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Abstract

A shape design problem for stationary, viscous, incom-
pressible, two-dimensional channel flows is considered.
The shape of part of the boundary is determined so
that the viscous drag is minimized. The adjoint equa-
tion method is used to derive an optimality system and
the shape gradient of the design functional.

1 Introduction

Shape design problems associated with viscous, incom-
pressible flows have wide application. The complete
problem is concerned with questions of existence, regu-
larity of solutions, and differentiability properties. Pre-
vious studies devoted to optimal shape design problems
for the Stokes and Navier-Stokes equations can be found
in [3, 4,5, 7,9, 13, 14, 15, 16, 18]. Some of these deal
with the existence and regularity of solutions but gener-
ally lack a coherent first-order necessary condition and
often the regularity assumed cannot be used in numer-
ical algorithms. Other papers deal with reformulations
of the problem, mainly to simplified situations. Again,
results are far from complete. The embedding domain
technique explored in [17] provides an equivalent formu-
lation of the shape design problem on a fixed domain.
An explicit formula for shape variations for the Navier-
Stokes equation is proposed. We not only recover this
result but extend it in the framework of a more general
Lagrange multiplier technique that can easily take into
account other constraints.
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The main focus is to find an appropriate formulation
of the optimal shape design problem that is attractive
for consistent numerical computations. We consider the
full Navier-Stokes case and recover the first-order nec-
essary conditions. The resulting optimality condition is
a system of equations and variational inequalities which
express the problem in a compact and coherent math-
ematical formulation. Although we deal with a spe-
cific, two-dimensional drag minimization problem, the
approach used here is discussed in general terms and
can be used for many other optimal control problems in-
volving different objective functionals, classes of shape
controls, and more complicated domains. For details
concerning the results of this paper, see [10].

1.1 The model shape control problem

We consider the two-dimensional, incompressible flow
of a viscous fluid through the channel 2 shown in Figure
1. The velocity u and pressure p satisfy the stationary
Navier-Stokes system

—vAi+ (@-V)i+Vp=f inQ (1.1

V-d=0 in Q (1.2)
S §Z 01’11—‘7;,7;:173
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/g-ﬁds —0, (1.4)
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where f is the given body force, v is the inverse of the
Reynolds number whenever appropriate nondimension-
alizations are used, and ¢, and g3 are given velocities
at the inflow I'; and outflow I's. Along the bottom I'y
and top I's of the channel the velocity vanishes. The
set Ty = {7 = (v,2) € R*|z € (a,b),2 = afz)} C Ty
is the shape which is to be determined. We denote the
interval (a,b) by I and the domain © by Q(«).



Figure 1: The flow domain Q(«) and its boundary; I's
denotes the part of the boundary whose shape
is to be determined by toptimization.

We define a set of allowable shapes in the following way.
Let cq, do, c2, and dy be positive constants and z; and
z9 be the location of the controlled surface I', at © = a
and x = b, respectively. Then, the set

{a(z) e CYI) | ¢ <a® <d; fori=0,2,
afa) = 21, a(b) = 29, and oV (a) = oM (b) = 0}

may be a suitable set of allowable shapes, where a(?
denotes the i-th derivative of «.

In order to enforce the regularity of the boundary, we
take a to be the solution of the Poisson equation

d2

“S=qonl, al@==n, ab)=z, (15
where ¢ < q¢ < dy for all x € I is an unknown
function. The other boundary conditions on «, i.e.,
o/(a) = o/(b) = 0, impose constraints on allowable
functions ¢. In fact, if o and ¢ are related by (1.5),
then o/(a) = o/(b) = 0 if and only if

/abq(a:)dxzo, /ab/;q(g)dgdmzzz_zl_ (1.6)

Since ¢ is bounded, we have that o € C1(I) and T is
piecewise ! with convex corners. We note that the
lower bound for «, i.e., a(x) > ¢o Vo € I, is necessary
to avoid the intersection of T's and T'y (see Figure 1)
and that the second derivative bounds are necessary to
assure that the curvature on I', can be computed.

We focus on the minimization of the cost functional

T (U, q,0) =

2 D(ﬁ):D(a’)df+é/q2dx, (1.7)
Q) 2 )

where D(@) = (Vi + (V@)T) is the deformation ten-
sor for the flow @ and [ is a nonnegative constant. For
B = 0, the functional (1.7) represents the rate of en-
ergy dissipation due to deformation and physically, ex-
cept for an additive constant, can be identified with the
viscous drag of the flow.

