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Abstract

This paper studies several average cost criteria for
Markov control processes on Borel spaces, with possibly
unbounded costs. Under suitable hypotheses it is shown:
(i) the existence of a sample path average cost (SPAC-
) optimal stationary policy; (ii) a stationary policy is
SPAC-optimal if and only if it is expected average cost

(EAC-) optimal; and (iii) within the class of stationary
SPAC-optimal (equivalently EAC-optimal) there exists
one with minimal limiting average variance.
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average cost criteria, sample-path average cost, ex-
pected average cost, canonical policies, average vari-
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1 Introduction

There is a huge literature dealing with discrete-time
Markov control processes (MCPs) with average cost

(AC) criteria ( see, for instance, [1, 3, 10, 11, 22]
and their extensive bibliographies). However, most
of the related papers study the expected average cost

(EAC) criterion, specially, the denumerable state space
case or the bounded costs case. In contrast, for the
sample-path average cost (SPAC) criterion there are a
lot fewer works, among which, we can mention the pio-
neering works by Mandl [18, 19, 20] for the �nite state
MCPs, the works by Borkar [4] and Cavazos-Cadena
and Fern�andez-Gaucherand [5] for the countable state
case; whereas for MCPs on Borel spaces we only know
of [1, Theorem 6.3(v), (vi)], [2] for bounded costs and
[17, 23, 24] for unbounded costs. Finally, to the best of
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our knowledge, for the variance minimization the only
previous work are those by Mandl [18, 19, 20] for �nite
state MCPs, and by Kurano [16] for the Borel case with
bounded costs. The reader should be warned, however,
that several authors have studied a \variance minimiza-
tion problem" for a quantity which is not the \real"
variance|see, for instance, [14, 22]. Here, our de�ni-
tion of limiting average variance (10) is the one used
in the Central Limit Theorem for Markov Chains, as in
[6, Corollaire 7.III.2] or [21, Theorem 17.0.1].

In the present paper, we consider MCPs on Borel spaces
with possibly unbounded costs and show, under suitable
conditions, the following results: (i) the existence of a
SPAC-optimal stationary policy; (ii) a stationary pol-
icy is SPAC-optimal if and only if it is EAC-optimal;
(iii) within the class of SPAC-optimal stationary poli-
cies there exists one with minimal limiting average vari-
ance.

2 Average cost criteria

We shall consider the usual discrete-time, stationary,
Markov control model (X;A; fA(x) : x 2 Xg; Q; C)
with state space X; control or action space A|both
sets being Borel spaces|, transition law Q on X given
K and the one-step cost function C : K ! R; where
K := f(x; a) : x 2 X; a 2 A(x)g is the admissible state-
action set. The class of all admissible control policies
� = f�ng is denoted by �; whereas F stands for the
class of all stationary (deterministic) polices. Follow-
ing a usual convention, F will be identi�ed with the
class of measurable mappings f : X ! A satisfying
the constraint f(x) 2 A(x); 8x 2 X: As it is well-
known, for each policy � 2 � and \initial state" x 2 X,
there exists a probability measure P �

x on the canonical
measurable space (
;F) which governs the evolution
of the state-action processes f(xn; an)g. For a full de-
scription of the Markov control model see, for instance,
[1, 3, 10, 11].

For notational ease, for a stationary policy f 2 F we
write

Cf (x) := C(x; f(x)) and Qf (�jx) := Q(�jx; f(x)): (1)



For n = 1; 2; � � � ; let

J0n(�; x) :=

n�1X
t=0

C(xt; at) (2)

be the n-stage sample path cost when using the policy
�, given the initial state x 2 X: Then, the long-run
sample average cost (SPAC) is de�ned as

J0(�; x) := lim sup
n!1

1

n
J0n(�; x): (3)

De�nition 2.1. A policy �� 2 � is said to be sam-

ple path average cost optimal (brie
y, SPAC-optimal) if
there exists a constant b� such that

J0(��; x) = b� P ��

x � a.s. 8x 2 X;

and

J0(�; x) � b� P �
x � a.s. 8x 2 X; � 2 �:

The constant b� is called the optimal sample path average

cost.

