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Abstract

This paper deals with the modeling and the mathematical
analysis of problems involving a rectangular container. The
container is controlled via a longitudinal acceleration in or-

der to move it from one location to another, and the key
problem is the suppression of sloshing during transportation.
Practical control problems involving this system have been
studied, from a numerical and experimental point of view.

For these aspects we refer to [8], where the mathematical z
analysis is not deep enough for the study of controllability

or stabilization problems. Here we develop a suitable theo-

retical framework which is similar to the one we have used

in [6], since the physical system is the same, but with differ-

ent input and output operators. This framework allows us to

show that approximate controllability in finite time does not

hold. We also study the stability of the system when the ele- pressurd®(x, y, t) is related to the velocity potentiai by the
vation of the surface is measured at the right end of the con- gernoulli condition :

tainer, and a static negative acceleration feedback is used.

We show that strong stability holds (but with a non-uniform P n }WWZ bt gon+ U = Pa . g

decay), although the perturbation caused by the feedback on 2 ’ ’

the system operator is not dissipative in the natural topology.

Figure 1: Definition of domaint2

wherep is the (constant) volumic masgg is the accelera-
tion of gravity andP, the atmospheric pressure (supposed
to be constant). The potentid is such that the volumic

1 Model of the container acceleration applied are given bya = VU. Since the ac-

celeration only occurs in thedirection we have

We consider the rectangular container on figure 1. The con-
tainer can be controlled my means of a longitudinal acceler- Uy, t) = (x+cjut),
ation in thex direction. It is supposed to be wide enough to
consider that the motion of the fluid does not depend on the
variablez. This allows to use a bidimensional model, where
the domain2 is the rectanglé—5, 5] x [0, h], represented
on figure 1. The boundary = I's U I'y, is represented by
Is={(x,h) | — 5 < x < 5}, the free surface anidy, the
bottom, left end and right end of the container. The fluid is
supposed to be perfect, incompressible and irrotational. Let
\7(x, y, t) be the velocity field at timé From the hypothesis
curlV = 0, there exists a potentigi defined by

whereu is the amplitude of the acceleration of the container
andc is some arbitrary constant.

If we express the continuity of the pressure across the free

surface then the Bernoulli condition takes the following
form:

1 — .
§| V > + 4 +gon + (X+c)u=0, onTs,

Once linearized under the hypothesis of small fluid motion,

\7(x, y,t) = €¢(x7 y, t). this condition takes the form
We now study the boundary conditions BhThe boundary W+ gon + (X+cu=0, onTs. Q)
condition onl's is a dynamic condition. Let us caj(x, t) the _ . - .
elevation of a poinM(x, h) of I's with respect to its equilib- The kinematic condition, which expresses the fact that the

rium position. From the hypothesis we have made the static Vertical component of the velocity of a fluid partidié(x, h)
IEquipe de Matematiques Appligées, Tepartement de &hie of the free surface is equal to the time derivative;@f, t),
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COMPIEGNE CEDEX, FRANCE (stephane.mottelet@utc.fr) 1 = Onp, onTs. (2)




The normal velocity of the fluid is zero on boundary: if
one callsi the outer normal td,, we have

Onp= V ¥.A =0, onTy, €)

Finally, a straightforward analysis shows that the value
0 is physically compatible with the incompressibility of the
fluid, and we obtain the following equations:

Ay = 0inQ x [0,7], 4)

n—0np = 0onTsx [0,7], (5)

Y +don+xu = 0onlsx [0,7], (6)
oy = 0onTy x[0,7],, @)

As we will see in the sequel, we only need to specify initial
conditions orl’'s

¥(0) = ¢0,1(0) = no, onTs. (8)

2 Mathematical analysis

To simplify the notations in the sequel and without loss of
generality, we will takego = 1,L = 7w andh = 1.

Let D denote the “Dirichlet map” i.e. the continuous map D
: HY/2(Ts) — HY(Q) defined by Ip = ® where

A® = 0, in,
(I) - ©, on FS7 (9)
ohd® = 0, only.

