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Abstract

The linear quadratic zero-sum dynamic game for dis-
crete time descriptor systems is considered. A method,
which involves solving a linear quadratic zero-sum dy-
namic game for a reduced-order discrete time state
space system, is developed to �nd the linear feedback
saddle-point solutions of the problem. Checkable con-
ditions, which are described in terms of two dual alge-
braic Riccati equations and a Hamiltonian matrix, are
given such that the linear quadratic zero-sum dynamic
game for the reduced-order discrete time state space
system is available. Su�cient conditions for the exis-
tence of the solutions are obtained. In contrast with
the dynamic game in state space systems, the dynamic
game in descriptor systems admits uncountably many
linear feedback saddle-point solutions. All these solu-
tions have the same existence conditions and achieve
the same value of the dynamic game.

1 Introduction

In this paper, we consider the linear quadratic zero-
sum dynamic game for discrete time descriptor systems
Exk+1 = Axk +B1u1

k
+B2u2

k
, where E is in general a

singular matrix and the system structure is in general
noncausal(Ref. 1). For the descriptor system described
above, if the system is causal, it can be transformed to
a regular full-order or reduced-order state space system
depending on whether the matrix E is invertible, or
not. It is well known that, under certain conditions,
the linear quadratic zero-sum dynamic game for state
space systems admits a unique linear feedback saddle-
point solution (Ref. 2).

In papers (Refs. 3,4), two methods based on the \com-
pletion of square" technique and the dynamic program-
ming technique have been provided to solve the lin-
ear quadratic zero-sum di�erential game for continu-

ous time descriptor systems. However, it seems that
those methods are not suitable for the same problem
of discrete time descriptor systems. In fact, we have
not found any appropriate (generalized) discrete time
Riccati equation which allow us to apply the dynamic
programming technique to solve the problem.

In this paper, we provide a di�erent method, which
involves solving a linear quadratic zero-sum dynamic
game for a reduced-order discrete time state space sys-
tem, to solve the linear quadratic zero-sum dynamic
game for discrete time descriptor systems. Checkable
conditions depending on the solvability of two dual al-
gebraic Riccati equations and the invertible condition
of a Hamiltonian matrix are given such that the lin-
ear quadratic zero-sum dynamic game for the reduced-
order discrete time state space system is available. Suf-
�cient conditions for the existence of the solutions are
given in terms of the conditions of the linear quadratic
zero-sum dynamic game for the reduced-order discrete
time state space system. Similar to the counterpart re-
sults of continuous time descriptor systems, we show
that the dynamic game in discrete time descriptor sys-
tems admits uncountably many linear feedback saddle-
point solutions. All these solutions have the same ex-
istence conditions and achieve the same value of the
dynamic game. Therefore, the nonunique feature of
the linear feedback saddle-point solutions in this paper
is di�erent from the so-called informational nonunique-
ness in state space systems, where players have access
to closed-loop state information (with memory) and dif-
ferent saddle-point equilibria do not necessarily require
the same existence conditions (Ref. 2).

2 Problem Formulation

Consider the linear discrete time descriptor system

Exk+1 = Axk +B1u1k +B2u2k; (1)



for k 2 K := f0; 1; 2; :::; N � 1g where xk is the n-
dimensional descriptor vector, u1

k
is the m-dimensional

control vector of Player 1, u2
k
is the l-dimensional con-

trol vector of Player 2. The matrix E is a square matrix
of rank r � n. The pencil (sE�A) is assumed to be reg-
ular (i.e., j(sE�A)j 6� 0). It is assumed that the initial
state x0 is known to both players. The cost function is
given by

J =
1

2
xT
N
ETQNExN+

1

2

N�1X
k=0

fxT
k
Qxk+u

1T
k
u1
k
�u2T

k
u2
k
g;

(2)
which is to be minimized by Player 1 and to be max-
imized by Player 2, where QN � 0 and Q � 0. The
superscript T denotes the transpose of the matrix. The
information structure to be used in the paper is the
closed-loop no-memory information on xk, under which
the strategy spaces for Player 1 and Player 2 at each
stage k 2 K are denoted by �1

k
and �2

k
respectively.

�1
k
and �2

k
are composed of linear feedback strategies

of xk, denoted by 
1
k
and 
2

k
, such that the resulting

closed-loop system is causal(Refs. 5,6). Their open-
loop realizations are u1

k
and u2

k
respectively. Let us

introduce the notation


i 2 �i := f
i
k
2 �i

k
; k 2 Kg; i = 1; 2: (3)

Then, we have the notion of a saddle-point equilibrium.

