Equilibrium conditions for nonlocal problems.
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Abstract

This paper is concerned with the obtainment of gener-
alized optimality conditions for a kind of nonlocal vari-
ational problems.

1 Introduction

This paper is devoted to the obtainment of generalized
equilibrium conditions for the 1-dimensional scalar vari-
ational principle

inf {J(u) :ue A}, (1)
where

J(u) = W (u' (1), v (22)) dy daa, (2)

IxI

A= {u EWWP (1) u—ug € WEP (1)} (3)
I is an open interval in R and ug € W1P(I) such that
J(ug) < oo.

It is well known that the existence of solutions is
strongly related to the weak lower semicontinuity of the
functional (2). For the problem above this property is
equivalent to a sort of inequalities of nonlocal nature:
the energy density W must satisfy

2n
)\21 1+)\21 )\23 1+)\2]
W (i, A\j) >4
SOz Y (et
4,j=1 i,j=1
(4)

Aon, € R (see

for any n € N and any choice A, Ao, ...,

[14]).

Unfortunately inequalities like (4) are complicated to
check and that makes the analysis of existence too dif-
ficult. Moreover, this kind of problems is different if
we compare it to the relaxation of nonconvex classical
variational problems where we can substitute the orig-
inal problem by its convexified version. The nonlocal
nature of problems like (1)-(3) seems to block this ap-
proach.

Notice we restrict our attention to the homogeneous
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problem, W = W (u'(x1),u (z2)). The general case
W = W (21, z2,% (x1) ,u' (22)) is briefly discussed in
Section 5.

Our approach to the problem is not new (cf. Young [22],
McShane [12]). In order to study the original problem
(1)-(3) we shall consider its relaxation in terms of the
Young measures, generated by sequences of gradients
of admissible functions. We shall call it the generalized
problem (see (10)-(12)). Its analysis on problems with-
out the weak lower semicontinuity property can be used
to anticipate the oscillatory behavior of minimizing se-
quences. Also, the existence of solutions to the original
problem (1)-(3) can be dealt once the generalized prob-
lem is solved.

The contribution of this work is to provide a tool to
study the generalized problem. We mainly concentrate
on the obtainment of necessary conditions of optimal-
ity for this principle. We get generalized equilibrium
conditions (Theorems 4 and 5). They are established
by making variations on the Young measures and are
only useful when we are dealing with the homogeneous
problem (i.e. when W depends only on the gradients).
In that case they enable us to solve and describe the
optimal structure in some examples. It also helps us to
understand the appearance of microstructure and its
dependence on the imposed boundary conditions.

Some basic references on Optimization and Relaxation
are [6], [7], [9], [15], [18] and [?]. About Variational
Calculus using Young measures [11], [13]-[16], [20] and
[?] can be looked at. The analysis of principles similar

to (1)-(3) can be found in [1], [8], [14] or [17].

The paper is organized as follows: in Section 2 we revise
some preliminaries and tools. Section 3 is devoted to
the variational analysis and the equilibrium conditions.
In Section 4 we apply those conditions exploring one
example, already proposed in [14]. In the final section
we talk about the limitations of our method for the
nonhomogeneous problem.

2 Some preliminaries and tools

Consider the optimization problem (1)-(3). We assume
the density energy W : R x R — R is smooth and



satisfies the bounds

c(|Af + 45" —1) < W (A1, A4s), (5)
WA, 42) < C(A+ |4 +1), (6)
ow _ _
‘J(Al,Ag) < O<|A1|p U Al 1+1)7,)
PwW _ _
‘W(Al,Ag) < O(JAP 2+ Al P+ 1)8)

t=1,2,2 < p<oo,0<c< C. For simplicity we
assume I = (0,1) and wo(z) = vz, v € R, so that
(1)-(3) can be written in a simpler way:

inf{ W (' (1), (22)) dvydog - w € WHP(T),
IxI

with (0) = 0 and u(1) = 7} .
(9)

As we have mentioned, the lack of weak lower semicon-
tinuity property or the difficulties to check it induces
us to consider the following problem:

inf {J(v) : v € A}, (10)

where

Tv) = / W (s Aa) dive, (A1) dvs, (Vo) darydvs,
IXxI JRXR
(11)

and A is the set of Young measures v = {v,;},.; such
that

/I/R|)\|pdym()\)dx<oo, /I/R)\dl/z()\)dx:'y.

