−= ixiyiy T

N  and η  is the learning rate. The derivative of the network output with respect to

the weight vector 2θ  can be calculated by the well-known backproporgation (BP) algorithm [12]. The iteration is

repeated until the cost function I  is less than a prespecified value, or the maximum allowable iterations T is reached.

Suppose the iteration stops at )(* Ttt ≤= , then set )( *
2

*
2 tθθ = .                                                                                     

On-line estimation algorithm:
On-line estimation may be used to capture in real-time the changes in the process dynamics. Assume a pair of

new process input-output data )}1(),({ −kxky is available at time instant k , then the parameter vectors 1θ  and 2θ
are updated by the following formulas.

 (i)                   )]1()1()()[()1()( 111 −−−+−= kkxkykKkk T
L θθθ                                                     (24a)

  1]1)1()1()1()[1()1()( −+−−−−−= kxkPkxkxkPkK T                                               (24b)

)1()]()([)( −−= kPkxkKIkP T ,   IP α=)0(                                                                (24c)

where ))1(),1(()()( 2 −−−= kkxNNkykyL θ . The initials )0(1θ  and )0(2θ  are provided by the off-line

estimation algorithm, i.e., *
11 )0( θθ =  and *

22 )0( θθ = .

         (ii)                
)1(

))1(),1((
)])1(),1(()([)1()(

2

2
222 −∂

−−∂
−−−+−=

t

tkxNN
tkxNNkytt N θ

θ
θηθθ

                                )1()0( 22 −= kθθ ,      *,...,2,1 Tt =                                                                                 (25a)

     )()( *
22 Tk θθ =                                                                                                                    (25b)

where )()1()()( 1 kkxkyky T
N θ−−= , and *T  is the number of iterations in each sampling period.
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The proposed model structure allows the LM's parameters to be estimated in the recursive least square form,
good adaptive ability of the algorithm can therefore be expected when used in an online fashion.

4. Simulation
  In this section, simulations are conducted to illustrate the validity of the proposed identification and control
algorithms. The nonlinear process

)1(1.1)()3(4.0
)2()1()(1

)1()(5.2
)1(

222
−++−+

−+−++
−

=+ kukuky
kykyky

kyky
ky        (26)

is used to generate input-output data for the simulations.

    Model identification. In the simulation, the input vector is set to be
Tkukukykykykykx )]1(),(),3(),2(),1(),([)( −−−−= . The MFNN is determined to be a three layered

feedforward neural network with six inputs, 10 hidden units and one output. The hidden layer neurons use the
sigmoidal activation function while the input and output layer neurons use a linear activation function. Two hundred
pairs of input-output training data are first generated with a random input of uniform distribution from -1 to 1, and the
data are subsequently used for the identification of the LM and the training of the MFNN using the off-line estimation

algorithm proposed in the preceding section. The initial value of the covariance matrix is set to IP 310)0( = . The

network learning rate and iteration number are set to 001.0=η  and 5000=T , respectively. The process output,

the LM output, and the LM plus MFNN output, generated by the same input, are shown in Figure 1, and the LM's
modeling error and the MFNN output are shown in Figure 2. It can be clearly seen that the LM can capture the
dominant part of the process dynamics, but with a significant modeling error. The MFNN can approximate the LM's
modeling error, i.e., the process nonlinearity, quite well, as shown in Figure 2. This demonstrates that a nonlinear
process can be modeled by a LM together with a MFNN to a satisfactory accuracy.

To illustrate that iterations will not produce significant improvement of the model performance, the off-line

estimate algorithm is executed once more by setting the optimized parameter as the initial, i.e., 0
2θ = *

2θ . The new

solution ,3574.0,2413.0,1402.0,1299.0[1 −=θ  T]9683.0,0001.1  is not significantly different from the 1st

iteration result T]9702.0,0002.1,3517.0,2336.0,1370.0,1276.0[1 −=θ , and the same is also true for 2θ .

Therefore, a reasonably good model can be obtained without the necessity of iteration for the off-line modeling.

Figure 1: Model validation
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Figure 2:  MFNN nonlinearity approximation

Predictive control. To test the proposed control algorithm, it is applied to the process (26), and its control
performance is compared to that of the linear model-based predictive control method (LMPC) (i.e., Eqs (17)-(19) with

0)1(0

^

=−+ ikϕ ). The model parameters 1θ  and 2θ  are updated on-line using the proposed on-line estimation

algorithm with the initials determined by the off-line estimation. The initial covariance matrix )0(P  and the network

learning rate η  are set to be the same as the model identification case, and the iteration number *T  is set to be 1 for

simplicity. The prediction horizon M  and the weighting factor λ  in the control law (18) are set to be 4 and 0.01,
respectively. The control is to track a composite set-point profile consisting of a ramp, a step change, and sinusoidal
signals. The tracking results are shown in Figure 3 for the proposed algorithm (solid line) and the LMPC (dashed
line). The proposed algorithm tracks the set-point profile closely, without offset and oscillation, indicating a much
better control than that of the LMPC. The above simulation demonstrates that the proposed algorithm can be
effectively used to control a class of nonlinear processes.

Figure 3: Tracking results of the proposed algorithm and the LMPC
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 5. Conclusion
 An effective analytical predictive control law is presented for a class of nonlinear processes. A LM plus a
MFNN is proposed to model a nonlinear process, together with the corresponding identification strategy. With this
model representation, a simple analytic predictive control law was derived. Adaptive predictive control, if necessary,
can be easily implemented for the process via the proposed on-line estimation algorithm. The simulations show that
the proposed LM plus MFNN model structure is suitable for modeling a class of nonlinear processes, and that the
proposed predictive control algorithm has a good control performance. It is believed that the proposed algorithm will
be useful for many chemical processes where the nonlinearity is modest, and intensive computation is not allowed.
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