De�nition 1. For the dynamic game posed above, a
pair of strategies (
1�; 
2�) 2 �1��2 is in a saddle-point
equilibrium if

J(
1�; 
2) � J(
1�; 
2�) � J(
1; 
2�) (4)

for all (
1; 
2) 2 �1 � �2.

We now seek the linear feedback saddle-point solution
to the problem formulated above. At this point it is im-
portant to recall that the dynamic programming tech-
nique is a useful tool to �nd the linear feedback saddle-
point solution for the problem formulated in state space
systems. However, the dynamic programming tech-
nique is not valid (at least, at present time) for the
problem formulated in this paper. The reason is that
we have not yet found any appropriate discrete time
Riccati equation to describe the cost-to-go function. It
has been indicated that an obvious modi�cation to the
usual Riccati equation of state space system may result
in no solution in descriptor system (Refs. 5,6). There-
fore, an alternative method is needed to solve the prob-
lem of this paper. In the next section, we construct the
reduced-order linear quadratic dynamic game for state
space systems whose solution plays an important role
in the solution of the dynamic game for the descriptor
system.

3 A Reduced-Order Dynamic Game in State

Space Systems

Suppose that the positive semide�nite weighting matrix
Q is factored intoQ = CTC and yk = Cxk is the output
of the system (1). Then, a basic assumption is made
throughout the paper.

Assumption 1. The descriptor system (1) is causally
controllable and reconstructible.

Moreover, there exist nonsingular matrices M and H

such that

MEH =

�
Ir 0
0 0

�
; r = rank E: (5)

Based on the transformation (5), we de�ne

MAH =

�
A11 A12

A21 A22

�
; MBi =

�
Bi
1

Bi
2

�
; i = 1; 2;

(6a)

HTQH =

�
Q11 Q12

QT
12 Q22

�
=

�
CT
1

CT
2

� �
C1 C2

�
;

(6b)

M�TQNM
�1 =

�
Q11N Q12N

QT

12N Q22N

�
: (6c)

Obviously, Assumption 1 holds true if and only if the
rows of the matrices [A22 B1

2 B2
2] and [AT

22 CT
2 ] are

independent respectively(Refs. 5,6).

Let us further de�ne some other matrices(Ref. 7).

T1 =

�
A11 �S11
Q11 AT

11

�
; T2 =

�
A12 �S12
Q12 AT

21

�
; (7a)

T3 =

�
A21 �ST12
�QT

12 �AT
12

�
; T4 =

�
A22 �S22
�Q22 �AT

22

�
;

(7b)
where

S11 = B1
1B

1T
1 � B2

1B
2T
1 ; (8a)

S12 = B1
1B

1T
2 � B2

1B
2T
2 ; (8b)

S22 = B1
2B

1T
2 � B2

2B
2T
2 : (8c)

Assumption 2. The matrix T4 is invertible.

Assumption 3. The following two dual algebraic Ric-
cati equations admit real symmetric solutions X and Y
respectively,

XA22 +AT

22X �XS22X +Q22 = 0; (9a)

A22Y + Y AT

22 � Y Q22Y + S22 = 0: (9b)



Remark 1. Di�erent from Ref. 7, it is worth to note
that T�14 exists only if Assumption 1 is satis�ed. How-
ever, Assumption 1 is not su�cient for T4 to be invert-
ible. Moreover, the existence of a real symmetric solu-
tion X to (9a) is equivalent to the existence of a real
symmetric solution Y to (9b) if Q22 > 0, which means
that the system (1) is causally observable, a more re-
stricted condition than that in Assumption 1.

Since T�14 exists, we can calculate
�
Ar �Sr
Qr AT

r

�
= T1 � T2T

�1

4 T3; (10)

directly by some numerical methods. However, for the
purpose of theoretical analysis, we need the explicit ex-
pressions of Ar ; Sr; Qr .

Lemma 1. Suppose that Assumptions 1-3 are satis�ed.
Then, there exist matrices B1

r
2 Rr�m, B2

r
2 Rr�l such

that Sr = B1
r
B1T
r
�B2

r
B2T
r
. Moreover, Qr is a positive

semide�nite matrix.

Proof. See Appendix A for the proof.

We are now in the position to construct the linear
quadratic dynamic game for the reduced-order state
space system. Because of Lemma 1, we can formu-
late the standard linear quadratic dynamic game for
the reduced-order state space systems as follows.