Formally speaking, the design problem we consider is
to find @, «, and ¢ such that the functional (1.7) is
minimized subject to the Navier-Stokes system (1.1)—
(1.4) and the relations (1.5) and (1.6) being satisfied.

1.2 Notations

Depending on the context, C' and K denote generic
constants whose values also depend on context. We
denote by H*(O), s € IR, the standard Sobolev space
of order s with respect to the set O, which is either
the flow domain 2, or its boundary I', or part of its
boundary. Whenever m is a nonnegative integer, the
inner product over H™(0O) is denoted by (f,g). and
(f,g) denotes the inner product over H°(O) = L?(0).
Hence, we associate with H™(O) its natural norm
1 fllm,0 = /(f, f)m- Whenever possible, we will ne-
glect the domain label in the norm. For vector-valued
functions and spaces, we use boldface notation. For
example, H*(Q) = [H*(2)]™ denotes the space of IR"-
valued functions such that each component belongs to
H*(€2). Of special interest is the space

an

H(Q) = {vj e L2(Q) ’ for € Q) for ji k= 1,2}

equipped with the norm ||7]j; = (Zi:1 ok]|2)1/2. We
define the space

VQ) ={dcHQ)|V-i=0}

and the space of infinite differentiable solenoidal func-
tions by

V(Q) ={@eCFQ) |V -@=0}.

For I'y C T" with nonzero measure, we also consider the
subspace

HL (Q)={deH Q) [7=0 onl,}.

Also, we write H}(Q) = HL(Q). For any v € HY(Q),
we write [[V7] for the seminorm. Let (Hf )* denote
the dual space of H111 Note that (H%)* is a subspace
of H71(Q), where the latter is the dual space of H} ().
The duality pairing between H™1(Q) and H}(Q) is de-
noted by < -,- >.

Let § be an element of HY/2(T). It is well known that
H'/?(T) is a Hilbert space with norm

” _ inf
9k /2.x FEH (Q): yri=
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g

where yr denotes the trace mapping qr : HY(Q2) —

HY2(T"). We let (HY/?(T'))* denote the dual space of

H'/2(I') and < -,- >p denote the duality pairing be-

tween (H'/2(T))* and H'/2(T'). From the definition of

the dual norm, we have

< 8,§>r

”5“71/2,1“ = sup 749
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Let T'y be a smooth subset of I'. Then, the trace
mapping vr, : HY(Q) — HY2(T,) is well defined and
H'/2(T,) = 4, (H'()).

Since the pressure is only determined up to an addi-
tive constant by the Navier-Stokes system with veloc-
ity boundary conditions, we define the space of square
integrable function having zero mean over €2 as

L3@) = (pe 2@ [ pdz=o}.
Q
In order to define a weak form of the Navier-Stokes

equations, we introduce the continuous bilinear and tri-
linear forms

a(t,v) = 2u/ D(@) : D(?) d¥ (1.8)
Q
b(ﬁ,q):f/qv-ﬁdf (1.9)
Q
c(zﬁ;ﬁ,ﬂ):/@'~Vﬁ~f)’df. (1.10)
Q

for all i, 7, € H*(Q) and ¢ € L3().

For details concerning the function spaces we have in-
troduced, one may consult [1, 19] and for details about
the bilinear and trilinear forms and their properties,
one may consult [6, 19].

1.3 The associated boundary value problem
We consider the formulation of the direct problem
for the Navier-Stokes system (1.1)—(1.3) for which the
boundary and all the data functions are known. Let
I'(«) be the boundary which includes the segment I,
(see Figure 1) defined for a given a € H2(I). Given a,
we can compute ¢ by using (1.5).

A weak formulation of the Navier-Stokes system is given
as follows: given f € H 1(Q(a)) and § € HY?(T(a)),
find (@,p) € HY(Q(a)) x L3(Q(cv)) satisfying

,q) =0 (1.11)

¥ (5,q.5) € HY(Q(a) x L3(Q(a)) x HV2(D(a)). Ex-
istence, uniqueness, and regularity results for solutions
of the system (1.11) are contained in the following the-
orem; see, e.g., [6, 16, 19].

