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Abstract

The aim of this paper is to present a new approach to
the �ltering problem for the class of bilinear stochas-
tic multivariable systems, consisting in searching for
suboptimal state-estimates instead of the conditional
statistics. As a �rst result, a �nite-dimensional opti-
mal linear �lter for the considered class of systems is
de�ned. Then, the more general problem of designing
polynomial �nite-dimensional �lters is considered. The
equations of a �nite-dimensional �lter are given, pro-
ducing a state-estimate which is optimal in a class of
polynomial transformations of the measurements with
arbitrarily �xed degree. Numerical simulations show
the e�ectiveness of the proposed �lter.

1 Introduction

Let us consider the class of nonlinear stochastic systems
de�ned on some probability space, namely (
;F ; P ),
described by the following Ito equations:

dX(t) = A(t)X(t)dt+B1(X(t); dW (t)); (1.1)

dY (t) = C(t)
�
X(t)

�
dt+B2(X(t); dW (t)); (1.2)

where X(t) 2 IRn; Y (t) 2 IRq; W (t) 2 IRp, is a stan-
dard Wiener process with respect to some increasing
family of �-algebras, namely fFtg; A(t); C(t) are ma-
trices of proper dimensions; B1; B2 are bilinear forms.
System (1.1), (1.2) is commonly referred in the litera-
ture as bilinear stochastic system (BLSS) (see for in-
stance [4], [5], [6] and references therein).

The problem we are faced with consists in searching
for �nite-dimensional �lters for the BLSS (1.1), (1.2).

Indeed, for such system even the linear optimal �nite-
dimensional �ltering problem is still an interesting one.

As well known, the optimal �lter for system (1.1), (1.2),
is an in�nite-dimensional one. Nevertheless, from an
application point of wiew, it becomes crucial to look
for �nite-dimensional approximations of the optimal �l-
ter, that is, �nite-dimensional suboptimal �lters show-
ing a better performance with respect to the linear one.
We point out that, for such system even the linear

optimal �nite-dimensional �ltering problem is still an
interesting one. In this paper we will derive, as an
auxiliary result, the optimal linear �lter for a BLSS
in the form of (1.1), (1.2), that will result indeed to
be �nite-dimensional. This suboptimal approach has
been recently developed for discrete-time systems in
[7], [8] where a general polynomial �lter of any arbi-
trarily �xed degree is de�ned for linear non-Gaussian
systems [7] and bilinear systems [8]. The polynomial
�lter is able to produce recursively, the optimal state-
estimate in a class of polynomials of all the currently
available measurements including the linear transfor-
mations. For this reason, in a non-Gaussian setting, it
represents an improvement of the classical Kalman �l-
tering. Indeed, many numerical simulations have shown
that the improvement in performance may be very large
especially when noises distributions are very far from
Gaussianity. In this paper we will propose this sub-
optimal approach for the �ltering problem of continu-
ous time BLSS's. This will allow us to de�ne a �nite-
dimensional �lter giving the optimal state-estimate in
a suitably de�ned class of polynomial transformations
of the measurements. The present article is a reduced
version of the omonymous paper [1].

Let T = [0 t
M
], and consider system (1.1), (1.2) over T ,

endowed with the initial conditions X(0) = �X Y (0) = 0



(these, will be understated from now on). Here, �X 2
IRn represents an F0-measurable random variable, in-
dependent ofW , such that: E(k �Xk2�) < +1; for some
integer � � 1. We suppose that all the moments of �X,

namely m
(i)
�X

:
= E( �X [i]) are known for i = 1; :::; 2�. The

bilinear forms in the system expression can be rewritten
as

B1(X(t); dW (t)) =

pX
k=1

�
BkX(t) + Fk

�
dWk(t); (1.3)

B2(X(t); dW (t)) =

pX
k=1

�
DkX(t) +Gk

�
dWk(t); (1.4)

where A(t) 2 IRn�n, C(t) 2 IRq�n, H(t) 2 IRn�m,
Bk 2 IRn�n, Fk 2 IRn, Dk 2 IRq�n, Gk 2 IRq, for
k = 1; :::; p, Wk(t) denotes the k-th component of the
standard Wiener process W (t) 2 IRp, u(t) 2 IRm is a
deterministic input. In the following we shall denote
with I�, � = 0; 1; :::, the � � � identity matrix; we
assume I0 = 1. The following assumption will be done
for the bilinear function (1.4):

Assumption 1.1. There exists a �k, 1 � �k � p, such
that the matrix D�kD

T
�k
is nonsingular.

