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Abstract---Based on the system relative degree, the
frictional servosystem is transformed into external and
internal parts. By using a feedback linearizing control, the
external part becomes a linear dynamic system with
uncertainties. A reference model with the desired amplitude
and phase propertiesis given to obtain an error dynamicsin
the presence of uncertainties. The unmatched uncertainty is
also examined. To improve the system performance, an
on-line fuzzy-model is employed to model these
uncertainties in a compact subset. An updating law with
e-modification for the weight of fuzzy-model is designed to
obtain an effective learning of the uncertainties. Then, an
equivalent control using the known part of frictional
servosystem and the learning fuzzy-model of uncertainties
is established to achieve the desired result. The unmodeled
dynamics caused by the error of approximated fuzzy-model
and estimated weight are tackled by a switching control. In
summary, the adaptive fuzzy control includes two parts: a
feedback linearizing control with a reference model and an
adaptive fuzzy variable structure control (AFVSC). The
stability of the overall system is then verified by the
Lyapunov theory so that the uniformly ultimately bounded
tracking is accomplished. Simulations are also presented to
verify the usefulness of the proposed control.

Index Terms --- Friction, Adaptive fuzzy variable structure
control, Lyapunov stahility.

. INTRODUCTION

Friction is an important aspect of many control systems.
Friction can lead to tracking errors, limit cycles, and
undesired stick-slip motion [1,2]. The controller designs for
the servosystems with friction can be adaptive control [3],
fuzzy control [4] and neural -network-based adaptive control
[5]. Because afriction is a natural phenomenon that is quite
hard to model, and it is not yet completely understood [1,2].
Especially, the results of application with high-precision
positioning and low-velocity tracking are not satisfactory.

Fuzzy (or adaptive fuzzy) control has widened its
applicability to many engineering fields, it is increasing the
need of theoretic anaysis, e.g., stability, robustness and
performance. It is generally applicable to the systems that
are mathematically poorly modeled [6-10]. Although many
papers discuss the adaptive fuzzy controls [6,7,10], they
have made many assumptions: (i) The controller must
adapt itself to every change of reference signal. (ii) The
method is limited to the system where the Lie-derivative of
system output is constant. (iii) To ensure the convergence of
weight, fuzzy basis function must be persistently excited.

(iv) The relative degree, r, must be egual to the order of
system, n.

In this paper, the frictional servosystems include known
part and unknown part. The known part is achieved by
deriving from the physical law or by experimental modeling.
Then, a coordinate transformation satisfying some
conditions is employed to achieve a transformed system
including an external part with the order of relative degree
and an internal part with the remain degree of system [11].
The external part of transformed frictional servosystem via
a feedback linearizing control becomes a linear dynamic
system with uncertainties. Then a prescribed reference
model with the desired amplitude and phase properties is
designed to obtain an error dynamic model subject to
uncertainties. Then the matched and unmatched
uncertainties are discussed. For the purpose of improving
the system performance, an on-line fuzzy-model is applied
to model these uncertainties. Without the requirement of
persistent excitation for the fuzzy basis function, the
boundedness of weight is guaranteed by an updating law
with e-modification [12,13]. Then, an equivalent control
using the known part of frictional servosystem and the
learning fuzzy-model of uncertainties is applied to achieve
the desired control behavior. Because the fuzzy-model is
not applied to the whole nonlinear functions, the resolution
of fuzzy-model increases or good description of system
uncertainties is accomplished. In addition, the unmodeled
dynamics caused by the error of approximated fuzzy-model
and estimated weight are tackled by a switching control.
Under the circumstances, the switching gain is reduced as
compared with that in convectional variable structure
control.

In summary, the adaptive fuzzy control includes two
parts: a feedback linearizing control with a reference model
and an adaptive fuzzy variable structure control
(AFVSC).The system performance is better than those of
other (adaptive) fuzzy control (e.g., [6], [7], [10]) or
convectional variable structure control (VSC) (e.g., [14]).
The proposed control can deal with extra uncertainties to
attain an excellent tracking result without the occurrence of
chattering control. The simulations are given to confirm the
proposed control.