(12)

Here, we follow [14] from which we stress the follow-
ing results. First, Theorem 1 characterizes the Young
measures generated by weakly convergent sequences of
the form {(v' (z1),4 (x2))} (this result can also be di-
rectly deduced using denseness results of Dirac Young
measures (cf. [20], [2])). By using Theorem 1 we can
easily prove the second result, Theorem 2, which guar-
antees that under the preceding hypotheses, (10)-(12)
is a generalized version of (9).

Theorem 1 A, ;,) is the Young measure generated

by {(uj(x1),uj(22))}, {u; (x)} a bounded sequence in
WP (1), if and only if

A(1'171'2) = V-Tl ® Vﬂfz

// AP dvy (V) da < oo,
IJR

and

where v = {I/I}IGI is the Young measure generated by

{uj(@)}-

Theorem 2 Under (5) there exists v € A such that

m=J(w)=inf{J(v):veA}, (13)

where m is the infimum given in (1).

Regarding Theorem 1 and the fundamental theorem of
Young measures ([4], [15], [18]), we have the represen-
tation

1imj%o/ P (u; (1),
IxI

u; (.’L’g)) dr1dzy

- / ¥ (s Aa) dig, (M) dva, (o) da1das
IXxI JRXR

where v = {I/(Ih is the Young measure

z2) }(ml,mg)elx I
generated by the sequence of pairs {(u; (z1),u} (:cg))} ,
provided 1 is continuous and {w (u; (z1),u} (xg))} con-
verges weakly in L! (I x I). Besides, Theorem 2 guar-
antees at least the existence of a minimizer v € A for
the generalized functional J. Thus, for any minimizing
sequence {w;} C A there is a Young measure v € A
such that m = J (v) = lim;_, o0 J(w;).

Let us now consider: v, a homogeneous Young mea-
sure in A, {u; (z)}, a sequence in A such that {u; (x)}
generates v, and {¢; (z)}, a bounded sequence in
WyP(I) generating a homogeneous Young measure.
Let it = {tp},.; be the Young measure generated by
the sequence of pairs {(u; () 0] (x))} Notice that
{(u; () 0] (x))} does not necessarily generate a ho-
mogeneous Young measure even if each one of its com-
ponents does.

Under the above circumstances, for any = € I and any
(A1, A2) € supp i, we have

Haz ()‘17)\2) :Mz()‘2|)‘1)®y()‘1)7 (14)

where g, (-| A1) is a probability measure for any A\; €
supp v and the map

Aﬁ/Rf(Al,Ag)dum(Agm)

is v—measurable, provided f is integrable with respect

to g (see [10], [19]).



The decomposition (14)! implies

/ £ A0) dite (A1, )
RxR

-/ ( /| f(Al,A2>duz<A2|A1>) v ().

We also need the following result:

Proposition 3 [16]
(i) If H is continuous and is assumed to verify |H(A\)| <

O<|A|p*1+1),p> 1,C >0, and

/H()\)T()\)dy()\l)zo

for any v—measurable function Y such that

/RT()\)dy()\)zo and /R|T()\)|pd1/()\)<oo
(15)

then
HO\) = /RH()\) dv (V)

for any X\ € supp v.
(i) If G is continuous and wverifies |G(N)| <
O<|A|p*2+1),p>2, C>0 and

/G()\)F()\)dy()\)zo

for any v—measurable and positive function I' such that

/R (0 )2 dv (\) < oo, (16)
then
G\ >0

for any X\ € supp v.

3 Generalized equilibrium conditions

We study the generalized version of the optimization
principle (9) under the hypotheses (5)-(8). The gen-
eralized version of (9) is the minimization of the func-
tional

Jv) = / W (A1, A2) dvg, (A1) dvg, (N2) daydas,
IxI JRXR
(17)

1In Young measure theory this is usually written as
pz (dA1,dX2) = pax (dX2] A1) ® v (dA1), which distinguishes pa-
rameters from integration variable

with A as the set of admissibility. The independence
on the x; permits us to simplify the problem. We can
restrict A to the subset composed by its homogeneous
members. To be more precise, given v = {v,}, ., € A
we can consider its homogenization 7, also a probability
measure in A, such that J(v) = J(7). The proof of
this statement is easy: recall that 7 is defined via the
formula

<Ex>=]{ /R x (\) dvy (M) dx,

for any continuous function y 2, and consequently

/R NT () = 7. (18)
Then

Tw) = /1 /R L (0\2) dva, (o) das,

where

L) = /I[/RW()\l,)\g)dl/zl ()| day
- /(?,W(~,)\2))dx1

I

_ /I/RW()\l,)\g)dﬁ()\l)dxl.

In the same way we have

/1 /R L (\) dva, (\2) daz
_ /I/RL()\Q)CZE()\g)dxg

_ / W O\ o) d (\) 47 (\s) dayday
IxI JR2

J(v) =

= J(@).