The problem we are faced with, consists in �nding a
�nite-dimensional �lter giving a state-estimate, bX, such

that: bX(t) = �
�
X(t)=P

(�)
t (Y )

�
, where � denotes the

projection, and P
(�)
t (Y ) denotes the space of the �-

th degree polynomials of process Y (see [1] for a de-
tailed de�nition). We will show that there exists an
augmented linear system such that the optimal linear
�ltering problem for it, is equivalent to the original
polynomial �ltering problem for system (1.1), (1.2).

2 Optimal linear �ltering of BLSSs

Before treating the more general polynomial case, in
this section we limit ourselves in considering the opti-
mal linear �ltering problem for the BLSS (1.1), (1.2).
The reason for considering in advance this particular
case is twofold. First of all, as we will see later, the poly-
nomial case reduces to the linear one, once a suitable
augmented system has been constructed. Moreover, the
optimal (�nite-dimensional) linear �ltering problem for
a BLSS is interesting by itself, in that it was up to now
unsolved in the general case. LetM 2 IR��� a symmet-
ric positive semide�nite matrix, such that rank(M) =
� � �. As well known, there exists a full rank matrix
N 2 IR��� such that NNT = M . We will use the
following notation: M ( 1

2
) :
= N , that is a \rectangular

square root" of the matrixM . Note that, by de�nition,

the matrix M (1=2)TM (1=2) is nonsingular. Let us de-
note m

X
(t) = E(X(t)), 	X(t) = cov(X(t); X(t)), the

state-mean and covariance respectively. Moreover, let
us denote �m

X
= E( �X) and �	X = cov( �X; �X).

Theorem 2.1. Let us consider the system (1.1), (1.2).
Suppose that the matrix 	X(t) is nonsingular for any
t 2 T . Let us consider, for k = 1; :::; p, the integers
�k � n, �k � q such that:

�k
:
= rank

n
Bk �	X(t) �Bk

T
o
;

�k
:
= rank

n
Dk �	X(t) �Dk

T
o
;

8t 2 T:

Then there exists the following representation:

dX(t) = A(t)X(t)dt+H(t)u(t) +

2pX
k=1

~Bk(t)d ~Wk;1(t);

dY (t) = C(t)X(t)dt+

2pX
k=1

~Dk(t)d ~Wk;2(t);

where, for k = 1; :::; p: ~Bk(t) 2 IRn��k and ~Dk(t) 2
IRn��k are given by

~Bk(t)
:
=
�
Bk�	X(t)�B

T
k

�( 1
2
)

; ~Dk(t)
:
=
�
Dk�	X(t)�Dk

T
�( 1

2
)

;

for k = p+ 1; :::; 2p:

~Bk(t)
:
= Bk�pE

�
X(t)

�
+ Fk�p;

~Dk(t)
:
= Dk�pE

�
X(t)

�
+Gk�p:

For i = 1; 2, the set f ~Wk;i; k = 1; :::; 2pg is a set of
2p mutually uncorrelated standard WSW processes. In
particular, for k = 1; :::; p, ~Wk;1(t) 2 IR�k , ~Wk;2(t) 2

IR�k ; for k = p + 1; :::; 2p: ~Wk;1(t) = ~Wk;2(t) =
Wk�p(t).

Proof. See [1] �

A suÆcient condition which guarantees the nonsingu-
larity of 	X(t) can be found in the time-invariant case
([1]). In the following theorem the optimal linear �lter
for a stationaty BLSS is de�ned.