Il. PROBLEM FORMULATION
The motion of a mass that moves on the surface with
static friction is described as follows:

mib(t) = F(H)- F (u, p. B)- () = g(p, HF() (D)



where  p(t), p(f) denote the position,

servosystem,  F, (u, p, p) denotes the friction force of

velocity of

servosystem, mt Q stands for the mass of moving part of
servosystem;  g(p p)>0' pf), (f) denotes the gan
between control input ((#) and input force of
servosystem  F(f). Let the friction force be:
Fi(u, p, B) = Fypp (D) (B) + Fy (U . P)[1- 1 (P)]

t(p)=1las|p(t)>e, ad t(p)=0 , otherwise. The
sticking force is modeled as follows:

where

LR F(D>FL >0
Fus(U, pB) =1 F(), F; £F(OEF; @
1R, Fl<F <0

The dlipping force is modeled as follows:
LR (B = £ - {1 el | o/ |}

i +Cb(t), b(t) >0 2
PPl e (b= - e el | o/ ]}

i +C p(0), p(t) <0
Because the following facts: (i) F,, (f)is continuous on
(-¥-e)E(e.¥) (i) Fr3 Fy,(0.) @Lg({@rp Fy,(p) and

F, £EF,

ip

0.) @é| J@ m F, «ip (), the Caratheodory solution of

systems (1)-(3) exists [15]. Furthermore, because g, is a
smal vaue and F. £ F_ . (u, p b) £ F;, based on the

mean-value theorem the following result
exists: £, (u,p, b)=F(p p), where F(pp) s a
relay-like piecewise continuous function. Then the

dynamics of frictional servosystem for velocity control
becomes

k() = A(X) + BO)u(D), () = C" X(t) (4)

X=Xl =[po kel AR=[x0 ROy,
B =[0 ¥ymdR]'.C"=[0 1 Furthermore, A=A +DAR,
B(X) = B(x) +DB(X), where A(x) and B(x) denote the
nominal part of system matrices, DA(X) and DB(X)

represent the unknown part of system matrices, and are
bounded and piecewise continuous.

The derivative of output with respect to time is
described asfollows:

1) = A (X + B(X)u(t) )
where  A,(X), B,(X) denote the second component of
A(X), B(x), respectively. Because B,(x)* 0," x(f) , the
frictional servosystems (1) have therelative degree one. Itis
assumed that the state x(f) is available. The definition of

diffeomorphism can allude to [11].
First, the following matched uncertainties are
considered.

DA(X) = B(X)Da(x) and DB(X) = B(X)Db(X). (6)
Lemma 1[11]: Consider the nonlinear system (1) with the

where

following global diffeomorphism =T =[z(} 2z .
The matching condition (6) and the following conditions:
12(90/TXAMX) =- b (Da(x), 12(9/IxB(X)=b"(9* 0,
and 1z,(X)/1xB(x) =0 with z,(0) =0 are satisfied. Then
the following dynamic system is achieved
5 =152, 2)]UD- 2,(2,2) +Da(3,2) +D4(3, 2)UD] ()
k(¥ =A(z.2) ()
where z(x), z,(x)1 A, the functionsa,(z, 2,), by(3, 2,),
Da(2,2) (3, 2) are the functions b0y =1{f(Y/ 3},
a9 =- bATZ(R/IWAR],  Da(y,DHN  evaluated  at
X0)=T"(D, respectively. A(Z,z) is the representation in
the transformed coordinate (f) = T*(2 of Yz, (X)/IxA(X).
Equation (7)-(8) is said to be in the norma form. This
form decomposes the system into an external part z(X)
and aninternal part z,(x). The external part islinearized by

the (11). The problem is to develop an adaptive fuzzy
control for frictiona servosystem (1) subjected to
uncertainties (i.e.,, DA(X) andDB(x) ) which are not

necessarily to satisfy the matching condition (6) (Fig. 1).

[Il. FEEDBACK LINEARIZING CONTROL
First, the following reference model is considered.
5(0=0.2(t)+ gory(t+1) ©)
where r,(f) is a bounded trajectory, constant g; <0 is
selected to obtain the desired response, g,is chosen to

accomplish the desired steady-state amplitude between
input and output, and f denotes the phase lag of reference

model. For example, the tracking of sinusoidal signal

A,sin(wf), the values of g =|d +W andf =-tai{wg)
are chosen. The state tracking error of system can be written
asfollows:

50 = 1, 2)[uD - a,(2,2) + Da(5,2) + Diy(3, 2)u0)]

- G4(D)- Gl (t+f) (10)
where Z(f) = z(X)- z(f). Thefollowing linearizing
feedback control is designed for the system (10)

Ut) =ay(4,2) + by(z, 2)U0) (12)
where W) is an adaptive fuzzy variable structure control
discussed in the next section and contains the following two
parts:

V(L) = Vg (1) + v, (1) .(12)

Then the external part of system by using the linearizing
feedback control (11) becomes the following linear error

dynamic system with the uncertainties:
50 =[1+ D8z, )], (0 + vl 3
- GZ(0)- gur,(t+f)+ £(r)
where
r0=lva® 200 zM] (14)



f(r) =Diy(z, 2)ve,(0) + b,'(2, 2)

. (15)
{Da(2, 2) +Dh(Z, 2)a5(2, 2)]
The uncertainties in (13) include two parts
(i) Db, (z, z,)v,,(t) affecting the stability of closed-loop
system, (ii) f(r) affecting the performance of closed-loop
system. Therefore, the uncertainties f(r) can’'t contain the
signal v,,(f) used to deal with uncertainties. Furthermore,

the following assumption about the uncertainty of control
gain is made.

AL IDby(z,2) £ 9, <1 ZADT W,
W={z(t)T A2|||z(t)|| < cb} is acompact set.

In short, (8) and (13) represent the stability of
closed-loop system. If the control Wf) asymptotically
stabilizes the dynamics Z(f) in (13) and the dynamics
Z,(X) is input-to-state stable in (8), then the asymptotic
tracking of the closed-loop system is guaranteed. Setting
z(x) =0 in(8) resultsin

k(%) =A(02) (16)
which is caled the zero dynamics. For input-to-state
stability of (8), the origin of (16) must be exponentialy
stable and A(z.,z) is Lipschitz in (z,2) , ie,

|40 2) - Az 20| € Uz, 207 (2~ 207,

where L is aconstant.
Consider the uncertainties with the unmatched form:

DA(x) = B(X)Da(x) + DA,(X) (17)
where DA,(X) denotes the uncertainties those do not
satisfy the matching condition. Then (8) and (13) become

k(¥ = A(2,2)+DA(2, 2) (18)

&(0) =[1+D(2, 2)]ve0) + v (0)

where

(19)
- GE(D- Gl L+ 1)+ 1,(r)
where
DA(2,2) = 12,(X)/TXDA,(2. 2,) (20)
f,(r)=f(r)+12/1xDAo(2, 2,) (21)
and the function DAg(z,z) is the function

DA,(x) evaluated a x(f)=T'(2. For input-to-state
stability of (18), the origin of the following system (22)
must be exponentially stable and A)(z,z)+DA)(z,z2,)
isLipschitzin(z, z,).
k(¥ = A4(0,2)+DA(0,2). (22)

As compared with (13) and (19), an extra term caused by
the unmatched uncertainties (i.e., 1z(x)/1xDA, (2, 2) ) is
approximated by the fuzzy-model. Similarly, an extra term
caused by the unmatched uncertainties (i.e., DA,(0, z,) ) is

added into the (8). As compared with the matched case, the
input-to-state stability margin of internal system decreases.
If the uncertainty f(r) or f,(r) islarge, aconvectiona
V SC for the system (13) or (19) will be poor [13].

IV.ADAPTIVE FUZZY VARIABLE STRUCTURE
CONTROL
The fuzzy logic system performs a mapping from

UT A"toA. There are / fuzzy control rules and kis the
Kth rule from human experts in the following form:

IFr,(f) isF*- - r,(f)isF,*, THEN f(r)isG*(23)
where r(=[r () r,() L r (0]"T Ui A" and
f(r)T VI A aretheinput and output of the fuzzy logic
system, respectively, F*(LEi£ n1£ k£/) and G*
are labels of sets in U, andV, respectively. The fuzzy

inference engine performs a mapping from fuzzy sets in

Ul A" to fuzzy sets in VI A, based upon the fuzzy
IF-THEN rulesin the fuzzy rule base and the compositional
rule of inference. Let A, bean arbitrary fuzzy setin U. The

fuzzifier mapsacrisp point r(f) intoafuzzy set A in U.
The defuzzifier maps afuzzy setin Vto acrisp pointin V.
Let 7 ,(r;) ad 7 (W) ae membership

functions. The fuzzy logic system with center-average
defuzzifier, product inference and singleton fuzzifier are in
the following form [6-10]:

SRS R8I 74 1 AR
(24)

where W, (1 £ / £ /) denotes center of the jth fuzzy set
and is the point at which in achieves its maximum value
and 7, (w,) =1 Equation (24) can be rewritten as

f,(r)y=WT'F(r) (25)
where W=[w W, L W]  isaparameter vector, and
F(ry=[f.(r) f,(r) L f,(r)] is a fuzzy basis
function defined as follows:

Fr) =8 () [AB81 (r )8 @

Theorem 1(Universal Approximation Theorem [7]):
Suppose that the input universe of discourse U is a compact

set in A", Then, for any given rea continuous function
f(r) on U and arbitrary e>0, there exists a fuzzy

system f,(r) in the form of (23) such that
sup| f,(r)- f(r)<e.
nu
Based on the approximation theory of Theorem 1,
fF(r)y=WTF(r)+e(r)le(r)<e,
wi A’,||W1|F£ W, (27)

where % . denotes the  Frobenius norm

(i.e, ||W||2F = tr{ WTW}: tr{ WWT} )y and /,w, ae
assumed to be known. The fact that the dimension of W/,
the upper bound of e(r) and the fuzzy basis function
F(r) is known, implies that the

WTF(r)+e(r) can

function

represent a class  of



uncertainties f(r) . In sequence, the following switching
surfaceis defined [13,14].

s(t) = Z(0) + dig Z(t)dt,d, 2 0. (28)
The following updating law for the weight is considered.

lﬁ/(t) =OLF(r)- hL|s(t)|V|7(t) (29)
where L = d/ag{ }I A’,1,>0 denotes constant

learning rate and A > 0. Because the fuzzy basis function
F(r) in (25) is small as compared with the radical basis

function in neural-network control (e.g., [13]), the learning
rate of the paper is chosen large enough to accomplish an
effective learning of uncertainties. The following theorem
discusses the adaptive fuzzy variable structure control for
the system (8) and (13) or the system (18) and (19).
Theorem 2. Consider the system (8) and (13) satisfying
matched uncertainties or the system (18) and (19) satisfying
unmatched uncertainties. The adaptive fuzzy variable
structure control (12) is designed as follows:

Vg (0) = - 1Z(t)+ 9 Z(0) + gor,(t+1) - W (OF () (30)
g,s(t)

g
[s(o] + x /( )

9.9, >0, x3 0. (3D
The overal system satisfies the following conditions: (i) the
assumption A1, (ii) the satisfaction of input-to-state
stability for (16) or (22), and (iii) r ()T U1 W. Then
qz‘),l/AV(t),v(t),u(t) and x(f) are uniformly ultimately
bounded [11], and the tracking performance satisfying

h.l. = }X +& max -

1

|(f|<h as t® ¥, where
X | eX
h = + 12
9 4% %/ ? 9

h=yl +h - h. (32)

Proof: See Appendix.

Ve (1) = - egls(f)

VI.SIMULATIONS
Consider the following nominal values of system:

F/(F;)=45(-42)Nt, dF* (dF ) =2.1(- 1L.8) N,
P (p)=02016)m's, C(C)=05Ntsm e,=0.01n7s,
m=2kg, o(p, p)=1vol Nt. (33)
The reference input is assigned as
() =05sin@of) nis where f=005+Hz From the previous

study [5], the responses of PID control are poor. Because
B(x) is constant, only the matched uncertainties are

considered. For example, the real values of (33), which are
50% variations of the nominal values, are described.

F(F;)=6.75(- 6.3 L, dF* (dF) =3.15(- 2.7) Nit,

b (p)=01008ms, C'(C)=075Ntgm m=3kg,

9(p, p)=15vo] Nt. (34
Firstly, the response of the proposed control without the

compensation of uncertainties is shown in Fig.2 that is poor
as the trgjectory nears the zero velocity. This is motivation

of the paper to provide a more effective control for the
servosystem with friction.
Suppose the following coordinate transformation:

() =160+ 1,68, 2(0 = r;x(0)- (39)
The values of r =2 r,=r,=1 are selected because as
z(0=0, &(X=-z(Xr,/r,=-2z(X
stable. Furthermore,ﬂT(x)/ﬂxis nonsingular for al x(i).

In short, the input-to-state stability is satisfied [11].
The desired velocity is set as

%)=V, sinQoft+f)ragls, Wwhere f =tan'![20f/g,] .

then  x,(f) = &%, (t)ct =- v, cos(2pft+1)/(20f)rad. The
parameters of reference model are chosen as g, =- 0.5and

is exponentially

g = (2of)’ +¢gf. Hence, the reference input for (9)
becomes  r, () = rox,(8) + 1, %,(f) -
F¥(k=123) have the following Gaussian membership
functions:
m(zl):e'((zl'cli)/sl)’ C]j:[- 6 -3 0 3 6].
i=12..5 and s, =100
m(z)=e @)l ¢ =[.3 -15 0 15 3,
i=12,..5 and s, =100
m(v,) =€ e’ ¢ =[15 -75 0 75 19,
i=12,...5ands, = 200. (36)
The total number of fuzzy rule is /=125, The control
parameters are set as follows:
d,=0.1,9,=0.02,9, =15,g, = 2,x =0.02,h =10°3,

e, =0.01,/; =5 10 >fori=12,...,125.