If we definey = [, then the original problem can be
transformed in two coupled one dimensional problems on
FS!

¢+n = —xu, onTsx[0,7]
n—Ap = 0, onTs x [0, 7],
10
20) = o (10)
n(0) = o,
where the operatod is defined by
Ap = 8nD$0|1“s- (11)

Itis easy to see that this abstract formulation is related to the
original equations by = D¢.

2.1 Regularity results

The application of elementary theorems for elliptic prob-
lems allows to claim tha# is a linear unbounded operator
in H=/2(T"s) with domainH/?(T's). If we apply the results
of Grisvard (see [4]), forp € H3/2(I's) and the additional
compatibility conditions

™ ™
X V22— x) € L2(T), (5 +X)7Y2/(x) € L2(Ts),

we have p € H2(Q) (we will note this spacély’(Ts)).
Thus we can consided as a linear unbounded operator in
H/2(T's) with domainHZ/3(T's). Results of interpolation

theory (see [5]) allow to finally obtain the following result:

Theorem 2.1 The operatorA is a linear unbounded oper-
ator in L?(T's) with domain H(T's).

2.2 Reduction of the state-space

If we consider zero initial data and apply a contwin a
time interval[0, 7], we can see formally that the functions
»(t) andn(t) will be odd functions, and this will be also the
case if we consider odd initial data. Hence, in the following,
we will consider the Hilbert space

H={p e LTy, podd} = [Ary),
and the domain of operatot
D(A) = {(p € HY(T), ¢ odd} = AY(Ty).

We obtain the following results o by classical operator
theory and interpolation theory (see [6] for a detailed proof):

Proposition 2.1 The operatorA : D(A) ¢ H — H is
strictly positive, self-adjoint, andRI +.4) = H for A > 0.

This result ensures that the operatdt/? is also well-
defined and we have

D(AY?) = [D(A),H]y/2 = AY#(T).

Unfortunately we don’t have an explicit representation of
A2 but we have forp andw in HY/2(T's)

(Ap, W>|q—1/2,p|1/2 = <«41/2<P7 A1/2W> = / VDp.VDw.
Q

2.3 Spectral analysis

The eigenvalues and associated eigenfunctionglof.e.
the functionswi(x) € D(.A) and the numbergg such that
Awg = AW, for k > 0 integer, are obtained by solving the
Steklovproblem

AW = O inQ,
oWk = MWk onT, (12)
oWk = 0 on Fw,

wherewy = Wi|... One easily obtains by separation of
variables the following form fowV :

Wi = accosh kycosk(x+ 7),

wherea is an arbitrary constant. Since only odd valuek of
correspond to eigenpairs because of the choid2(gf), we
can choose

Wi(x) =sin(2k — 1)x, xe [-5, 5], k=1,2,...

and the eigenvaluek are given by

A= (2k— 1) tanh(2k — 1), k=1,2,. ..



2.4 Formulation as a first order system
We adopt the following abstract formulation of the original
system : )
{ 3
£(0)
The variabl€ is related to the original variablesandr in
(10) by¢ = (p,n) and the state spaceis the following :

A¢ + Bu,

&o € X (13)

X =D(AY?) x H = AY2(1g) x [2(Ts).  (14)
The operatord\, B are defined as follows :
AL = (_£2a~/4§l)> Bu= (_X u, 0)7 (15)
and the domain oA\ is given by
D(A) = D(A) x D(AY?) = AY(T's) x AY%(Ts).  (16)

We define the inner product X by

(€, Ox /VD£1 VDG + 625.

We adopt the notatiofj.||x for the associated norm, which
is defined by

l1€1I% (€, &)y

This norm is equal, up to the constaéqtto the natural en-
ergy, in terms of the original potentid,

_1 2 1 2
=3 | IvvE+5 [ w?

which is equal to the sum of kinetic and potential energies
of the fluid, since we have = D¢;.