Theorem 2.2. Let be given the time-invariant BLSS
as de�ned in equations (1.1), (1.2), where all matrices
are constant with time. Let us suppose that rank(Dk) =
q or rank(Gk) = q for some k. Then, the optimal linear
estimate of the state process X, namely X̂, and the
error covariance P (t) = cov

�
X(t) � X̂(t)), satisfy the



following system of equations:

dm
X
(t)

dt
= Am

X
(t) +Hu(t); m(0) = �m;

d	X(t)

dt
= A	X(t) + 	X(t)A

T +

pX
k=1

Bk	X(t)B
T
k

+

pX
k=1

(BkmX
(t) + Fk)(BkmX

(t) + Fk)
T ;

	X(0) = �	X ;

~Bk(t) =

(�
Bk �	X(t) �B

T
k

�( 1
2
)

; 1 � k � p

Bk�pmX
(t) + Fk�p; p+ 1 � k � 2p

~Dk(t) =

(�
Dk �	X(t) �D

T
k

�( 1
2
)

; 1 � k � p

Dk�pmX
(t) +Gk�p; p+ 1 � k � 2p

R(t) =

2pX
i=1

~Di(t) ~Di(t)
T

dP (t)

dt
= AP (t) + P (t)AT +R(t) + �2p(t)R(t)

�1
�2p(t)

T
;

�k(t) =

kX
i=1

~Bi(t) ~Di(t)
T + P (t)CT ;

dX̂(t) = AX̂(t)dt +�2p+1(t)R(t)
�1(dY (t)� CX̂(t)dt);

P (0) = �	X ; X̂(0) = �m;

Proof. See [1] �

3 Optimal Polynomial Filtering of BLSSs

In order to write down the polynomial �lter equations,
the following important tool is needed (vector Ito for-
mula).

Theorem 3.1. Let (Xt;Ft) be a vector continuous
semimartingale in IRn described by the Ito's stochastic
di�erential:

dXt = d�t + dMt;

where (�t;Ft) is an a.s. continuous bounded variation
process and (Mt;Ft) is a square integrable martingale.
Let F : IRn ! IRp; be a continuous function endowed
with the �rst and second derivatives. Then the pro-
cess Zt = F (Xt) is a square integrable semimartingale,
whose di�erential is given by

dZt =
�
@x
F (x)

�
x=Xt

dXt+
1

2

�
@[2]x 
F (x)

�
x=Xt

(dMt)
[2];

with (dMt)
[2] denoting the associate quadratic variation

process whose arguments are

(dMt)
[2] =

2664
dhM1;M1it
dhM1;M2it

...
dhMn;Mnit

3775 ;

and @x denotes the di�erential operator d=dx.

Proof. See [1] �

Using the vector Ito formula we can state the following
Theorem, which de�nes the stochastic di�erential for
the power process of the solution of a bilinear stochastic
di�erential equation (SDE).

Theorem 3.2. Let �(t) 2 IRd the process de�ned by
the following SDE:

d�(t) = (�(t)�(t) + 
(t))dt+

pX
k=1

(�k�(t) + �k)dWk(t);

where, �(t);�k 2 IRd�d, 
(t); �k 2 IRd. It results, for
i � 2:

d�[i](t) =
�
M0

i (t)�
[i](t) +M1

i (t)�
[i�1](t) +M2

i�
[i�2](t)

�
dt

+

pX
k=1

�
G0k;i�

[i](t) + G1k;i�
[i�1](t)

�
dWk(t);

where G��;� and M
�
� are suitably de�ned matrices.

Proof. See [1] �

By means of a repeated application of Theorem 3.2,
we can show that the process (X;Y ) of the BLSS and
its powers up to a certain degree, represents a solution
of a suitably de�ned bilinear SDE. This will be next
transformed into a linear system with WSW di�usions,
generating the powers of the observation Y up to the
required degree (the augmented system).

Let x 2 IRd and h a positive integer. We recall that,
the following relations hold, linking together the re-

duced h-th Kroneker power of x [7], [9], namely x[h]
and the (ordinary) h-th Kronecker power x[h]: x[h] =
T h
d x[h]; x[h] = ~T h

d x
[h], where T h

d and ~T h
d are suitably

dimensioned transformation matrices [7]. Let us de�ne

the process Z as: Z(t)
:
=
�
Y (t)

T
X(t)

T
�T
, and let

Æ = dim(Z). Moreover let us de�ne the augmented
process:

Z(t)
:
=
�
Z(t)

T
: : : Z[�](t)

T
�T

:

First of all, we derive a SDE for the process Z . For,
note that Z satis�es the following SDE:

dZ(t) =
�
~A(t)Z(t)+�(t)

�
dt+

pX
k=1

�
BkZ(t)+ ~�k

�
dWk(t);

where ~A;�;Bk have subsequent de�nition. Next, an
application of Theorem 3.2 to the process Z, results in
a kind of SDE as the following:

dZ [i](t) =
�
L0
i (t)Z

[i](t) + L1
i (t)Z

[i�1](t) + L2
iZ

[i�2](t)
�
dt

+

pX
k=1

�
V 0
k;iZ

[i](t) + V 1
k;iZ

[i�1](t)
�
dWk(t);



Using the latter, and observing that, Z [i] = T i
ÆZ[i],

Z[i] = ~T i
ÆZ

[i], we can state the following proposition.

