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Wklv sdshu lv frqfhuqhg zlwk wkh rewdlqphqw ri jhqhu0

dol}hg rswlpdolw| frqglwlrqv iru d nlqg ri qrqorfdo ydul0

dwlrqdo sureohpv1

4 Lqwurgxfwlrq

Wklv sdshu lv ghyrwhg wr wkh rewdlqphqw ri jhqhudol}hg

htxloleulxp frqglwlrqv iru wkh 40glphqvlrqdo vfdodu ydul0

dwlrqdo sulqflsoh

lqi iM+x, = x 5 Dj > +4,

zkhuh

M+x, @

]
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q
x 5Z 4>s +L, = x� x3 5 Z

4>s
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+L,
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+6,

L lv dq rshq lqwhuydo lq U dqg x3 5 Z
4>s+L, vxfk wkdw

M+x3, ?4=

Lw lv zhoo nqrzq wkdw wkh h{lvwhqfh ri vroxwlrqv lv
vwurqjo| uhodwhg wr wkh zhdn orzhu vhplfrqwlqxlw| ri wkh
ixqfwlrqdo +5,1 Iru wkh sureohp deryh wklv surshuw| lv
htxlydohqw wr d vruw ri lqhtxdolwlhv ri qrqorfdo qdwxuh=
wkh hqhuj| ghqvlw| Z pxvw vdwlvi|

5q[

l>m@4

Z +�l> �m, � 7
q[

l>m@4

Z

�
�5l�4 . �5l

5
>
�5m�4 . �5m

5

�

+7,

iru dq| q 5 Q dqg dq| fkrlfh �4> �5> ===> �5q 5 U +vhh
^47`,=

Xqiruwxqdwho| lqhtxdolwlhv olnh +7, duh frpsolfdwhg wr
fkhfn dqg wkdw pdnhv wkh dqdo|vlv ri h{lvwhqfh wrr gli0
�fxow1 Pruhryhu/ wklv nlqg ri sureohpv lv gl�huhqw li
zh frpsduh lw wr wkh uhod{dwlrq ri qrqfrqyh{ fodvvlfdo
yduldwlrqdo sureohpv zkhuh zh fdq vxevwlwxwh wkh rulj0
lqdo sureohp e| lwv frqyh{l�hg yhuvlrq1 Wkh qrqorfdo
qdwxuh ri sureohpv olnh +4,0+6, vhhpv wr eorfn wklv ds0
surdfk1

Qrwlfh zh uhvwulfw rxu dwwhqwlrq wr wkh krprjhqhrxv
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sureohp/ Z @ Z +x3 +{4, > x3 +{5,,1 Wkh jhqhudo fdvh
Z @ Z +{4> {5> x3 +{4, > x3 +{5,, lv eulh�| glvfxvvhg lq
Vhfwlrq 81

Rxu dssurdfk wr wkh sureohp lv qrw qhz +fi1 \rxqj ^55`/
PfVkdqh ^45`,1 Lq rughu wr vwxg| wkh ruljlqdo sureohp
+4,0+6, zh vkdoo frqvlghu lwv uhod{dwlrq lq whupv ri wkh
\rxqj phdvxuhv/ jhqhudwhg e| vhtxhqfhv ri judglhqwv
ri dgplvvleoh ixqfwlrqv1 Zh vkdoo fdoo lw wkh jhqhudol}hg

sureohp +vhh +43,0+45,,1 Lwv dqdo|vlv rq sureohpv zlwk0
rxw wkh zhdn orzhu vhplfrqwlqxlw| surshuw| fdq eh xvhg
wr dqwlflsdwh wkh rvfloodwru| ehkdylru ri plqlpl}lqj vh0
txhqfhv1 Dovr/ wkh h{lvwhqfh ri vroxwlrqv wr wkh ruljlqdo
sureohp +4,0+6, fdq eh ghdow rqfh wkh jhqhudol}hg sure0
ohp lv vroyhg1

Wkh frqwulexwlrq ri wklv zrun lv wr surylgh d wrro wr
vwxg| wkh jhqhudol}hg sureohp1 Zh pdlqo| frqfhqwudwh
rq wkh rewdlqphqw ri qhfhvvdu| frqglwlrqv ri rswlpdo0
lw| iru wklv sulqflsoh1 Zh jhw jhqhudol}hg htxloleulxp
frqglwlrqv +Wkhruhpv 7 dqg 8,1 Wkh| duh hvwdeolvkhg
e| pdnlqj yduldwlrqv rq wkh \rxqj phdvxuhv dqg duh
rqo| xvhixo zkhq zh duh ghdolqj zlwk wkh krprjhqhrxv
sureohp +l1h1 zkhq Z ghshqgv rqo| rq wkh judglhqwv,1
Lq wkdw fdvh wkh| hqdeoh xv wr vroyh dqg ghvfuleh wkh
rswlpdo vwuxfwxuh lq vrph h{dpsohv1 Lw dovr khosv xv wr
xqghuvwdqg wkh dsshdudqfh ri plfurvwuxfwxuh dqg lwv
ghshqghqfh rq wkh lpsrvhg erxqgdu| frqglwlrqv1