Theorem 1 Let Q(a) be an open, bounded set of R?
with Lipschitz-continuous boundary T'(a)). Let f €
H (Q(a)) and § € HY?*(T(«)) and let § satisfy the
compatibility condition (1.4). Then, there exists at least
one solution (@,p) € HY(Q(a)) x L?(Q(«)) of (1.11);
the set of velocity fields that are solutions of (1.11) is

closed in H (2(c)) and is compact in L?(Q(«)); and if
v > VO(Q(a),ﬁg') for some positive vy whose value is
determined by the given data, then the set of solutions
of (1.11) consists of a single element. Now, let T'(c) be
piecewise CY1 with convex corners, § € H3/?(I'(a)),

and f € L2(Q(a)). Let (i@,p) denote a solution of
(1.11). Then, (@, p) € H?*(Q(a))x H(Q(a))NL3(Q())
and the set of solutions of (1.11) is closed in H?(Q(a))
and compact in H*(Q(a)).

2 The shape design problem

We now formulate the model shape design problem. We
define the closed convex set
Qua={acH*(I)| 0<c<a<d
a(a) = 21, ab) = 22, and o/(a) = o/(b) =0 }

and introduce the variable g belonging to the set
Bog = {q € L*(I) | ¢3 < q < dy almost everywhere}

defined by

/ vd:c/d2avdx Vo e LA(I) (2.1)
Iq Jrda? ' '

The constants ¢ and dy are such that the set Qg,q is
not empty. From the Sobolev imbedding theorem, we
have that H2(I) C C*(I) ¢ C%(I) and therefore, if
o € Quq and ¢ € Byg, then a € C'H1 at least.

The shape design problem can then be stated in
the following way: given f € L2(Q(a)) and § €
H3/2(I'(«)) satisfying the compatibility condition (1.4),
find (4, p,q, ) such that

J(t,q,a) < I (u,q, @) (2.2)

for all (u,p,q, @) € H2(Q(a)) x HY(Q(a)) N L3 (2(a)) x
Bag X Qua satisfying (1.11) and (2.1).

The admissible set of states and controls is given by

Aaa = {(@,p,q,0) € H*(Q(a)) N V(2(a))
x H(Q(a)) N LE(Q(a)) X Bag % Qad
such that J (4, q,a) < oo
and (4, p, ¢, ) satisfies (1.11) and (2.1)}.

The existence of optimal solutions for shape design
problem is given by the following result.

Theorem 2 There exists at least one optimal solution
(U,p,q,a) € Aqa of the optimal shape design problem
(2.2).



3 The Lagrange multiplier method

3.1 Preliminaries

We introduce auxiliary variables that allow us to trans-
form the inequality constraints into equalities and then
invoke well-known derivations for equality constrained
minimization problems; see, e.g., [2] or [20]. We begin
by replacing

co<a<dy and c3<q<dy Vxel (3.1)
by

Veel (3.2)
Veel (3.3)

afn—O—sg = 0
lg—ql> —qh +s3 = 0

lov — a)? —

for some sy € L?(I) and sg € H?(I), where ag = (co +
dO)/Qa qo = (CQ + d2)/27 Uy = (dO - CO)/Z and ¢, =
(dg — c2)/2. Clearly, if (3.2)—(3.3) are satisfied, then so
are (3.1). Also, note that if (@, p, ¢, «) is a solution of
the shape design problem, then there exist sg, so such
that a, ¢ and sg, so satisfy (3.2)—(3.3).

We let T'(a) be piecewise C1'! in agreement with the
proposed model problem and § € H3/?(I'(a)) where
fp(a)§'~ﬁd5 =0withg=0onTynNTy, §=4g1 €
HS/Q(Fl) on I'y and g: 53 S H3/2(F3) on I's.