Proposition 3.3. The process Z satis�es the follow-
ing bilinear SDE,

dZ(t) = (A(t)Z(t)+U(t)
�
dt+

pX
k=1

�
BkZ(t)+Vk

�
dWk(t);

where

A(t) =

266664
~A(t) 0 : : : 0

L1
2(t)

~T 2
Æ L

0
2(t)T

2
Æ

. . .

. . .
. . .

: : : ~T �
Æ L

2
�T

��2
Æ

~T �
Æ L

1
�(t)T

��1
Æ

~T �
Æ L

0
�(t)T

�
Æ

377775 ;

Bk =

266664
~Bk 0 : : : 0

V 1
k;2

~T 2
Æ V

0
k;2T

2
Æ

...
...

. . .
. . .

0 : : : ~T �
Æ V

1
k;�T

��1
Æ

~T �
Æ V

0
k;�T

�
Æ

377775 ;
and U(t) =

�
�(t)

T
L2
2
T

0 : : : 0
�T
, Vk =

[�k
T 0 : : : 0 ]

T
.

Now, we can use Theorem 2.1 in order to rewrite the
bilinear SDE of Proposition 3.3 in the form of a linear

SDE with WSW di�usion term. The underlying hy-
pothesis is that the covariance matrix of the process Z ,
namely �Z(t), is uniformly nonsingular over T .

Proposition 3.4. Let �k, k = 1; :::; p, be the ranks
of the matrices Bk. Then the process Z satis�es the
following SDE,

dZ(t) =
�
A(t)Z(t) +U(t)

�
dt+

2pX
k=1

~Bk(t)d ~Wk(t); (3.1)

where ~Wk, k = 1; :::; 2p are independent standard WSW
processes, ~Wk 2 IR�k , for k = 1; :::; p, ~Wk = Wk 2 IR,
for k = p+ 1; :::; 2p, and

~Bk(t)
:
=

(�
Bk	Z(t)B

T
k

�( 1
2
)
; 1 � k � p

Bk�pmZ
(t) + Vk�p; p+ 1 � k � 2p

with m
Z
= E(Z).

In order to write down the equations of the augmented

system we need to split out the vector SDE of Propo-
sition 3.4 into two SDE's: one for the observed compo-
nents of Z and the other one for the remaining entries.
From the de�nition of Z, we see that the components of
the vector Z are of the form: X i1

1 � � �X in
n � � �Y j1

1 � � �Y
jq
q ,

where Xl; Yl denote the lth component of vectors X;Y
respectively, and 0 � il; jr � � for l = 1; :::; n,
r = 1; :::; q,

Pn
l=1 il � �,

Pq
r=1 jr � �. The observed

components are those with i1 = ::: = in = 0. De-
note by Y the vector of all such components: Y

:
=

[Y T : : : Y[�]
T ]

T
. Moreover, let us denote by EY the

(0; 1)-matrix such that Y = EYZ . Let us denote with X
the aggregate vector of all the components in Z which
are not components of Y . Then it results well de�ned
the (0; 1)-matrix EX such that X = EXZ . Then, the

aggregate matrix I: I
:
=
�
EY

T EX
T
�T
, results to be

invertible. Let us consider the matrices I1, I2 such that
Z = I1Y + I2X . Note that the matrices I1; I2 are ob-
tained by means of a suitable partition of the matrix
I�1 = [I1 I2]. We can now state the following propo-
sition.

Proposition 3.5. The processes X , Y satisfy the
following pair of SDE's (augmented system):

dX (t) =
�
A1(t)Y(t) +A2(t)X (t) + U1(t)

�
dt

+

2pX
k=1

B1
k(t)d ~Wk(t);

dY(t) =
�
C1(t)Y(t) + C2(t)X (t) + U2(t)

�
dt

+

2pX
k=1

D1
k(t)d

~Wk(t);

where

A1(t) = EXA(t)I1; A2(t) = EXA(t)I2;

U1(t) = EXU(t); U2(t) = EYU(t);

C1(t) = EYA(t)I1; C2(t) = EYA(t)I2;

B1
k(t) = EX ~Bk(t); D1

k(t) = EY ~Bk(t);

A, ~Bk, U , are the matrix coeÆcients of eq. (3.1), and
f ~Wk; k = 1; :::; 2pg is a set of mutually uncorrelated
standard WSW processes.