The \expected" analogues of (2) and (3) are, respec-
tively, the n-stage expected cost

Jn(�; x) := E�
x

n�1X
t=0

C(xt; at); (4)

and the long-run expected average cost (EAC)

J(�; x) := lim sup
n!1

1

n
Jn(�; x): (5)

Among the EAC-related optimality concepts we are in-
terested in are the following.

De�nition 2.2.(a) A policy �� 2 � is said to be ex-

pected average cost (EAC-) optimal if

J(��; x) = J�(x) 8x 2 X;

where

J�(x) := inf
�2�

J(�; x) x 2 X;

is the optimal expected average cost.

(b) A stationary policy f� 2 F is called canonical if
there exists a constant �� and measurable function h� :
X! R such that for all x 2 X

�� + h�(x) = min
a2A(x)

�
C(x; a) +

Z
X

h�(y)Q(dyjx; a)

�
;

(6)
and f�(x) attains the minimum on the right-hand side
of (6) for every x 2 X; that is, using the notation in
(1),

��+h�(x) = Cf�(x)+

Z
X

h�(y)Qf�(dyjx) 8x 2 X: (7)

If (6)-(7) are satis�ed, it is said that (��; h�; f�) is a
canonical triplet [25]. When (��; h�; f�) is a canonical
triple and, additionally, the function h� satisfy the con-
dition

lim
n!1

1

n
E�
xh�(xn) = 0 8x 2 X; � 2 �;

it is easy to see that f� is EAC-optimal and also that
�� is the optimal expected average cost for every initial
state x 2 X; that is,

J(f�; x) = J�(x) = �� 8x 2 X: (8)

Thus, in this case, we have Fcp � Feac; where Fcp is
the class of canonical polices and Feac is the class of
stationary EAC-optimal polices.

In the following section we show, among other things,
the existence of optimal stationary polices in the sense
of De�nitions 2.1 and 2.2, and moreover, the existence
of a stationary policy that minimizes the limiting aver-
age variance in the class Feac. In other words, for each
f 2 F and x 2 X; consider the n-stage variance

Vn(f; x) := Ef
x

�
Jn(f; x) � J0n(f; x)

�2
(9)

and the limiting average variance

V (f; x) := lim sup
n!1

1

n
Vn(�; x): (10)

Then, we shall prove that there exists a stationary pol-
icy bf which is EAC-optimal and

V ( bf; x) = inf
f2Feac

V (f; x) 8x 2 X: (11)

3 Main results

We �rst require two sets of hypotheses. The �rst one,
Assumption 3.1, is a combination of the usual con-
tinuity/compactness requirements (to ensure, for in-
stance, the existence of \measurable minimizers") to-
gether with a growth condition on the one-step cost C:



Assumption 3.1. For each state x 2 X :

(a) A(x) is a compact subset of A;

(b) C(x; �) is lower semicontinuous on A(x);

(c)
R
X
u(y)Q(dyjx; �) is continuous on A(x) for every

bounded measurable function u on X;

(d) there exists a measurable function W � 1 on X
and a constant r1 such that

(d1) jC(x; a)j � r1W (x) 8(x; a) 2 K; and

(d2)
R
X
W (y)Q(dyjx; �) is continuous on A(x):

The second set of hypotheses we need is to guarantee
that the MCP has a nice \stable" behavior, uniformly
in F. Here, to �x ideas we shall impose Assumptions 3.2
and 3.4 below, which are an adaptation to MCPs of a
Lyapunov-like condition used in Markov chain theory|
see [7] or [21, p. 367]. However, the reader should keep
in mind that, as noted in Remark 4.1, there are other
hypotheses that yield the same stable behavior.

Assumption 3.2. For each stationary policy f 2 F :

(a)There exists positive constants Bf < 1 and bf <
1; and a petite subset Kf of X such that [using the
notation (1)]Z

X

W (y)Qf (dyjx) � BfW (x) + bfIKf
(x) 8x 2 X;

whereW � 1 is the function in Assumption 3.1(d), and
IK(�) denotes the indicator function of K;

(b) The state processes fxng|which under f 2 F is a
Markov chain with transition kernelQf [11, Proposition
2.3.5]|is '-irreducible and aperiodic, for some �-�nite
measure ' on X.