Reduced-Order Dynamic Game. Find the linear
feedback saddle-point solution of the cost function

Jr =
1

2
z1TN Q11Nz

1
N+

1

2

N�1X
k=0

fz1Tk Qrz
1
k+u

1T
k u1k�u

2T
k u2kg;

(11)
subject to the system equation

z1k+1 = Arz
1
k +B1

ru
1
k +B2

ru
2
k; (12)

where [z1T
k

z2T
k
]T = H�1xk, hence z10 is also known by

both players.

Theorem 1. The linear quadratic zero-sum dynamic
game described by (11),(12) admits a unique linear
feedback saddle-point solution if, and only if,

I +B1T
r Pk+1B

1
r > 0; (k 2K) (13a)

I �B2T
r Pk+1B

2
r > 0; (k 2K) (13b)

in which case the unique equilibrium strategies are
given by


1�k (z1k) = �B1T
r L1kz

1
k; (k 2K) (14a)


2�k (z1k) = B2T
r L1kz

1
k; (k 2K) (14b)

and the corresponding unique state trajectory
fz1�

k
;k 2 Kg satis�es the di�erence equation

z1�k+1 = Z1
kz

1�
k ; (15)

where
L1
k
= Pk+1(I + SrPk+1)

�1Ar ; (16)

Z1
k
= (I + SrPk+1)

�1Ar: (17)

Pk+1 satis�es the discrete-time Riccati equation

Pk = Qr +AT

r
Pk+1(I + SrPk+1)

�1Ar; PN = Q11N :

(18)

Proof. See Ba�sar and Olsder(Ref. 2) for the proof.

Since the unique linear saddle-point solution exists, the
upper value and the lower value of the dynamic game
must be equal to the value of the dynamic game. Hence,
we arrive at the following conclusions.

Corollary 1. Suppose that the unique linear saddle-
point solution exists. Then, the following relations
hold.

(i) Two discrete-time Riccati equations

Pk = Qr +L1Tk B1
rB

1T
r L1k + (Ar �B1

rB
1T
r L1k)

TPk+1(I�

B2
rB

2T
r Pk+1)

�1(Ar �B1
rB

1T
r L1

k); PN = Q11N ; (19a)

Pk = Qr +L1T
k B2

rB
2T
r L1

k + (Ar +B2
rB

2T
r L1

k)
TPk+1(I+

B1
rB

1T
r Pk+1)

�1(Ar +B2
rB

2T
r L1

k); PN = Q11N ; (19b)

have the same solution Pk as that of (18).

(ii)

(I +B1
r
B1T
r
Pk+1)

�1(Ar +B2
r
B2T
r
L1
k
) =

(I + SrPk+1)
�1Ar; (20a)

(I �B2
rB

2T
r Pk+1)

�1(Ar �B1
rB

1T
r L1

k) =

(I + SrPk+1)
�1Ar: (20b)

Proof. To prove the relations given above, we only
need to �x u1

k
= 
1�

k
(z1
k
)(or, u2

k
= 
2�

k
(z1
k
)) of (11),(12)

and solve the corresponding maximizing (minimizing)
problem obtained from (11),(12). The details are omit-
ted here.

4 Dynamic Game for Descriptor Systems

In this section, using the results obtained in Section
3, we will solve the dynamic game for descriptor sys-
tems. Before doing that, we �rst de�ne the following
notations. �

Z2
k

L2
k

�
= �T�1

4
T3

�
I

L1
k

�
: (21)

Moreover, we have

L2k �XZ2
k = NT

1rL
1
k �NT

2r: (22)



The reader is referred to Appendix B for the explicit
expressions of (21) and the derivations of (22).

Theorem 2. For the linear quadratic zero-sum dy-
namic game of the discrete time descriptor systems,
suppose that Assumptions 1-3 are satis�ed. Then,

(i) The dynamic game admits a linear feedback saddle-
point solution if, and only if conditions (13a),(13b) of
Theorem 1 are satis�ed.

(ii) Under conditions (13a), (13b), there exist uncount-
ably many linear feedback saddle-point solutions, with
the family of the equilibrium strategies given by


1�k (xk) = �B1TMT

�
L1
k

0
L2
k
� F 1

k
Z2
k

F 1
k

�
H�1xk;

(k 2 K) (23a)


2�
k
(xk) = B2TMT

�
L1
k

0
L2
k
� F 2

k
Z2
k

F 2
k

�
H�1xk;

(k 2 K) (23b)

whereF 1
k
, F 2

k
are arbitrary two (n�r)�(n�r) matrices

making A22 �B1
2B

1T
2 F 1

k
+B2

2B
2T
2 F 2

k
invertible.