Proposition 3.5 states that the augmented observation
process Y can be generated as the output process of
an augmented system. This implies that the prob-
lem of �nding the �-th degree polynomial �lter for the
original system (1.1), (1.2) is now reduced to an op-

timal linear �ltering problem for a linear system. In
[2] the optimal linear �lter is de�ned for the class of
linear stochastic systems whose noise terms are rep-
resented by WSW processes. The augmented system
comes within this class of systems, and we can use here
the same approach as in [2] in order to obtain the op-
timal linear �lter with respect to the augmented obser-
vation process Y . In order to do this, we need to show
the uniform nonsingularity in T of the output-noise
covariance of the output augmented equation, namely
R(t)

:
=
P2p

k=1D
1
k(t)D

1
k(t)

T . Indeed, the uniform non-
singularity of the output-covariance is required, in order
to apply the Kalman-Bucy scheme [KB].

Theorem 3.6. The noise covariance matrix function



of the augmented measurement equation is uniformly
nonsingular over T .

Proof. See [1] �

Now, we can prove the main Theorem, de�ning the �-
th degree polynomial �lter for system (1.1), (1.2). We
remind readers that, �k is the dimension of the WSW
process ~Wk when k = 1; :::; p, and for k = p+ 1; :::; 2p,
~Wk =Wk 2 IR. Let us denote with 
 the dimension of
the augmented process Z . Moreover, we shall denote
with cov(�; �) the cross-covariance between two random
variables �; �. Finally, we shall denote with My the
Moore-Penrose pseudoinverse of the square matrix M .

Theorem 3.7. The �-th order polynomial �lter for
system (1.1), (1.2) is described by the following system
of equations:

dm
Z
(t)

dt
= A(t)m

Z
(t) + U(t);

�Bk(t) = BkmZ
(t) + Vk 1 � k � p;

d	Z(t)

dt
= A(t)	Z(t) + 	Z(t)A(t)

T

+

pX
k=1

Bk	Z(t)B
T
k +

pX
k=1

�Bk(t) �Bk(t)
T
;

~Bk(t) =
�
Bk	Z(t)B

T
k

�( 1
2
)

1 � k � p;

J (t) =

pX
k=1

EX
�
~Bk(t) ~Bk(t)

T + �Bk(t) �Bk(t)
T
�
ETY ;

R(t) =

pX
k=1

EY
�
~Bk(t) ~Bk(t)

T + �Bk(t) �Bk(t)
T
�
ETY ;

Q(t) =

pX
k=1

EX
�
~Bk(t) ~Bk(t)

T + �Bk(t) �Bk(t)
T
�
ETX ;

dP(t)

dt
= A2(t)P(t) + P(t)A2(t)

T +Q(t)

��(t)R(t)�1�(t)T ;

dX̂ (t) =
�
A1(t)Y(t) +A2(t)X̂ (t) + U1(t)

�
dt

+�(t)R(t)�1d eY(t);
d eY(t) = �

dY(t)� C1(t)Y(t) + C2(t)X̂ (t) + U2(t)
�
dt

�(t) = J (t) + P(t)C2(t)
T ; X̂(t) = T� X̂ (t);

where T� is the operator extracting the �rst n entries of
a vector. The initial conditions are:

m
Z
(0) = E(X (0)); 	Z(0) = cov(X (0);X (0));

X̂ (0) = E(X (0)) + 	XY(0)	Y (0)
y�Y(0)�E(Y(0))

�
;

P(0) = 	Z(0)�	XY(0)	Y (0)
y
	XY(0)

T
;

where
	XY(t)

:
= cov(X (t);Y(t)); 	Y(t)

:
= cov(Y(t);Y(t))