Let By = (H2(Q) n HY(Q)) x (L3(2) N HY(Q)) x
Bag X Qua x H*(I) x L*(I), Bo = H71(Q) x L(Q) x
H'2(I) x HY2(I'(a) —Ty) x L*(I) x H*(I) x L'(I) and
Bz =H 1(Q) x L3(Q) x HY?(I) x HY?(T'(a) — T x
L2(I) x W2Y(I) x LY(I). We equip B, By and B3
with the usual graph norms for the product spaces in-
volved. We define the nonlinear mapping M : B; — Bj
by M(U) = b for U = (U, p,q,a,so,s2) € By and
E: (l_i, lg,l_;,, l_;l,l5, lg, l7) € B3 if and only if

-8ds = I, - 5ds
/r(a)ra ! (3.4)

/
fooe,

Vi€ HV/2(T(a) —Ty)
J

da dv
qum—l—/d—%dm‘—/lkvda:

Vv e H(I

(a—ao)z—afn—&—sg:lﬁ Vel

(q_QO)Q—QZ@-l—S%:H Veel

with a(a) = z1, a(b) = 22, and o’ (a) = o/ (b) = 0. The
set of constraint equations in the optimal shape de-
sign problem can be expressed as M (u, p, q, v, g, $2) =
(0,0,0,0,0,0,0).

Given (41, p1,q1,1) € Aad, we define another nonlin-
ear mappmg Q B; — R x B3 by Q(u,p, q, , so, $2) =
b = (a ll, lg, 13, l4, l5, l@, l7) if and only if

( j(u7Qaa) j(u17q1aa1) > _ < C_L' ) ) (35)
M(aap,qvaasmsQ) b

3.2 Differentiability

These mappings are strictly differentiable, as is shown
in the following lemma. We recall the notion of strict
differentiability (see [20]). Let X and Y denote Banach
spaces, then the mapping ¢ : X — Y is strictly dif-
ferentiable at z € X if there exists a bounded, linear
mapping D from X to Y such that for any € > 0 there

exists a § > 0 such that whenever ||z — z1]|x < § and
|z — z2l|x < 8 for z1, 22 € X, then

lo(r1) — @(x2) — D(21 — 22)[ly < €zt — 22| X -

The strict derivative D at the point x € X, if it exists,
will often be denoted by D = ¢'(x). The value of this
mapping on an element T € X will often be denoted by
¢'(z) - Z. In the next theorem we can identify X = B,
and Y = Bs.

Lemma 1 Let the nonlinear mappings M : By —
B3 and Q — IR x B3 be defined by (3.4)
and (3.5), respectively. Then, these mappings are
strictly differentiable at a point (u,p,q, @, So,S2) €
B, and its strict derivative is given by the bounded

linear operator M'(u,p,q,a,s0,82) @ Bi — Ba,
where M’ (u p,q, &, 50a52) ’ (a ﬁ@a §0782) = Z_) fO?”
(:J ],5’/6,?762 §0782) € Bl and b - (115127l33147l5vl 7l ) S

b(a,z):/ lyzd¥ Vze LA(Q)

Q

/ ﬁ~§d8+/ (ﬁ(a)-ﬁ)(mﬂ)a’.gds
T's T on

Is-§ds v§eH Y(I)
I

u-8ds = / ly-5ds
/I‘(oz)—I‘,1 T'(a)-Tq ! (36)
Vie HY2(T(a) = Ty)

~ da dv -
/qudx+/%de—/ll5vdx
Yo € Hi(I)
20(a —ap) + 25950 =1 Vel

2‘?((1_610)4‘25282:27 Veel

d(a) = a(b) = &' (a) =& (b) =0,

where V(@) = (0,&), « denotes the curvature, and it is
the normal vector to I'y,. Moreover, the strict derivative



of Q at a point U = (4, p,q,q,s0,82) € By is given
by the bounded linear operator Q'(U) : B — IR x By,
where Q'(U)-U = (a,b), for U = (&, p,q, &, 30,52) € Ba
and (a,b) € R x By if and only if

) ; (3.7)

J/(’L_L',CLOZ) ﬁ _
M'(T)-U

J’(ﬁ,q,a)ﬁ:ﬂ/ qqdx
I
ouou ,—~

+y< 5 a—n%(V(a)-n)ds+2/9(a)(Vu-Vu)dx).

>l Ql

where

From (3.6), we note that the regularity of the Gateaux
derivative cannot be the same as the solution of the
Navier-Stokes system. In fact, the boundary conditions
for the Gateaux derivative implies a different degree of
regularity.

Next, we prove some further properties of the deriva-
tives of the mappings M and Q.