Proof. First, let F 1
k

= F 2
k

= X in (23). Then,

A22�B
1
2B

1T
2 X +B2

2B
2T
2 X = Â22 is invertible. Substi-

tuting 
1�
k
(xk) into (1),(2) and making transformations

of (5),(6) yield

z1
k+1 = Amax

11 z1
k +Amax

12 z2
k +B2

1u
2
k; (24a)

0 = Amax

21 z1
k +Amax

22 z2
k +B2

2u
2
k; (24b)

and

J =
1

2
z1TN Q11Nz

1
N+

1

2

N�1X
k=0

f

�
z1
k

z2
k

�T �
Qmax
11 Qmax

12

QmaxT
12 Qmax

22

�

�

�
z1
k

z2
k

�
� u2Tk u2kg; (25)

where the reader is referred to Appendix C for the ex-
pressions of the related terms.

We now solve the maximizing problem of Player 2 de-
scribed by (24),(25). Introducing the codescriptor vec-
tors �1

k
, �2

k
, the necessary conditions for (25) to be

maximized are (Refs. 6,8)

z1k+1 = Amax

11 z1k +Amax

12 z2k +B2
1u

2
k; (26a)

0 = Amax

21 z1k +Amax

22 z2k +B2
2u

2
k; (26b)

�1k = AmaxT

11 �1k+1 + AmaxT

21 �2k+1 + Qmax

11 z1k +Qmax

12 z2k;

(26c)
0 = AmaxT

12 �1
k+1 +AmaxT

22 �2
k+1 + Qmax

21 z1
k
+Qmax

22 z2
k
;

(26d)
u2k = B2T

1 �1k+1 +B2T
2 �2k+1: (26e)

Substituting (26e) into (26a) and (26b) yields

�
z1
k+1

�1
k

�
=

�
Amax
11 B2

1B
2T
1

Qmax
11 AmaxT

11

� �
z1
k

�1
k+1

�

+

�
Amax
12 B2

1B
2T
2

Qmax

12 AmaxT

21

� �
z2
k

�2
k+1

�
; (27a)

0 =

�
Amax

21 B2
2B

2T
1

�QmaxT

12 �AmaxT

12

� �
z1
k

�1
k+1

�

+

�
Amax

22 B2
2B

2T
2

�Qmax

22 �AmaxT

22

� �
z2
k

�2
k+1

�
: (27b)

De�ne

T̂1 =

�
Amax

11 B2
1B

2T
1

Qmax
11 AmaxT

11

�
; (28a)

T̂2 =

�
Amax
12 B2

1B
2T
2

Qmax
12 AmaxT

21

�
; (28b)

T̂3 =

�
Amax
21 B2

2B
2T
1

�QmaxT
12 �AmaxT

12

�
; (28c)

T̂4 =

�
Amax
22 B2

2B
2T
2

�Qmax

22 �AmaxT

22

�
: (28d)

Since �
Amax

22 B2
2B

2T
2

�Qmax

22 �AmaxT

22

�
�1

=

�
I 0
X I

� �
Â22 B2

2B
2T
2

0 �ÂT

22

��1 �
I 0
�X I

�
(29)

exists, we can calculate

�
Âr Ŝr

Q̂r ÂT
r

�
= T̂1 � T̂2T̂

�1

4 T̂3 (30)

using (28),(29) directly. Furthermore, we can prove

Âr = Ar �B1
r
B1T
r
L1
k
; (31a)

Ŝr = B2
rB

2T
r ; (31b)

Q̂r = Qr + L1Tk B1
rB

1T
r L1k: (31c)

Therefore, we obtain

�
z1
k+1

�1
k

�
=

�
Ar �B1

r
B1T
r
L1
k

B2
r
B2T
r

Qr + L1T
k
B1
rB

1T
r L1

k
(Ar �B1

rB
1T
r L1

k
)T

� �
z1
k

�1
k+1

�
;

(32)
from (27). Let �1

k
= P̂kz

1
k
, we have the discrete-time

Riccati equation

P̂k = Qr + L1Tk B1
rB

1T
r L1k + (Ar �B1

rB
1T
r L1k)

