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Abstract

This paper investigates the controller synthesis of uncertain
linear time-delay systems. Stabilizability criteria are
derived based on a discretized Lyapunov functional
approach. A new controller design method is developed.
Numerical examples show that the results using the
proposed method are less conservative than some existing
ones.

1. Introduction

Many practical systems are subject to uncertainty and
time-delay. Therefore, robust control of uncertain time-
delay systems has received significant attentions recently.
Some researchers have focused on the problem of
designing robust memoryless controllers for uncertain
time-delay systems. A number of results on this topic have
been reported. Most of the early Lyapunov function (or
functional) based approaches yield delay-independent
stabilization criteria (Han and Mehdi, 1999
Phoojaruenchanachai and Furuta, 1992; Shen et al., 1991).
These results are often overly conservative and can not
deal with systems whose stabilizability dependents on the
size of the time delay. Razumikhin type of stabilizability
criteria can indeed yield delay-dependent stabilizability
results (Han and Mehdi, 1999b; Li and de Souza 1997,
Niculescu et al., 1994). They can also alow time-varying
delay. However, experience shows that the results are still
rather conservative for many practical applications. This
can be seen by applying these type of criteria to a constant
time-delay system without uncertainty and comparing
them with the analytical result (Gu, 1997).

Gu (1997, 1999a) has proposed a discretized Lyapunov
functional approach to check the stability of linear
uncertain systems with constant time-delay. The criteria
have shown significant improvements over the existing
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results even under very coarse discretization. For
uncertainty-free systems, the analytical results can be
approached with fine discretization. Gu and Han (2000)
has extended the result in Gu (1997) to the case where the
delay may be time-varying. The result in Gu and Han
(2000) has been improved in Han and Gu (2000) by using
ageneralized discretized Lyapunov functional approach.

In this paper, based on the discretized Lyapunov
functional approach in Gu (1997), we address the problem
of robust control design for uncertain linear time-delay
systems. The case of a single, constant time-delay is
considered. We develop a design algorithm of a linear
memoryless static state feedback controller for uncertain
time-delay systems.

Notations

W > 0: symmetric positive definite matrix;

W < 0: symmetric negative definite matrix;

W = 0: symmetric positive semi-definite matrix;

W < 0: symmetric negative semi-definite matrix;

C : the set of continuous 0" valued functionson [-r,0];
r : time-delay;

2. Problem Statement
Consider the uncertain time-delay system
O x(t) = AP (©)x(t) + AP (t)x(t -r) +BP (t)u(t) (2.1)

where x(t)[0 " is the state vector, u(t) ™ is the

control vector, AY@®)mM ™, AP@® D ™ and

BY(t) 0 ™™ are uncertain matrices, which are unknown

and possibly time-varying, but known to be bounded by
some compact set Q ,i.e.

[AD (1), AP (), BO @)@ ™™™ forall tO[00 )
Fora t[0p ) define

x OC, x(@)=x(t+6), 60t r,Q] (2.2)



The objective is to design a static memoryless state
feedback controller to stabilize the above system. For this
purpose, consider an initial system of system (2.1)

@ x(t) = ADx(t) + APx(t -r) +BPu(t)  (2.3)

which can be stabilized by a static memoryless state
feedback controller.

Now consider aclass of systems
T =220 +@-2)E?, A0][0, 1
That is

T () =[AP +A(AD (1) - AP)]x(t)

H{AD +AAP ©) - AP 1)
HB? +ABY ) -BONu®) (24

Let the static state feedback control law be
u(t) = Fx(t) (2.5)
Then the closed-loop system is

Tt X(t) ={(A? +BPF) +A[(AP (1)
-A?)+(BO(t) -B@)FI}x(t)
AP +A(AP (1) - AP)IX(t ) (26)

3. Stability of Time-Delay Systems
Consider the stability problem of time-delay system

X(t) = AX(t) + Ay (O)x(t 1) 31

The stability of system (3.1) can be investigated by
choosing a quadratic Lyapunov functional candidate

V(X):C 0
V@)=5 9 OP 40+ PO QT 6 «
211" 7 (OR(E-)gtn)an)de
A MAGEGLOLE (32
where

PmM ™, P=P'

Q:[—I’,O] — ann

S:[-r,0] - O™, S"(&) = SE)
R:[-r, r] - O™, R(-§) =R"(§)

Let the delay interval [-r, O] bedivided into N segments
[8,_4, 8] of equal length h, where

o =-r,+ih,i=0,1 2 -, N
h=r/N

Choose Q, R, Sand T to be continuous piecewise linear,
i.e

Q(@)=QE, +ah) =1-a)Q, +aQ  (33)
s (a)is«si_l +ah) =(1-a)S., 1S (3.3b)
T (a)iT(ai_1 +ah) =(1-a)T_, T, (3.3c)
Ty (or)iTkj (S +ah) =(L-a)T;, 4T, (3.3d)
R (a) 2 R@,_, +ah) =(1-a)R_, +a R (3.3¢)

for O<a <1. Then, the following results were provn in
Gu (1997).

