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ABSTRACT: The paper contains several results due to 3-d image recognition by means of Hough transform and its
extending. To describe uncertainty and imprecision of real images the probability model of contour image is
introduced. It lets us consider the image as sample of probability distribution. On the family of probability measures
set-theoretical operations are defined. As a result we get the method of contour image recognition that generalizes
the standard Hough transform. This method may be interpreted in terms of fuzzy set theory and possibility theory.
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1. THEPROBLEM OF RECOGNITION GRAY LEVEL IMAGES. HOUGH TRANSFORM.

While analyzing gray level images the most informative features are contours represented with the set of
points, in which large overfall of brightness is observed. Mathematically it means that for extracting contours it is
necessary to determine point coordinates, in which function of brightness of the image has a large module of
gradient or discontinue. Detectors of edges have got the broadest practical application in solving this problem. These
detectors are based upon variational criteria offered by Canny Canny (1986). In the given work we expect that the
problem of extracting edges is aready solved. So it is hecessary to analyze the contour image that can be presented
by means of a characteristic function:

... 11 if thepixe (i, J) belongs to contour,
fl,j)=1i .
10, otherwise.

The problem of extracting edges of a certain form is very important in the recognition of contour images,
because real contour image may be noisy or may have contour breakups. This may be caused by peculiarities of
illuminating an image or objects may overlay each other in the field of the scene, etc. The method of solving this
problem, known as a Hough transform Hecker (1994), is the least sensitive with respect to the mentioned
peculiarities. It iswidely used to extract different primitives of curved lines of various forms.

The idea of this transform consists in the following. Let points of a contour image be well approximated
with astraight line, described by its normal form in Cartesian coordinates:

L:xcosQ+ysinQ=r.
The angle Q determines the direction of the line, the positive number I is the distance from the straight line to
origin. Let M be aset of points of image closeto theline L . Degree of the closeness is set by aparameter h >0,
i.e
v ={x1 cla(L.x)£n},
where X :{ik = (xixi)} isaset of all points that describe the contour imagein R?, d(L,i) is the distance

between the line L and point X . In this case, under the appropriate choice of h the most part of points of the
contour image will belong to the set M . This is just that simple principle that is a basis of the algorithm of
extracting straight lines called the Hough transform. It consists in the following:

1) digitizing possible values of parameter Q, , i = 1,n ,inorderto get a solution satisfying the required precision;



2) permissible values of parameter I are divided into intervals: [O,rl), [rz,ra),...,[r r ) where

m-1'"m
i=1m-1;

o<r,<r

i+l
3) calculate powers of sets M (Q,, 1 ;.1 ) :=§kT C|x; cosQ, +x2sinQ, 1 [rj_l,rj)].

|tisc|earthattheset{ﬂ R2| x'cosQ, +x*sinQ, 1 [r T )} isabandin R? | i. e. the geometric set of
points that lay between two straight lines satisfying the equations:
x'cos Q; +x”sin Q =r _ and x" cos Q; +x”sin Q, =T .

Hough transform is based on cal culating the number of points of contour image situated between corresponding pair

j
-1

of lines. If |M Q.1 4 rj)| got to be large for certain valuesof Q,, I, ;, T, then we consider the straight line

+r .
~ as an appropriate approximation of theset M (Q,,r_;,T ).

x' cos Q, + x*sin Q, =—2

2. THE CONTOUR IMAGE MODEL

The study of Hough transform and its modifications can not be realized without examination of contour
image model. It is necessary to take into account impression and uncertainty of analyzed information. While

constructing the probabilistic model we may consider the set C of points of contour image as a sample from a

certain probabilistic distribution R. Consider now an example of how to choose a probabilistic law of the
distribution.

Let areal contour image prwenta%gment{(x, y)| x1 [- a,a], y=0} of straight line. In fact we have

a noisy sample C :{)_(1,...,XN} of a given image, that presents a realization of succession {Xl,xz,...,XN} of
evenly distributed random values. Each random value can be modeled in the following way:
1. Realizearandom choice of point t; in the segment [- a, a] ;

2. Thenaddto t, random vector a . So we have
% =(t;,0) +éi ) éi =(&;,8y) .
Let random value t; have an even distribution upon the segment [- a, a] , with the density f (t) = 2—2 :
and random component a - aspherical normal distribution. In this case the set C will be an independent sample

12 1 _(X't)z:y2
from probabilistic distribution R with densty — C e 2° dt. There is a numeric
P Y 2a _Oﬁa ps *

characteristic F’{(X, ) | -bEyE b} , that is very important while extracting straight lines with the help of
Hough transform. The following lemma shows the way of its calculation.

b y?