2.5 Spectral analysis and semigroup generation
One can show that the eigenpafys, ¢k )kez+ Of operator
A are given byux = iwg, wherewy = /X for k > 0,

wk = —+y/A_xfork <0, and

1,1 .
ok = ﬁ(ukwk,wk), fork e Z*.
The family ¢k can be shown to be an orthonormal basiX of
with ||¢k|lx = 1. This means tha is a Riesz-spectral op-
erator (for a complete theory of Riesz-spectral systems see
[3]) and this property immediately gives the the following
result (see [3], Theorem 2.3.5) :

Proposition 2.2 The operator A is the infinitesimal genera-
tor of a strongly continuous semigroup of contractior($)T
on X= HY2(Ts) x L*(I's), given by the formula

£= 3 e, gy die

kezZ*

3 Controllability problems
Let us first recall some definitions:

Definition 3.1 The controllability map of system (13) on
[0,7] (for a finite 7 > 0) is the bounded map.
L2(0,7;U) — X defined by

Hou= /T T(r —s)Bu(s)ds
0

The concept of approximate controllability is defined in the
following way :

Definition 3.2 The system (13) is approximately control-
lable on[0, 7] (for a finiter > 0) if for £ > 0, it is possible
to steer from the origin at a distaneefrom all elements of
X in a finite timer, say

RanH, = X. a7

To show (17) one usually tries to show tlkit is one to one
([3], Theorem 4.1.7) :

B*T(t)*¢ = 0on[0,7] = £ = 0. (18)

3.1 Lack of approximate controllability on [0, 7]
The following lemma is crucial in the proof of our main re-
sult:

Lemma 3.1 For anyr > 0, the systen{e‘”kt}kez* is com-

plete and linked in £(0, 7). Moreover, for anyr > 0, there
exists a subse§, C Z* such that{e'“’kt}kes is a Riesz

basis of (0, 7).

We recall that the terminology “linked system” means that
every element of the system is in the closed subspace
spanned by the other elements.

Proof: The proof is rather technical and relies mainly on
Kadec%—Theorem (see [9]) and results of Schwartz (see [7]).
The detailed proof of a similar result is givenin [6]. m

As announced above, we have the following negative result:

Theorem 3.1 The system (13) is not approximately control-
lable on|0, 7], for anyT > O.

Proof: We have foik > 0
k+l

<¢k(xox—2'\ﬁ 2k 12’

B¢k = (19)

and there exists a constadt> 0 such that

B o] - C



ask — oo, sincewx = /X is equivalent to(2k — 1)%.
Moreover, we have shown in Lemma 3.1 that the system
{e“!) s is a Riesz basis df?(0,7) and the seZ*\S;
is not finite. Hence we can apply a result of Avdonin
and lvanov (see [1], Theorem I1.6.6, page 141) to claim
that there exists a nonzero sequedeg}kcz+ such that
S kez- lad?lwil® < oo and

> a@“< = 0, in L0, ).

kezZ*
Hence, if we consider the vectédefined by

ax
= k>
§= D Bgt

kez*

we havet € X since the series

STe ol =

kez* kez*

ax 2

B* ok

is convergent. Finally, we have by construction

BT ()¢ = > B¢l i) €¥,
kez*
= > ad“ =0, inL20,7).
kez*
This ends the proof. ]

3.2 Generic approximate controllability

One can define a generic concept of approximate controlla-
bility on [0, c0). This is the concept used by R. Curtain and
H. Zwart [3]. Its definition is the following one :

Definition 3.3 Let us callR the reachable subspace

R= |J Rann".
reRT

The system is approximately controllable [@nco) if R =
X.m

As for the case where the controllability time is finite, this
type of approximate controllability corresponds to an ob-
servability property on the dual system, i.e. approximate
controllability on[0, co) will hold if

B*T*(t)¢ = 0,¥t > 0= ¢ = 0. (20)

Since we have shown thatis a Riesz-Spectral operator, we
can use Theorem 4.2.3 in [3] which claims that (20) will
hold if

B ¢k # 0, Vk e Z*,

wheregy, k € Z are the eigenfunctions of operatér The
following result follows directly from (19):

Proposition 3.1 The system (13) is approximately control-
lable on|0, o).