T P̂k+1

�(I �B2
r
B2T
r
P̂k+1)

�1(Ar � B1
r
B1T
r
L1
k
); P̂N = Q11N :

(33)
Using the solution P̂k of (33), we arrive at the following
equa tions

z1k+1 = Ẑ1
kz

1
k; (34)



�1
k+1 = L̂1

k
z1
k
; (35)

where

Ẑ1
k
= (I �B2

r
B2T
r P̂k+1)

�1(Ar � B1
r
B1T
r
L1k); (36)

L̂1
k
= P̂k+1(I �B2

r
B2T
r
P̂k+1)

�1(Ar �B1
r
B1T
r
L1
k
): (37)

Taking into account the facts of (19),(20), we readily
have

P̂k = Pk; Ẑ
1
k
= Z1

k
; L̂1

k
= L1

k
: (38)

Furthermore, substituting �1
k+1

into (27b) yields

z2k = Ẑ2
k
z1k; (39)

�2
k+1 = L̂2

k
z1
k
; (40)

which are obtained from the formula�
Ẑ2
k

L̂2
k

�
= �T̂�14 T̂3

�
I

L̂1
k

�
: (41)

We can also prove

L̂2k �XẐ2
k = L2k �XZ2

k ; (42)

Ẑ2
k = Z2

k : (43)

Therefore, the maximizing problem of Player 2 admits
a solution


2�
k (xk) = B2TMT

�
L1
k

0
L2
k
�XZ2

k
X

�
H�1xk: (k 2 K)

(44)
Symmetrically, substituting 
2�

k
(xk) of (44) into (1),(2),

we can obtain a minimizing problem of Player 1. Solv-
ing the minimizing problem in a similar way as above
gives the result that


1�
k
(xk) = �B1TMT

�
L1
k

0
L2
k
�XZ2

k
X

�
H�1xk; (45)

constitutes a minimizing solution to the problem.
Therefore, we conclude that the dynamic game admits
a linear feedback saddle-point solution which is given by
(44),(45). The corresponding unique state trajectory is
fx�

k
= H [z1�T

k
; z2�T

k
]T ; k 2 Kg, where z1�

k
satis�es the

di�erence equation (34)(or (15)) and z2�
k

satis�es the
equation (39).

In the following, we will show that the linear feedback
saddle-point solutions are not unique. To do this, it suf-
�ces to show that the strategies (23) and the strategies
(44),(45) lead to the same state trajectory. Substitut-
ing (23) into (1) and making some transformations give
the closed-loop system

z1k+1 = Ac

11z
1
k +Ac

12z
2
k; (46a)

0 = Ac

21z
1
k
+Ac

22z
2
k
; (46b)

where

Ac

11 = A11 � B1
1B

1T
1 L1k �B1

1B
1T
2 (L2k � F 1

kZ
2
k)

+B2
1B

2T
1 L1

k
+B2

1B
2T
2 (L2

k
� F 2

k
Z2
k
); (47a)

Ac

12 = A12 �B1
1B

1T
2 F 1

k
+B2

1B
2T
2 F 2

k
; (47b)

Ac

21 = A21 �B1
2B

1T
1 L1k � B1

2B
1T
2 (L2k � F 1

kZ
2
k)

+B2
2B

2T
1 L1k + B2

2B
2T
2 (L2k � F 2

kZ
2
k); (47c)

Ac

22 = A22 �B1
2B

1T
2 F 1

k +B2
2B

2T
2 F 2

k : (47d)

Since A22 �B1
2B

1T
2 F 1

k
+B2

2B
2T
2 F 2

k
is invertible, (46)

admits a unique solution, for example, (ẑ1
k
; ẑ2

k
). On the

other hand, it is easy to verify that (z1�
k
; z2�

k
) are also

the solutions of (46) because of z2�
k

= Z2
k
z1�
k
. Hence,

ẑ1
k
= z1�

k
and ẑ2

k
= z2�

k
, which means that (23) is a

linear feedback saddle-point solution of the problem.
Thereby, we have �nished the proof of the theorem.