Lemma 2 Let (4, p,q, @, o, $2) € By denote a solution
of the optimal control problem. Then we have

i) the operator M'(4, p, q, a, o, $2) has closed range in
BQ,’

it) the operator Q' (4, p, q, o, So, $2) has closed range in
R x By;

iii) the operator Q'(4,p,q,a, o, s2) is not onto IR x
Bs.

The first-order necessary condition follows easily from
the fact that the operator Q' (4, p, q, a, g, $2) is not onto
R x Bo; see, e.g., [8, 11, 12].

Theorem 3 Given (@,p,q,a) € Awa. If U =
(4, p,q,a,80,82) € By is a solution of the optimal
shape design problem, then there exists a monzero La-
grange multiplier (\, W) € R x B%, where W =
(wd, r, g, 1, [, To, T2), satisfying the Euler equations

AT, q,a) - U + <W,M'(z7) . z7> —0

(3.8)

where (-, ) denotes the duality pairing between B and
B;.

3.3 The optimality system

We now examine the first-order necessary condition
(3.8) to derive an optimality system from which op-
timal states and controls may be determined.

Theorem 4 Let (4,p,q,, o, s2) € By denote a solu-
tion of the optimal design problem. Then, if so # 0 and
so # 0, p is the solution of

iy, [ (20050t
/I dx dxdx+y r. (811 on 0On 8n) (3.9)
(V(¢)-f)ds=0 V(e Hi(I)

/(u+ﬂq)vdaz:o Yo € L*(I) (3.10)
I

for all a € H*(I) with a(a) = 21, a(b) = 23, and
a'(a) = o/ (b) = 0, where (10, r) € H(Q(a)) x L3(2(a))
satisfies the adjoint problem

va(w,v) + ¢(v; d, W) + c(u; 0, W) + b(v,r) =

—2u Vi -VodE VieH\(Qa
Q(a) o({4(@)) (3.11)

If so = 0 we have o = ¢y or a = dy. If s5 =0 we have
q = ¢ or q = dy which gives « through (2.1) and the
appropriate boundary conditions.

As a consequence of the optimality system we have to
solve

—2v Vii-Vodz Vi e Hy(Qa
Q(a) o)) (3.13)
b(w,r) =0 VYrec LE(Qa))

w=0 on TI(a)

by, [ (2000 0n0w
/I dz dz do +v r. (8n on On 8n) (3.14)
(V(¢)-i)ds =0 V(e Hg(I)
do dv

— | — —dx = Hy(I) (3.1
i d:rdx /quda: Vv e Hy(I) (3.15)

/I(ﬁq+u)(a— q) >0 (3.16)

with a(a) = zp and a(a) = z; and for all @ € Q.4 and
for all ¢ € Buq.

3.4 The shape gradient
The numerical solution of the coupled system (3.12)-
(3.16) of variational equations and inequalities is



formidable. In practice, one does not solve the sys-
tem simultaneously, instead, one invokes an iteration
such that at each step the method requires the sequen-
tial solution of the Navier-Stokes system (3.12) and the
adjoint system in (3.13). The solution of the two Pois-
son equations (3.15) and (3.16) is not very expensive
but care should be taken to check that the shape func-
tion « is in C,q. The iteration is often implemented so
that at each step a guess for the boundary shape I, is
made, after which the state system (3.12) can be solved
and the design functional evaluated. To determine the
new iterate for the boundary shape, a gradient or quasi-
Newton method can be used. Efficient implementations
of such methods usually require knowledge of the shape
gradient, i.e., the gradient of the functional with respect
to changes in the boundary shape.

For any candidate optimizer (,p,q,«) satisfying the
state system (3.12), the shape gradient is given in terms
of the adjoint variables by

gy [ A
j(ua(La)(w?/LaC)_/Idm dl’dl’

. S (3.17)
+V/Fa (8u8u 8u8w)(‘7(o_ﬁ)d8.

ndn  dndn

The vector 17(0 is simply (0, (), 7 is the unit normal
to I'y and the adjoint variables w and p are determined
from (3.13) and p + B¢ = 0, respectively. The shape
gradient can be computed for multiple directions ¢ with
a single linear adjoint system solution. On the other
hand, if sensitivity equations are used, one must solve
a linear sensitivity system for each distinct direction (.
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