To state some consequences of Assumption 3.2 let us
�rst introduce the following notation: BW (X) denotes
the normed linear space of measurable functions u on
X with a �nite W -norm jjujjW , which is de�ned as

jjujjW := sup
x2X

ju(x)j=W (x): (12)

We shall write
R
X
u(y)�(dy) as �(u); i.e.,

�(u) :=

Z
X

u(y)�(dy):

Remark 3.3. [21, Theorem 16.0.1] Under Assumption
3.2, for each stationary policy f 2 F we have:

(a) The Markov chain fxng induced by f is positive
Harris-recurrent and, moreover, its unique invariant
probability measure �f is such that �f (W ) <1;

(b) fxng isW{geometrically ergodic; that is, there exist
positive constants 
 < 1 and Mf <1 such that

����
Z
X

u(y)Qn
f (dyjx)� �f (u)

���� � jjujjWMf

n
fW (x) (13)

for each u 2 BW (X); x 2 X; and n = 0; 1; � � � :

The next assumption concerns the constants Mf and

f in (13).

Assumption 3.4. M := supf Mf and 
 := supf 
f
are such that M <1 and 
 < 1:

Assumptions 3.1, 3.2 and 3.4 have been used in [12] and
[24] to study several undiscounted cost criteria, such as
overtaking optimality, bias optimality, and others. In
particular, the following result was established.

Remark 3.5. [12, Theorem 3.5], [24, Theorem 4.5.3].
Under Assumptions 3.1, 3.2 and 3.4, there exists a
canonical triplet (��; h�; f�), where h� is a function in
BW (X) that satis�es (6)-(7); hence (8) holds.

In others words, we already have a canonical policy
f� 2 Fcp � Feac. It turns out that by suitably strength-
ening Assumption 3.1 we can also obtain SPAC-optimal
policies with minimal average variance in Feac: Thus,
consider:

Assumption 3.6. There exists a constant r2 such that

C2(x; a) � r2W (x) 8(x; a) 2 K:

We can now state our �rst main result.

Theorem 3.7.([13]) Suppose that Assumptions 3.1,
3.2, 3.4 and 3.6 are satis�ed, and let �� be as in Re-
mark 3.5. Then:

(a) For each � 2 � and x 2X

J0(�; x) � lim inf
n!1

1

n
J0n(�; x) � �� P �

x � a.s.; (14)

(b) A stationary policy is EAC-optimal if and only if
it is SPAC-optimal; hence [by (14) and Remark 3.5]
there exists a SPAC-optimal policy f� 2F and �� is
the optimal sample path average cost , that is, �� = b�
where b� is the constant in De�nition 2.1.



It is worth noting that Theorem 3.7(b) and the second
inequality in (14) state that f� 2 F is in fact strong

SPAC-optimal, where \strong " means that f� = ��

satis�es De�nition 2.1 (with b� = ��) when the \lim-
sup" SPAC in (3) is replaced by \lim-inf " SPAC

J0(�; x) := lim inf
n!1

1

n
J0n(�; x):

On the other hand, denoting by Fspac � F the class of
SPAC-optimal stationary policies, we may rewrite the
�rst statement in Theorem 3.7(b) as

Feac = Fspac:

The reader should note that a priori neither one of the
relations Feac � Fspac and Feac � Fspac is obvious!

To state our second main result we need some notation:
For each x 2 X, let A�(x) be the subtset of control
actions a 2 A(x) that attain the minimum in (6); that
is, a 2 A�(x) if

�� + h�(x) = C(x; a) +

Z
X

h�(y)Q(dyjx; a)

Observe that, by (7), a policy f 2 F is canonical (f 2
Fcp) if and only if f(x) 2 A�(x) for all x 2 X:Moreover,
consider the function � on K de�ned as

�(x; a) :=
R
X
h2
�
(y)Q(dyjx; a)�

�R
X
h�(y)Q(dyjx; a)

�2
:

As in (1), for f 2 F and x 2 X we write

�f (x) := �(x; f(x)):

With this notation we can state our variance-
minimization result as follows.