Lemma 1 (Gu,1997). For piecewise linear Q, S and R
as described by (3.3), the Lyapunov functional satisfies

V(9) 2 £¢" (0) ®0) (34)
for some € >0 if
§=20,i=012---,N (3.5)
5 AT
E'? QS>0 (3.6)
R PH
where
R, R, - R,O
aoR R Ryar
O: : 0
R Ra - RO
Q=[Q Q& - Ql

Lemma 2 (Gu, 1997). For piecewise linear Q, S, Rand T
as described by (3.3), the derivative of the Lyapunov
functional along the solution of (3.1) satisfies

V() < -€¢" (0) #0) 37)
for some € > 0 if the following inequality is satisfied
O 1 2 3 O
EA tTivja A +Tmi454 A S
oo +T112-,i+j—1 S tTni+ja Ai‘jl 0>0 (3.8
O 3T 4T 1 O
5 Aij Aij N(S - 3—1)5

foral i=1 2 -, N, j=0,1, [At), A 0] ,, where



A" ={PA() +AT (P +S, +Q +Ql]
& =PA -Q,
Aﬁ =hA' 1)Q-; —(Q -Q) +hRT—N 4]
Af} = WQ—1+]' _hRT—1+j
and T, (i=0,1 2, ---, N) satisfying

N-1
To+Ty +2) T, =0 (3.9)
0 N Zl i
4. Controller Synthesis
Choosing the same Lyapunov functional as (3.3) for
system (2.6), by Lemmas 1 and 2, one can easily obtain the

following results.

Coroallary 1. The Lyapunov functional satisfies

V(9) 2 9" (0) #0) (4.1)
for some € >0 if
§=20,i=012---,N 4.2
R GO
M(Z)=0. 0>0 (4.3)
R PO

where Z=[P, Q, R, S, T]".

Corollary 2. The derivative of the Lyapunov functional
along the solution of (2.6) satisfies

V(9) < —e¢' (0)¢(0) (4.4)

for some € > O if the following inequality is satisfied

H(Z,F,A) =
o, A2 3 O
EAZ +Tisja A5 +T5454 A5 B
D’A? +T112—,i+j—1 S +Ty; +j4 A42j 0>0 (4.5
1A 8 te-s.g
ij ij N

foral i=12---,N, j=0, 1, [AY(t), A" t),BY®)] @ ,
where

A; = {P(A® +BPF) +AP[(AD (t) -A®)
+(BY (t) -B@)F] +(APT +FTBAT)P
+A(ADT (1) - APT) +FT (BYT () -BPT)IP
+Sy +Qy +Qx}

A7 = PA? +APIAD () -A71-Q,
83 = h(A? +BYF) QL. +AN(AY () ~A?)

+BY (1) -B?)FI" Q. —(Q —Q4) +hRTy 4,
Aéij = hASZ)TQ—lﬂ +AAPT (1) -APT1Q 14 _hRT—1+j

and T, (i=0,1 2, -, N) satisfying

N-1
To+Ty +25 T, =0 (4.6)

1=1

Now, by Corollaries 1 and 2, we have the stabilization
result for system (2.4).

Theorem 1. System (2.4) is robustly stabilizable via a
linear state feedback controller (2.5) if there exist red

matricesP, Q, and R satisfying (4.3)and §, =0, and T,
i=0,1 2, -, N satisfying (4.6) such that (4.5) is
satisfied.

Remark 1. Condition (4.2) (i.,e. §=0,i=012---,N)is
impliedby §, =20 and (4.5).

Remark 2. From (2.4), it is apparent to see that if the
parameter A - 1, system (2.4) approaches the origina
system (2.1).

From Theorem 1 and Remark 2, for the robust
stabilization of system (2.1)-(2.2), the following result is
easily obtained.

Theorem 2. System (2.1)-(2.2) is robustly stabilizable via
a linear state feedback controller (2.5) if there exist real

matricesP, Q, and R satisfying (4.3)and §, =0, and T,
i=0,1 2, ---, N satisfying (4.6) such that the following
inequality is satisfied

H(Z,F,)=
OAL, +T, —N%, +T, ¥ B
517 hgi+ja 1 T2+ lij 0
D’Agll- +T112-,i+j—1 S +T22,i +j4 A42j 0>0(4.7)
O 3T at 1 O
5 Azm Azm W(S - 3—1)5

foral i=12---,N, j=0,1, [AY(t), AP (t),BY )] @ ,
where
A, = {P[AD(t) +BY (t)F] +[APT (t) +FTBOT ()P
+Sy +Qu +Qu}
Agl = P'Aél) 0-Q
Ay = AP (1) +BY(FI'Q . —(Q -Q4)



+hRT—N —1+]j
A;nj = hpél)T (t)Q|—1+j - hRT—1+j

The LMIs derived need to hold for all the possible
uncertain system matrices. Here, we assume that the
uncertainty set is polytopic

Q=Co{(A,B)[i=12 -,n} (49

Then it is easy to see that one only needs to check the
satisfaction of LMIsat al the vertices.