We analyze (17) assuming that the elements compet-
ing in the principle are only the homogeneous Young
measures v of A such that [; Adv (\) = . We denote
this set of admissibility by jz Let the framework be
the one introduced before Theorem ?77. We consider
the gradients w} (x) = uj (x) + 19} (x) , where {u} ()}
generates the homogeneous Young measure v, a mini-
mizer of the general principle (17). If we take {wj’} and

consider p!, its homogeneous Young measure in jz, we
set for ¢ € R the function

RO =T () = [ W (ar,a0) du' () die* (a2)

RxR

2That is the definition for the homogenization of a Young
measure; however the average does not affect the integral because

1] = 1.



Consequently h (t) coincides with the expression

/ / W (S1,92) d(Va, (A\1,61) @ Ve, (N2, 82)) dvydas,
IxI JR2xR?2

where t € R, S; = \; +t6; and v = {v,, (N, 51')};1:7;61 is
the Young measure generated by the sequences of pairs

{(uf (i) 0 (22)) } i = 1,2,

The function & has a minimum for £ = 0. By the

smoothness assumptions on W we have the classical
equilibrium conditions: A'(0) = 0 and A”(0) > 0.
Henceforth the point is to express these conditions in a
more transparent way.

By (14) we have the decomposition

Vi (Ai, 6) =

We define the homogenized Young measure of v by

][/ (N, 6) dyg, (Mg, 6;) da.
R2

/R X dv () =, x (),

Vi (6l M) @ v (Ni) - (19)

&, x (Aiy 6:))

which implies that v is the canonical projection onto R

of ¥ (v(F) =7 (F x R)). Now, defining 7 (] A;) via

the formula

(x continuous), and using 19) we see

/[][/ (M, 8) dye, (8] 2)] v (0)

/RZX()\i,(Si)d(T((SiMi) Ov(\)).

(6 N), ) Vo, (6] A day

<77 X ()‘i7 5l)>

Therefore

7 (Ai, 6) =7 (6] \i) © v (M) (20)

and consequently i can be read as

h(t)

Joo W (8152 47 (8) 07 ().

We should take only into account that A'(t) = 0 ((7)

and (8) permit us the interchange of derivation and

integration, see [5] p. 215) and use (20) to arrive at
AW (A1, A2)

fe 10

OW (A1, A
+ ( 1, 2)
942

0 = T()q)-l-

T ()\2)} dv (A1) dv (A2),

and by changing variables we get
0= / HOW)Y (M) dv ()

where

()\2,)\1)} dv (Ag).

‘We observe fR
equality [o |T (A

ydv (\;) = 0, and by Jensen’s in-
)| dl/( Aj) < oo.

Reciprocally, for any field T fulfilling (15), we can find a
sequence {( (1) 0] (xl))} , where {u; (x)}generates
vand {¢; (x )} is a bounded sequence in Wy * (1), such
that its Young measure can be written as

p(A6) =p (81N ov (N

and [ 6dp (8 X) =T (see [14] and [15] for a complete
discussion). Therefore, we can now use Proposition 3
(1) to state the following result.

Theorem 4 Under the above circumstances

supp ¥ C{Ae R : H(A) = [ H(A)dv(\)}.

Now, our investigation is concerned with the condition
R"(0) > 0. According to this inequality and by some
simple computations we have

PwW W

o< [ {aAQ (a2 T () + S
62

2—

oA 04,

(A, 20) T (Ag) +

(A, 2) T (AT ()\2)} dv (Ay) dv (A2),
where
T (\) = /R 827 (6:] M)

By Jensen’s inequality and changing the variables we
have



Obviously T'(A;) > 0 and again by Jensen’s inequal-
ity (p > 2) [T (A |p/2 dv (\;) < co. As before, given
any positive I' verlfylng (16), we can built a sequence
of pairs whose Young measure is written in the form
(A, 6) = (8] N) ®r (M) and such that the second mo-
ment [p 62dp (6] A) coincides with I'. So, by Proposi-
tion 3 (i1) G (A1) > O for any A1 € supp v, where

62
G()q) = / {6A2 ()\1,)\2)
32 2W
aA2 (A2, 1) + OA,0A,

62
—'—M ()\27 )\1)} dl/ ()\2) .

()‘17 )‘2)

Theorem 5

supp ¥ C{ e R : G (\) > 0}.

4 One example

We show how Theorems 4 and 5 may be applied to
solve the generalized problem and to decide about the
existence of solutions to the original problem (9), in
some simple situations.