4 Stabilization

As in the previous sections, we tage=1,L = 7, h =1,
and we consider the first order formulation (13).

It makes sense to measure the time derivative of the eleva-
tion of the surface) = &, atx = 7. We use an approxima-
tion of this pointwise measurement by defining the observa-
tion operatolC. such that

w = Ce0 =1 7 Gxya

e
2

12
= Ix Ag1(x, t) dx
E—E

wheree > 0 is arbitrary small. This kind of observation
requires enough regularity f@g on I's, this point will be
clarified in section 4.1.

We also modify the original input operatBr. for u € R we
defineB.u asB.u = (—f.(x)u, 0), where

X, |f
2y TN\2
{ R

We thus have a modified version of the original system

£(t) = AL(H) + Beu(t),
together with the observatiorit) = C.£(t).

0<x —¢

IN
X NI

fe(%)

IN
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In the following we will study the system that is obtained
wheny(t) is fed back to the control with a negative sign, i.e.
whenu(t) = —y(t). The obtained closed loop system is the
following

(1) = AsE(1),
whereAr = A— B.C..

(21)

Remark 4.1 We can see that whehis regular enough, we
have,
Cl{ = CE= Al

X:§’

ase — 0. Moreover B is arbitrary close to the original B,
since f(x) — xin L?(T's), ase — 0. But if we consider the
limit of these two operators (i.e. take= 0) then the sys-
tem (21) is not well-posed for regularity reasons (a similar
problem is addressed in [6]). Anyway, the modification of C
can be seen as a “realistic” interpretation of the idealized
pointwise measurement. As far asiB concerned, we can
see that we havé (%) = f/(—-3) = 0, this can be seenas a
(very simple) modeling of the boundary layer.

4.1 Ad hoc energy
Thead hocenergy we propose is based on the bilinear form

F6O =D (€, dx (€, d)xo

kez*

(22)



where the bar denotes the complex conjugatelenotes the
kth eigenfunction ofA, and

Ce¢k

Brox

Straightforward computations give far> 0
B:¢k = <¢ka (7f8a0)>X7

o (—1)**1sin(2k — 1)e
= 2V c/r2k—17

d =

(23)

and k+1
sin(2k — 1
C ¢k - I\/_ 2k( 1) ) 9

K= %(Zk— 1)?, fork > 0.

which givesdx = d_

Remark 4.2 The bilinear form K¢, () is a re-weighted
form of the classical inner product associated with the open-

loop systeng = A¢, i.e.

€ Ox = D& dx (s dxe

kez*

The positivity ofdg allows to claim that the bilinear form
F(.,.) defines a scalar product and

&= (€ dxl

kez*

(24)

can be used as a norm defined on the associated energy

space, which is to be identified.

Proposition 4.1 The energy space defined by the conver-
gence of the series in (24) is equal to

Xe = A%/?(T's) x AY(Is).

Proof: If we use the expression of the eigenfunctiong\of
we have
F(&,€) = de<>\k| (&1, wi) |2 +|<§27Wk>\)7

k>0
(25)
and since we can easily show that

dy 1

lim — = =
koo N2
the series (25) is equivalent to the series
2
=Y e W) P+ 0 (g2 ) [
k>0

Thus (25) is convergent § € D(A%2) x D(A), and we
have

D(A¥?) = {p € D(A), Ap € D(AY?)| = 2T

Proposition 4.2 The domain of Ais
D(Ar) = HE(Ts)
where the space HI's) is defined by

x AY2(Ts),

Fars) = {o e AATY), ¢'(-3) = ¥'(3) =0} .