Now we give the idea for designing the static state
feedback controller u(t) = Fx(t) . First weset A =0. From

the initial system (2.3) (it is supposed to be stabilized) one
obtains a proper gain matrix F(© such that the closed-loop
system of sysem (2.3) with ut)=FOx(t) is
asymptotically stabilized. From (4.2)-(4.3) and (4.5), a
group of matrices 2@ =[P©@, Q@ RO SO TO zre
determined. Second for the F® and A® given in the
previous step, one can construct a generalized eigenvalue
problem to determine new Z®*Y and AAM>0. If 1
belongs to the AW AL where
AL =20 1 M the static state feedback controller

ut) = F®x(t) robustly stabilizes system (2.1)-(2.2).
(k+1)

interval

Third if it is not the case, fixing the new derived Z

and A% one can find new F*? and AA®? >0 that
solve a generalized eigenvalue problem. If 1 belongs to the

new interval [AMY A& D] where A& = A0 4 gy (02
the static state feedback controller u(t) = F®x(t) for

system (2.1)-(2.2) is obtained. Otherwise repeat the above
process until one get a static state feedback controller. If

the interval [A®), A®1] or [A®L A®*D] that includes 1
is not obtained, the procedure fails.

Based on Remark 2, Theorem 2 and the above
discussion, we will give a design procedure. First of all, we
introduce some notations as follows.

Let AKD_ 0 = g0 = gLy ®02  phere

MO >0 and AAM2 >0
Denote

[R® Q(k)TD

M(z®)=0 AR pk)
K9] P E

BG(k)l g2 go3g
G(Z(k), F(k), /\(k)) - m’_;(k)ZT 0 G_(_k)4|:|

(K)3T  ~(K)4T O
%u Gi 0§

H(Z®, F® 200y =

a O
B A(zk)l +Tisja _A(zk)z +Tpgi4ja A(k)a E
AP +T1£,i+j—1 S tTpi4ja A(k)4 O
O 1 O
(k)3T (k)4T (k) _ (k)
B A A N(S 3—1)5
where
Ep{()k) R(li) R(k’\} B
. [Rl(k) R(()k) R¥ O
R = N+1
g S . O
ik : . S
RO ORY, - RPH
QU =Qf? Q¥ - Q]
and

AP = (P (AD 1 BAE®Y £ 10 p[(AD (1) ~AD)
+(B(l) (t) - B(Z))F(k)] +(A(2)T +E®T B(Z)T)p(k)
+A (k)[(A(l)T (t)- A(2)T) +E®T (B(l)T (t) - BT )] p)
+51 + QM +QTy
AP = plo AD) 1 )0l AD (1) — AP —Q
AER =h(A® +BAF)TQY,; +AWH(AY () -A?)
+BY(1)-B?)FUI"QY.; - -QY) +hRYL,
zITJ)4 hA(jZ)TQ +A (k) h[ Agl)T (t) AjZ)T]Q .
~hRY,
and
Gt = pR(AD (1) - A@) +(BY (1) -BP)F ]
+[(A(1)T (t) —A 2)T) +F k)T (B T (t) _B(Z)T )] P(k)
G2 = POTAP (1) - AP
GJ° = ~hl(A” (1) ~A®) +(B (1) ~B?)FTT QY
G = - APT (0 - AP 1Y,

Now we state the algorithm for designing the stetic state
feedback controller u(t) = Fx(t) asfollows.

Algorithm 4.1

Step 1. Let A@ =0, design F© to stabilize =?. From
0<S, 0<M(Y?) and 0<H(Z®, F?, A1), one
obtains 2@ =[P©, Q?, R?, §?, TOTT.

Step 2. For F® and A® given in the previous step, find

new Z®Y and AA®! that solve the generalized
eigenval ue problem

rzn(lkglm subject to:



0<S; 0<M(ZW); 0<H(Z®, F®, A1)

1
(k) (k) (k) (k) (k) 3 (k)
G(ZM, F, A) < H(ZW, F®, 20)
If 10[AM A6D] where AW =2 ® + M 1 one has

the static state feedback control law u(t) = F®x(t) , then
stop. Otherwise go to Step 3.