Vrph edvlf uhihuhqfhv rq Rswlpl}dwlrq dqg Uhod{dwlrq
duh ^9`/ ^:`/ ^<`/ ^48`/ ^4;` dqg ^B`1 Derxw Yduldwlrqdo
Fdofxoxv xvlqj \rxqj phdvxuhv ^44`/ ^46`0^49`/ ^53` dqg
^B` fdq eh orrnhg dw1 Wkh dqdo|vlv ri sulqflsohv vlplodu
wr +4,0+6, fdq eh irxqg lq ^4`/ ^;`/ ^47` ru ^4:`1

Wkh sdshu lv rujdql}hg dv iroorzv= lq Vhfwlrq 5 zh uhylvh
vrph suholplqdulhv dqg wrrov1 Vhfwlrq 6 lv ghyrwhg wr
wkh yduldwlrqdo dqdo|vlv dqg wkh htxloleulxp frqglwlrqv1
Lq Vhfwlrq 7 zh dsso| wkrvh frqglwlrqv h{sorulqj rqh
h{dpsoh/ douhdg| sursrvhg lq ^47`1 Lq wkh �qdo vhfwlrq
zh wdon derxw wkh olplwdwlrqv ri rxu phwkrg iru wkh
qrqkrprjhqhrxv sureohp1

5 Vrph suholplqdulhv dqg wrrov

Frqvlghu wkh rswlpl}dwlrq sureohp +4,0+6,1 Zh dvvxph
wkh ghqvlw| hqhuj| Z = U � U $ U lv vprrwk dqg
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Dv zh kdyh phqwlrqhg/ wkh odfn ri zhdn orzhu vhplfrq0
wlqxlw| surshuw| ru wkh gl�fxowlhv wr fkhfn lw lqgxfhv
xv wr frqvlghu wkh iroorzlqj sureohp=
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Khuh/ zh iroorz ^47` iurp zklfk zh vwuhvv wkh iroorz0
lqj uhvxowv1 Iluvw/ Wkhruhp 4 fkdudfwhul}hv wkh \rxqj
phdvxuhv jhqhudwhg e| zhdno| frqyhujhqw vhtxhqfhv ri
wkh irup i+x3 +{4, >x

3 +{5,,j +wklv uhvxow fdq dovr eh gl0
uhfwo| ghgxfhg xvlqj ghqvhqhvv uhvxowv ri Gludf \rxqj
phdvxuhv +fi1 ^53`/ ^5`,,1 E| xvlqj Wkhruhp 4 zh fdq
hdvlo| suryh wkh vhfrqg uhvxow/ Wkhruhp 5/ zklfk jxdu0
dqwhhv wkdw xqghu wkh suhfhglqj k|srwkhvhv/ +43,0+45,
lv d jhqhudol}hg yhuvlrq ri +<,1
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Uhjduglqj Wkhruhp 4 dqg wkh ixqgdphqwdo wkhruhp ri
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Wkh ghfrpsrvlwlrq +47,4 lpsolhv
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6 Jhqhudol}hg htxloleulxp frqglwlrqv

Zh vwxg| wkh jhqhudol}hg yhuvlrq ri wkh rswlpl}dwlrq
sulqflsoh +<, xqghu wkh k|srwkhvhv +8,0+;,1 Wkh jhq0
hudol}hg yhuvlrq ri +<, lv wkh plqlpl}dwlrq ri wkh ixqf0
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zlwk D dv wkh vhw ri dgplvvlelolw|1 Wkh lqghshqghqfh

rq wkh {l shuplwv xv wr vlpsoli| wkh sureohp1 Zh fdq

uhvwulfw D wr wkh vxevhw frpsrvhg e| lwv krprjhqhrxv

phpehuv1 Wr eh pruh suhflvh/ jlyhq � @ i�{j{5L 5 D
zh fdq frqvlghu lwv krprjhql}dwlrq �/ dovr d suredelolw|
phdvxuh lq D> vxfk wkdw M+�, @ M+�,= Wkh surri ri
wklv vwdwhphqw lv hdv|= uhfdoo wkdw � lv gh�qhg yld wkh
irupxod
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Frqvhtxhqwo| k +w, frlqflghv zlwk wkh h{suhvvlrq
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