Proof: The domain ofAs is by definition

D(Ar) {£eXr, AR € X},
D(A?) x D(A%?),

whereD(A?) = {¢ € D(A), Ap € D(A)}. We can iden-
tify D(.A%) by making the following analysis : we will have
@ € D(A?) if

D> X (e W) 2 < oo (26)

k>0

It is well known that the operato#& in H = L2(T's) with

the boundary conditiong’(—-%) = ¢'(5) = 0, has the
eigenpairg (2k — 1)2, wi), fork > 0. Since\} is equivalent

to (2k—1)#, we can claim that the series in (26) is convergent
if ¢ is in the domain of this latter operator, which is exactly
HE(Ts). -

Hence, in the following, the spac& will be endowed with
the norm

I€IE = F(&,9),

whereF(.,.) is defined by (22), and faf, ¢ € Xg, the asso-
ciated inner product will be

<£a C>F = F(&aC)v

and the superscrigt will denote adjoint operators with re-
spectto(., .)g.

The main result of this section relies on the following
lemma:
Lemma 4.1 The operators Band C. verify
B =C.,
where B is the adjoint operator of B with respect to the

inner product(., .)r.

Proof: For{ € Xr we haveBi¢ = (£, b.)p, with b, =
(—f(x),0). But we have also

€. b = D de(&, o) (b, o),
kez*
Ce Pk T
= <€7 ¢k> <be , ¢k>a
kezz:* <¢k7 b€>

> Coor (€, dk) =

kez*

=3



where we have used the fact tt , ¢x) = (ok, be). m

The situation wher®;} = C. is often denoted by “colloca-
tion” of the sensor and the actuator. It is interesting to see

5 Numerical results

An interactive real-time simulation, illustrating the benefits
of the feedback in terms of sloshing reduction, can be found

that the change of inner product has revealed a rather favor- atthe URL

able situation, which was hidden in the original topology.

4.2 Strong stability

We note that the result given by Lemma 4.1 shows @hat
bounded for the topology ofr, although this operator was
unbounded in the “natural” topology. We will use this fact
in the proof of our main result :

Theorem 4.1 Suppose that is such that Boyx # 0, Vk €
Z*. Then, the system
ArE, 1> 0,

{ 3
£(0) €0,
with an initial data&g in Xg, is strongly stable, i.e.

lime— o [[€(t)[[F = O,

moreover, the decay rate §§(t)||z cannot be uniform.

(27)

Proof: We first recall thale = A — B.C. = A— B.B},
and we can easily show that = —A for the inner product
(., .)p. Hence we have fof € D(Ar)

Re <AF£7 £>F Re <A£a €>F - <B€B:£a £>F7
7‘825‘2 S Oa

so thatA — B.B; is dissipative. We then apply the result
given in [2] : if A generates a contraction semigroupn
and has a compact resolvent, thén- B.B! generates a
strongly stable semigroup provided that the fg#irB.) is
approximately controllable in the sense of definition 4.14,
i.e.Bigk # 0,Vk € Z*.

The operatoA — Al is maximal inXg for A > 0 (this is

a consequence of proposition 2.1 together with the defini-
tion of D(.A%)). Hence, the resolverfil — A~ : Xg —
D(Ag) is bounded. Itis also compact, since the injection of
D(AF) = D(A?) x D(A¥?) into X¢ = D(A%*?) x D(A)

can be easily shown to be compact. Tugenerates a con-
traction semigroup ieXg and has a compact resolveni{p.

Finally, the decay rate cannot be uniform siB:®? is com-
pactinXg (bounded and one dimensional range in our case).
|

Remark 4.3 The approach we have used to show the sta-
bility result cannot be applied if we take= 0. In this case

the perturbation operator BC is not A-bounded in the natu-
ral topology. This may suggest that uniform stability could
eventually hold, but in this case, even the well-posedness of
the feedback system seems not to be a trivial issue.

http://www.dma.utc.fr/"mottelet/CDC2000
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