5 Conclusions

In this paper, we have investigated the linear quadratic
zero-sum dynamic game for discrete time descriptor
systems. This problem is solved through the solu-
tion of the reduced-order linear quadratic zero-sum dy-
namic game for standard discrete time state space sys-
tem. Checkable conditions are given such that such
a reduced-order zero-sum dynamic game is available.
These conditions are described in term of the solvability
of two dual algebraic Riccati equations and the invert-
ible condition of the Hamiltonian matrix. Furthermore,
the su�cient conditions for the existence of the linear
feedback saddle-point solutions are obtained which are
the same as the conditions of the linear quadratic zero-
sum dynamic game for the reduced-order discrete time
state space system. Similar to the counterpart results
of continuous time descriptor systems, we show that
the dynamic game in discrete time descriptor systems
admits uncountably many linear feedback saddle-point
solutions. All these solutions have the same existence
conditions and achieve the same value of the dynamic
game. Therefore, the nonunique feature of the linear
feedback saddle-point solutions in this paper is di�erent
from the so-called informational nonuniqueness in state
space systems, where players have access to closed-loop
state information (with memory) and di�erent saddle-
point equilibria do not necessarily require the same ex-
istence conditions (Ref. 2).

Appendix A. Proof of Lemma 1.

Under Assumptions 2,3, we have

�
A22 �S22
�Q22 �AT

22

�
�1

=

�
I 0
X I

� �
Â�122 �Â�122 S22Â

�T

22

0 �Â�T
22

� �
I 0
�X I

�
:

(48)



where Â22 = A22�S22X. Using (48) in the calculation
of (10 ) yields

Ar = A11 +N1rA21 +N1rS22N
T

2r + S12N
T

2r; (49a)

Sr = S11 +N1rS
T

12 +N1rS22N
T

1r + S12N
T

1r; (49b)

Qr = Q11 �N2rA21 �N2rS22N
T

2r �AT

21N
T

2r; (49c)

where

N1r = �Â12Â
�1

22 ; N2r = Q̂12Â
�1

22 ; (50a)

Â12 = A12 � S12X; Q̂12 = Q12 +AT

21X: (50b)

Hence,
Sr = B1

r
B1T
r

�B2
r
B2T
r
; (51)

where

B1
r
= B1

1 +N1rB
1
2; B

2
r
= B2

1 +N1rB
2
2: (52)

On the other hand,

�
A22 �S22
�Q22 �AT

22

�
�1

=

�
I �Y
0 I

�

�

�
~A�T22 0

� ~A�122 Q22
~A�T22 � ~A�122

� �
I Y

0 I

�
: (53)

where ~A22 = AT
22�Q22Y . Using (53) in the calculation

of (10) gives

Ar = A11 +A12M
T

1r +M2rQ
T

12 +M2rQ22M
T

1r; (54a)

Sr = S11 �A12M
T

2r �M2rA
T

12 �M2rQ22M
T

2r; (54b)

Qr = Q11 +Q12M
T

1r +M1rQ
T

12 +M1rQ22M
T

1r; (54c)

where

M1r = � ~A21
~A�1
22
; M2r = ~S12 ~A

�1

22
; (55a)

~A21 = AT

21 � Q12Y; ~S12 = S12 + AT

12Y: (55b)

Therefore,

Qr = (C1 + C2M
T

1r)
T (C1 + C2M

T

1r) � 0: (56)

Appendix B. Derivations of Z2
k
, L2

k
in Section 4.

Using (48) to (21) yields

Z2
k = (Â�122 S

T

12+Â
�1

22 S22N
T

1r)L
1
k�Â

�1

22 A21�Â
�1

22 S22N
T

2r;

(57)
L2
k
= X(Â�122 S

T

12 + Â�122 S22N
T

1r)L
1
k

�X(Â�122 A21 + Â�122 S22N
T

2r) +NT

1rL
1
k �NT

2r: (58)

Hence,
L2k �XZ2

k = NT

1rL
1
k �NT

2r: (59)

Appendix C. Derivations of the related terms in
(24),(25)

Amax

11 = A11 �B1
1[B

1T
1 L1

k
+B1T

2 (L2
k
�XZ2

k
)];

Amax

12 = A12 �B1
1B

1T
2 X;

Amax

21 = A21 �B1
2[B

1T
1 L1k +B1T

2 (L2k �XZ2
k)];

Amax

22 = A22 �B1
2B

1T
2 X: (60)�

Qmax
11 Qmax

12

QmaxT
12 Qmax

22

�
=

�
Q11 Q12

QT
12 Q22

�

+

�
L1T
k

L2T
k
� Z2T

k
X

0 X

� �
B1
1B

1T
1 B1

1B
1T
2

B1
2B

1T
1 B1

2B
1T
2

�

�

�
L1
k

0
L2
k
�XZ2

k
X

�
: (61)
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