Proof. See [1] �

4 Simulation example

In order to test the algorithm de�ned in Theorem 3.7,
the �ltering problem for the following second order sys-
tem has been considered:

dX(t) = AX(t)dt+BX(t)dW (t) + UdN(t); (4.1)

dY (t) = CX(t)dt+DX(t)dV (t); (4.2)

where

A =

�
a1 1
0 a2

�
; B =

�
b1 0
0 b2

�
; U =

�
u1
u2

�
;

C = [ 1 1 ] ; D = [ g 0 ] ;

X(0) = Y (0) = 0, and W;N; V are mutually indepen-
dent scalar Wiener processes. The well known extended
Kalman �lter (EKF) was up to now the classical tool for
the �ltering of a nonlinear system in the form of (4.1),
(4.2). However, nothing is known about the working
conditions the performances of the EFK. In the present
case, for instance, the EKF does not work at all. In-
deed the state-expectation is zero and hence the state
process is expected to cross the zero. Since the term
DX̂(t)X̂(t)TDT (where X̂ denotes the EKF estima-
tion) needs to be inverted in the EKF equations, we
should expect a failure of the alghoritm. This really
happens in the simulations we carried out for several
values of the parameters a1; a2; b1; b2; u1; u2; g. We have
always observed a sudden and strong deviation to in�n-
ity. The linear, quadratic, and cubic �lters have been
built up. We show below our simulation results for the
linear and cubic �lters, with the following values of the
parameters: a1 = �0:01, a2 = �0:5, u1 = 30, u2 = 2,
b1 = 0:1, b2 = 0:1, g = 0:1. We do not show graphs for
the quadratic �lter simulation because, in our case, the
quadratic �lter does not show any valuable improve-
ment with respect to the linear case. Di�erently to the
EKF, for the polynomial �lters we are able to compute
the a priori state-estimate error variances, that are en-
tries of the matrix P(t), that is: P1;1(t), P2;2(t) for the
�rst and second state components respectively. In our
example these values are growing with time. The rea-
son of this is that system (4.1), (4.2), is unstable with
the chosen values. Nevertheless, as expected the time-
evolution of P1;1(t) for the cubic �lter (namely P

C
(t))

is ever less than the P1;1(t) for the linear �lter (namely
P
L
(t)). We observed that the evolution of the ratio

�(t) = P
L
(t)=P

C
(t) stabilizes over the value �� = 1:30.

Hence, the improvement in the a priori performance of
the cubic �lter with respect to the linear one can be
considered almost of 30%.

The time-evolutions of �ltered paths, for the linear and
cubic �lters, compared with the corresponding true 1-
th component state path, are reported in �gs. 1,2. As
we can see, even a visual comparision between the sig-
nal time-evolutions show a valuable improvement in the
estimation quality of the cubic �lter with respect to the



linear one. Several Monte Carlo runs have been carried
out. For each one of these runs, the ratio, namely �

S
,

between the sampled error variances of the linear and
cubic �lters has been computed. We have chosen the
paths with �

S
= 1:35.
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The simulation of the EKF con�rms also in this case
its unsatisfactory behaviour. Indeed, after almost 0.01
time units the EKF estimate starts up and quickly goes
to in�nity.
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5 Conclusions

Theorem 3.7 de�nes a �nite-dimensional �lter for the
BLSS (1.1), (1.2) which is optimal in a class of poly-
nomial estimates. The considered class includes the
linear estimates, and moreover it de�nes a not decreas-
ing sequence of spaces for increasing polynomial degree.
This implies that the polynomial �lter had to improve
the estimation performance for increasing polynomial

degree. We underline that the proposed �lter is �nite-
dimensional. Of course, it is always possible to ap-
proximate the optimal �lter with an arbitrary approx-
imation degree. However, the more accurate the ap-
proximation level is chosen, the heavier the computa-
tional burden of the algorithm is. The computational
e�ort is prohibitive even for small approximation de-
grees. Moreover, it has no sense, within this approach,
to use a large approximation degree in order to make
really implementable the �ltering algorithm. Counter-
wise, our suboptimal approach allows to get meaning-
ful estimates also for small polynomial degrees, which
does not present diÆcult implementation problems. In
the numerical simulation a second-order BLSS has been
�ltered using the polynomial �lters up to the third de-
gree. The EFK has been also simulated, however its
performance is resulted to be unsatisfactory at all. The
simulation results show that the estimation quality re-
ally improves as polynomial degree grows, and for the
cubic �lter we obtained an improvement valuable over
30% with respect to the linear �lter.
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