Let us take

W (A, de) = (2423 —1)°

and suppose v is a minimizer for (17). The equilibrium
condition of Theorem 4 gives in this case the identity

Ja o {80 (A + A8 = 1)} dv (z) dv (M)

(21)
= [ I8 (M + 23— 1) dv ()

for any A\; € suppv. That is This fact shows that at
most there exists three different mass points for v; let us
denote them by 7,7 and 73, and suppose v=oqb, +
a26., + a3dy,, where oy € [0,1], ZZ Lo = 1. If we
write (21) in terms of the moments for v, we obtain

'yj?’ + (ma — 1)y; = ms +mq (me — 1), (22)

where myp = Z?:1 ozj'yjk, k = 1,2,3. We supply the
above identity with the constraint « (z) = -z on 8(0, 1)
(see (18)), thus my = v or

3
> ey = (23)
=1

finally, we arrive at a system of equations whose un-
knowns are 7, vz, 3, &1 and ag. Moreover, by Theo-
rem 5 we have for any v;, j = 1,2, 3, the constraints

Y () =397 +2m1y; +mg — 1 > 0. (24)

Notice that the information about minimizing measures
has been reduced to the study of the nonlinear system
(22)-(23) with the constraints (24). We get

R-1. Ify € {—g, g} we obtain

(i) v = 6., with ¢ € [—@, @] :
(i) v=dbys +(1—d)§ 5, and
(i) v = do_y + (1 - d)dy.

i
2

R-2. If v > g or v < —g we have v = §., where

c> \/_ orc< — \/_ respectively.

In the range R-1 the unique solution is v =

17\/_5

6 %5—0—
We discard v = dé_1 + (1-— d)(S% be-
cause using (24) we necessarily get that d = % and
J (%5,% + %5%) > 0. In R-2 there exists only one so-

lution, v = §,. Consequently we can write the infimum
of the problem as a function of « :

1+vv2
2

*

_ 0 if -2 <y< 2
Jw (7) = 9 2
(2v*—1)

There are some other examples for which the optimality
conditions can be applied: for instance, we can take

otherwise.

W (A1, A2) = (A1 + X2)? = 1)2 4+ (A — A\g) arctan(\; + Ag)?
or
W (A1, A2) = (A2 4+ 22 — 1)? + arctan \? 4 arctan 3.
5 Final remarks
UW =W(z1,....Cn,u(z1), o, (x2) 0 (21), oyt (T0))

the analysis exhibited in sections 2 and 3 is not useful
to derive selective necessary conditions. In this case
a different kind of variational analysis has to be
performed. Thus, if v = {Vﬂf}ze(o,l) is any minimizer
of (10)-(12) with W = W (x1,22, A1, A2) , then

Qixl{/ol [A (z1,22) + B (x2,21)] d952} =0 (25)

in a weak sense, and

1
/ Car,as)des >0 ae 1 €(0,1),  (26)
0
where x = (x1,22), A = (A1, A2),
ow
Awnay = [ ZF @um g dv, () dve, (o),
e DAT

ow
B (.’1,'17.%'2) = /]32 aAQ (.’L’l,l’g,)\l,)\g) dyl‘l ()\1) dV.Z'Q ()\2)7



and

HA?
PwW ' PwW
(.1'17.%'27 1, 2)+8A18A2

L. m} v (1) gy (Ae)

PwW
0(5617502):/2{ (1,22, A1, A2) +
R

(.’1,'27.%'17)\27 )\1)

Clearly, the equilibrium conditions (25), (26) do not
seem to be the appropriate way to detect generalized
minimizers. Even for the homogeneous case, the equi-
librium conditions (Theorems 4 and 5) could be impre-
cise or not explicit enough to obtain solutions. In either
case, it seems to be necessary to implement some ad-
ditional information: for instance, we might, in some
problems, complete the obtained necessary conditions
with some sort of result limiting the number of Dirac
deltas appearing (as a convex combination) in the rep-
resentation of the solution. This approach has been
used in Balder [3] within the frame of nonconvex opti-
mal control problems, Winkler [21] for the minimization
of affine functionals defined on moments sets, and also
[6] for a problem in optimal design.

Finally, I want to point out that the analysis of Section
3 in higher dimensions becomes tremendously difficult.
The crucial point is that we have to consider Young
measures [t (A1, A2) coming {rom sequences of gradients
of {(uj (x),v; (x))}, x € Q, which are vector valued
functions. This fact implies profound restrictions on
the measure p, and therefore on the fields IT" and T.
The difficulties we have to face require a deeper analy-
sis than the one performed here.
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