Theorem 3.8.([13]) Suppose that Assumptions 3.1,
3.2, 3.4 and 3.6 are satis�ed. Then there exists a con-
stant �2

�
� 0; a canonical policy f� 2 Fcp; and a func-

tion V �(�) in BW (X) such that, for each x 2 X;

�2
�
+ V �(x) = min

a2A�(x)

�
�(x; a) +

R
X
V �(y)Q(dyjx; a)

�
= �f�(x) +

R
X
V �(y)Qf�(dyjx):

Furthermore, f� satis�es (11) and V (f�; �) = �2
�
; in fact,

V (f�; x) = �f�(�f�) = �2
�

8x 2 X;

and

�2
�
� V (f; x) 8f 2 Feac; x 2 X:

4 Additional comments

In this section we brie
y discuss alternative forms of the
stability Assumptions 3.2 and 3.4, as well as examples
related to our main results.

In addition to the space of functions BW (X) with the
W -norm (12), where W � 1 is the \weight" function in
Assumption 3.1(d), we shall consider the normed linear
spaceMW (X) of the �nite signed measures with a �nite
W -norm

jj�jjW :=

Z
X

W (y)j�j(dy) (15)

where j�j := �+ + �� denotes the total variation of �:

Remark 4.1. Suppose that Assumption 3.1 holds.
Then from the proofs in [12, Theorem 3.5] and [24,
Theorem 4.5.3] one can see that the result mentioned
in Remark 3.5 holds provided that:

I. The W -geometric ergodicity (13) holds, with con-
stants Mf and 
f that satisfy Assumption 3.4; and

II. The transition kernel Qf is '-irreducible for each
f 2 F, where ' is a �-�nite measure on X independent
of f 2 F.

These two conditions were obtained in x3 from Assump-
tions 3.2 and 3.4. However, there are other ways of get-
ting I. For example, Assumptions 3.2 and 3.4 may be
replaced by the following hypotheses used in [8, 9].

(a) For each stationary policy f 2 F the kernel Qf

admits a unique invariant probability measure �f ;

(b) There exists a probability measure � in MW (X)
and a positive constants � < 1 and � < 1 for which
the following holds: for each f 2 F there exists a mea-
surable function 0 � lf � 1 such that for all x 2 X and
B 2 B(X);

(b1) Qf (Bjx) � lf (x)�(B)

(b2) �(lf ) � �; and �(W ) = jj�jjW <1;

(b3)
R
X
W (y)Qf (dyjx) � �W (x) + lf (x)�(W ):

These conditions, (a) and (b), are an adaptation to
MCPs of ideas used by Kartashov [15] to obtain the
W-geometric ergodicity in (13). In fact, under (a) and
(b), our present Assumption 3.4 is satis�ed and one
can also obtain estimates of the constants M and 
|
see [15, Theorem 3.6] and [8, Lemmas 3.3 and 3.4]|in
Assumption 3.4.

Similarly, instead of (a) and (b), one could adapt to
MCPs the \contraction" property in [15, Corollary 2.1],
which in our notation would be of the form jj�Qf jjW �



�jj�jjW for every signed measure � in MW (X) with
�(X) = 0; for some positive constant � < 1: On the
other hand, as it was already noted in [12, Remark
2.10], if the cost function C(x; a) is bounded, then the
\weight" functionW � 1 may be bounded and (13) can
be obtained from Doeblin's condition|see [21, Theorem
16.0.2].

To conclude, we should mention that the examples in
[9] and [12] (see also [24, Chapter 4]) hold in our present
case. For instance, the example in [12, x6], consists of
an inventory system with state space X := [0;1) and
a compact control set A �IR, in which the one-step
cost C(x; a) is piecewise-linear in x 2 X and a 2 A:
Therefore, as the weight function is exponential, say

W (x) := k exp(rx) 8x 2 X;

with k; r > 0; our Assumption 3.6 will trivially hold
for some r2 > 0 su�ciently large. A similar comment
holds for the queueing system in [9, x5], except that this
reference uses the conditions (a) and (b) in Remark 4.1
in lieu of Assumptions 3.2 and 3.4.
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