Step 3. For z®* and A derived in Step 2, find new

F D and AA®? that solve the generalized eigenvalue
problem

an(lkr)1 02 subject to:

0<S,; 0<M(Zz* )
0<H(@Z* D, F(k) A0h)

G(z* F® /\<k>1)< S HEZED, F0

If 10[AW A®D] | where AKD =04 3 W2 =) (0
+M O+ M 02 the static state feedback control law
u(t) = F*x(t) is obtained, then stop. Otherwise let
k=k+1, goto Step 2.

Remark 3. Concerning the choice of the initial system, we
can choose a rough approximation of the original system,
and a well-established method may be used to design the
controller of the initial system, for example, choosing the
Pade approximation.

Remark 4. By the results in Gu (1999b), Algorithm 4.1
can be easily extended to synthesize the dstatic state
feedback controller for uncertain linear systems with
multiple time-delays.

5. Illustrate Examples
Example 1. Consider the following time-delay system
x(t) = AY@)x(t) + AP ©)x(t -r) +BO (tu(t)  (5.)

where
-10

“Of A0 o
BO(t) = % r =1.45

-1
- is unstable and
0.

1

Note that A® (t) + AP (t) = =5

Ho

{AD (1), BY(t)} is not stabilizable, system (5.1) can not

be stabilized independent of delay using the state feedback

controller. Therefore, the delay-independent stabilization

methods in Phoojaruenchanachai and Furuta (1992) and
Shen et al. (1991) can not be applied to this system.

Choosethe initial system of (5.1) as

x(t) = APx(t) + APx(t -r) +B@ut) (5.2

where
1 -10
AD = AD 4+ AD =5 I
0o 0.9

A? =0, B? = % r=145

Using the pole assignment technique, one easily find the
controller gain matrix F© =[-0.6 -1] for system (5.2).
Applying Algorithm 4.1, we obtain the state feedback
control law u(t) = Fx(t) =[-0.6017 -1.0069]x(t) that
asymptotically stabilizes system (5.1).

Example 2. Consider the following uncertain time-delay
system provided in de Souza and Li (1999) (with a dlight
modification)

x(t) = AD (t)x(t) + AP @)x(t -r) +BP (H)u(t) (5.3)

where
W (¢ B'l p(t) -1-p(t) O
A= 0 ﬂg—p(t)%
o SR 0 g
PO 00 1ol B Y7 Hu’r"
where

|p(®)|<0.1, Ot
The system matrices A® (t) and A (t) can be written as

AV = AV +0A% (), AP (1) = AP +0AT (1)
and

0 00

(t) P(t)D
A = MO (1) =
0 4

DO(t) p(t)m

AD = 10 om - 0RO —p)d
Eo o MO 00 —pf

where the uncertain matrices AA® (t) and AAP (t) are a
case of any unknown matrices AAD(t) and AAP(t)
satisfying ||AA<1> (t)||s0.2 and ||AAgl> (t)"sO.Z, Ot , given
in de Souzaand Li (1999).

For any unknown matrices AA®(t) and AAP(t)
satisfying ||AA<1> (t)||s0.2 and ||AAgl> (t)"sO.Z, Ot , using
the result of de Souza and Li (1999), system (5.3) is



robustly stabilizable for 0<r <0.3346, whereas by the
results in Li and de Souza (1997), Niculescu et al. (1994)
bound for time-delay is 0.2250 and 0.0929, respectively.
However, for the time-delay is r =1 in system (5.3), no
conclusion can be made by the criteriain de Souza and Li
(1999), Li and de Souza (1997), Niculescu et al. (1994).

Now we apply the design algorithm in this paper to
solve this problem. System (5.3) can be modeled as a
polytopic system, with n, =2 and

w_ 01 010 ., GO0l -010
AT = 0 A = 0
1 1 Ho1 o9
o L1 pp =309 0%
1" Hou1 1H “Ho1 -odd
[0
B® =BY = HE

We will aso choose system (5.2) as the initial system of
system (5.3) with the controller gain matrix

FO© =[-06 -1]. Applying Algorithm 4.1, it is found
that system (5.3) is robustly stabilizable via the state
feedback control law u(t) = Fx(t) =[-0.6338, -1.0619]

xX(t) . For this example, the controller design method of

this paper provides a less conservative result than those
obtained via the methods of de Souza and Li (1999), Li
and de Souza (1997), Niculescu et al. (1994).

Remark 5. The controllers are obtained for N =1 in
Examples 1 and 2. As N increases, one will get a better
result.

6. Conclusion

The problem of robust stabilization of uncertain time-
delay system has been addressed. Based on the discretized
Lyapunov functional approach, we have developed a new
controller design method. Numerical examples have been
presented to demonstrate the effectiveness of the proposed
method.
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