Lemmat P{(x,y) |- bEYED} = =0t s .
TAN2ps

Now we generalize the obtained model for undefined contour images. Let the contour image be a curve L,
parametrically defined. Usually, such parametric representation is chosen as follows:

1. sl [O,Zp], r(0) isthefirst point of the curve, r(2p) isthefina one;
2. if | denotes the length of the curve, then the distance along the curve from the first point r(0) to a current

S|
point is determined by —.
2p



Then, realizing an even random choice of points on the curve and adding noise to the received sample, we obtain,
Poq L ex@PHyyo)

that noisy image is described by a probabilistic distribution with the density — ¢ 2s* ds.
sy imag y ap y 2 (I?Zp?e

Let d(L,X) be the distance from acurve L toapoint xT R. When we consider a generalized Hough transform
Hecker (1994) the following event
u ={x1 R|d(L,% £h}
isafocus of practical interest. The following lemma gives the evaluation of probability of this event.
Lemma 2. Suppose that in each point of the curve L we can calculate a radius of curvature R(S) and

e adhou..
= j 3 35 + N - 221 [
R = inf R(s)3 3s +h ,then SP(U) 2Fogs u”I [ a,b], where

sT[0.2p]

6S € ah O ad - dal a0
=—+dF,c—=F =2F o (3) +2F ,c—=1- 2F ,(3)).
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This means that for evaluation of the event U it is possible to use avalue 2F 085_5 if both the length of

the smallest radius R and the length of the curve relatively to the noise parameter S are large.

3. SET-THEORETICAL OPERATIONS ON IMAGES. THE INCLUSION MEASURE.

We will consider some generalization of Hough transform from the viewpoint of the possibility theory.
Such a generalization is based on methods of classification of probabilistic distributions considered in the paper
Bronevitch (1997).

Introduce the set-theoretical operations on contour images. Let F,, F,, F, be contour images, and they
are not noisy. Let they be described by characteristic functions fl(;), f, (;), fa(;), where xT R?. Then
1. F,=F CF, if "xI R* f,(x)=f,(x) & f,(X).

2. F,=FEF, if "xI R? f,(x)=f,(x)Uf,(x).

3. F I F,if FCF,=F,.
In these equations the standard logical operations "AND" (&) and "OR" (U) are used. Define similar set-theoretical
operations on noisy contour images. Each noisy image F is described by F =(f,P), where f is a

characteristic function of a real contour image, P is a probabilistic measure that assigns a probabilistic law,
describing a noisy image.

Let d (f,x) bethe distance from an arbitrary point X to contour image L described by a characteristic
function f . Each noisy image F engenders events of the type
E(h):{IT R? |d(f,§)<h}.
Such events we will call as minimal events. Image F = (f, P) wewill call aregular one, if
" p1 [04sh, = supfh|P{E(M)} £ p},
P{E(hp)} = p istruth.
In this case each minimal event is determined by its probability uniquely and A(p) = E(h,) isthe minimal event

with the probability p . For regular images we introduce the set-theoretical operations, as well as the inclusion
relation, like an extension of corresponding operations on minimal events:



1. F=FRCF,if "pl [0l A(p) =AM CA()
2. F,=FEF,if "pl [01]% )=A(p)E A(p)
3. Fli 2’. "pl [01]'6& % p).

For images classification we can use the inclusion rel ations. However, it is not adapted for practical usage.
Taking this in our account further consider inclusion measure. L et pT [O,l] , then &-local inclusion measure

y (R 1 F,)=P{A(p)|AP)

is a conditional probability of appearance of event A,(P) when observing an event A (pP) on measure B, .
However, it turns out to be more useful the integral inclusion measure

y(F T F)=¢2p)y ,(F 1 F,)dp

that accounts values of d-ocal measures for different p and satisfies all necessary requirements Bronevitch (1997).
The practica calculation of inclusion measure is based on the following lemma.

Lemma 3. Theinclusion measure of event F, into event F, is determined as follows

oF, | F,)=2gmin[i (x)1 ,(x)]dP(x),

2
where 1,(X)=1- PlyT R?|d(y.0) £ d(x} .
A theoretical sense of the function N(X) can be interpreted Bronevitch (1997) as a membership function

of afuzzy set, generated by probablllstlc distributions. From the lemma 3, it is easy to derive a formulafor statistical
evaluation of inclusion measurey (F, I F,) using the points of noisy |mage{ X, yevey XN}:

y (F 1 FZ):Wé min[m(;q ),n”g(;q )] .
i=1
The latest formula generalizes the known procedure of Hough transform. To get Hough transform one may assign
mM(X;) =1 i =1, N, and fuzzy set F, bordering the real image must be an ordinary set in usual sense, i. e.

mx)T {01} %1 R? i=1N.
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