The responses of the proposed control are shown in Fig. 3.
The tracking performance is excellent except a little
tracking error occurs in the vicinity of zero velocity.
However, the result is much improved as compared with the
result of Fig. 2. The control signal in Fig. 3 (b) is also
smooth enough. The responses of rea and learning
uncertainties are quiet matched (refer to Fig. 3(c)). The
proposed fuzzy logic system (24) and the updating law for
weight (29) demonstrate an effective tool for the learning of
uncertainties. Furthermore, the response of switching
surface (Fig. 3(d)) is much better than that in Fig. 2(b). This
is the main reason to obtain a better tracking performance.

Three fuzzy sets

VII. CONCLUSIONS

The external part of transformed frictional servosystem
becomes a linear error dynamic system with uncertainties
by using a feedback linearizing control and a reference
model. An on-line fuzzy-model with an updating law
having e-modification is then employed to achieve an
effective learning of these uncertainties. The adaptive fuzzy
variable structure control contains equivalent control and
switching control. The equivalent control uses the known
part of frictional servosystem and the learning fuzzy-model
of uncertainties. The switching control is applied to deal
with the unmodeled dynamics caused by the error of
approximated fuzzy-model and estimated weight. It is not



necessary to assume that the matching condition of
uncertainties must be satisfied. Then the tracking
performance including tracking accuracy and smoothness of
control input is much better than that of PID control or
convectional variable structure control or (adaptive) fuzzy
control. Simulations confirm the usefulness of the proposed
control. The experimental work isin progress.
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APPENDI X
Appendix (the proof of Theorem 2):
Firgt, the matched uncertainties are considered. Define
the following Lyapunov function candidate:

V=8 /2+W L 'W/2=s"Ps >0,ass! O,W! 0 (Al)
where W=1- Ws =[s W[ P=dag{t 1} .. I;}2.
The derivative \&isgiven

W= s+ WL (A2)

Similarly, the derivative of s using (13), (15), (28) and
(30) isgiven asfollows:

&= (l+ DQ))VSW-'-Veq_ gl_Z_L_ gzrd+ f+dlz
=(1+Dh)v,,- WQ+ f=(1+Dh)v,, +WQ+e

Substituting (A3), (29) and (31) into (A2), and using the

inequality - (1+Dh)/(1- g,)£-1 yields

\&'=5{1+ Dl )v,, + W' Q+é}- s|7VTQ+h|s{I7VTI7V

(A3)

£|s||el agl|s1+‘j’2'q o (7 W){)

e N
4 i
t

e, +|d(s+x)+ Z LA 0

o

|' ﬁ'j{ +KQ|W1|)} (A4)
where
H(d)=14" +2n]4- h (A5)

clwl)=nlg ol i fo. 0o

Because h, >0,h>0is achieved. Hence, if |§>h, then
\&E-zlﬂq,”vT/”) where z|$[Vi]>0  similarly, if

B max/2+/ Vo & =y, then WE -2 )

whete 2,4 )0, Hence, it |4>h and [W/]> w,,

then ~ _

WE- min{zl(lsi,”W”)zz(]q,"W")}. (A7)
Then outside of the domain W making (A7) is described
asfollows:

W={s1 A" 0£(we w,,0£|4£ A} (A8)
Finaly, from (30)-(31), vis UUB. Because the dynamics
(8) is input-to-state stable, z,z, or xae UUB. From
Lemmal, arealso UUB. Then  isUUB.

Similarly, the system with unmatched uncertainties can
be achieved. For simplicity, those are omitted.

QE.D.
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Fig. 1 Control block diagram.
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Fig. 2 The response of the proposed control without the

compensation of uncertainties.

(a) Referenceinput r(f) and system output y(f) .

(b) Switching surface (t).
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Fig. 3 The responses of the proposed control.

(8) Referenceinput r(f) and system output J(?) .
(b) Control input w(?) .

(¢) f(r) and Uncertainties learning uncertainties
W™ (DF (r).

(d) Switching surface §(t) .
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