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Abstract
   This paper develops robust pole placement that
satisfies mixed sensitivity specification and places
pole of the closed-loop system in pre-assigned half
plane simultaneously. The　feature of the proposed
method is that the pre-assigned half plane is broad
in comparison with that of affine transformation of

standard ∞H 　 control and  multipurpose ∞H
synthesis in LMI. Theoretical background and
illustrative numerical example are presented
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１．Introduction
    In design of the control systems, low sensitivity
and low complementary one are required for good
control performances under the model error and the
perturbations of the plants. Since there is trade-off
between them, the weighting functions are
introduced to be low sensitivity for low frequency
and low complementary one for high frequency. The
mixed sensitivity problem is to find a controller that
satisfies the specification, and it is solved via the

generalized plant by　 ∞H 　control [1][2] and LMI
[3][4].
   However, If the plant and/or the weighting
function for the sensitivity has any poles on the
imaginary axis, then the generalized plant has to be
modified such that the transfer function from the
external signal to the measured output consists of
all poles on the imaginary axis. The solution
without such a modification for the weighting
functions with poles on the imaginary and right half

plane is proposed as extended ∞H control by Mita
et.al.[8]. If the plant has poles near the imaginary
axis, then the responses to the input disturbances is
sluggish. Kimura [5]and Saeki[6] proposed the
robust stability degree assignment which was
based on affine transfomation [7]. In its application

to mixed sensitivity problem and multipurpose ∞H
synthesis in LMI,  the adjustable region, however,
is too narrow to improve the responses.
   The purpose of this paper is to  break through
these problems. It is clarified that the problems

cause to the structure of the ∞H control for mixed

sensitivity problems.  The restrict structural
defect is removed by combination of  modification
of  the second Riccati equation and affine
transformation. The proposed method can deal with
plants with poles on the imaginary axis and the
weighting functions without any modification of the
generalized plant. The poles can be shifted widely
within the mixed sensitivity specification.
  

2.  ∞H  Control for Mixed Sensitivity
　　Problem
   Consider the controlled system
        )()]([)( sGsIsG p ∆+=     　　　(1)

where )()()( 1 sRBAsICsG mm×− ∈−=  is the nominal

plant, nnRA ∈ 、 nRB ∈ 、 nmRC ×∈ , ),( BA  is
controllable and ),( AC  is observable. It is assumed
that the number of  unstable poles of )(sGp  is

equal to that of )(sG , )(sG  has no zeroes on the
imaginary axis. The )(s∆  is the model error
satisfying
      0,)(])([ ≥ω∀ω<ω∆σ jWj T  　　　(2)

σ denotes the maximum singular value

and )()( sRsW mm
T

×∈ .
    The feedback control system is shown in Fig.1,
where )(sGc  is the controller.
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         Fig.1 Feedback System

     The sensitivity )(sS  and the complementary
one )(sT  at the output are given by

       1)]()({)( −+= sGsGIsS c  　　 　(3)

       )()()]()({)( 1 sGsGsGsGIsT cc
−+=  　　　 (4)

  For good control performance,  the weighting
function )()( sRsWs ∈  with poles on the imaginary
axis is introduced. The 1 disk mixed sensitivity
problem is to  design the control system satisfying
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   This is equivalent to that the ∞H  norm of the
transfer matrix from the disturbance d to the

output [ ]TT
T

T
s zz in Fig.2 is less than 1 .
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      Fig.2   generalized plant

 The generalized plant is represented by
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where snsn
s RA ×∈ , msn

s RB ×∈ , snm
s RC ×∈ , the

generalized plant is represented by
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The state equation of the generalized plant is
denoted by
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Theorem 1[1][2]:  It is assumed that
（１） ),( 2BA is stabilizable
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necessary and sufficient condition for the controller
satisfying (3) is that there exist the stabilizing

solution 0≥= TXX  of the Riccatti equation
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and the stabilizing solution 0≥= TYY  of the
Riccati equation
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   TDDE 212112 = ,   1
21212121 )( −+ = TT DDDD

and they satisfy the inequality
       1)( <ρ XY  .       (12)
If the condition is met, then a controller satisfying
(3) is given by
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３． Structural Problems



　　The conventional ∞H control  approach to the
mixed sensitivity problem suffers from three
serious problems in mixed sensitivity problem. One
of them is the assumption (4). It requires that the
weighting function )(sWs  is asymptotically stable,
because of

   [ ] )
0

,0(),( 2
22 







 −
−=

T

TSS
T A

CBA
CAC .

 The second problem is the assumption (6), which

requires that 211
1

2 )ˆ( DBAsIC +− − does not contains
of any zeroes on the imaginary axis. This is

equivalent to that 2211
ˆ CDBA +−   does not have any

eigenvalues on the imaginary axis. It follows from
(8) that 　
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If the weighting function )(sWs  and/or the plant

)(sG  contains of poles on the imaginary axis, then
the assumption (6) is not satisfied. In order to
satisfy the condition, some modifications are
required for the generalized plant and it
complicates the design of the multi-input and
multi-output plants..

The other problem is fatal for the plant with
stable poles near the imaginary axis. Suppose that

)(sG and )(sWs  do not contain any poles on the

imaginary axis. Since ID =21 ， ID =+
21 、we have

       012121111 =− + TT BDDBBB             (16)

and (11) becomes
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where )( Aλ  denotes eigenvalue of A . The controller
is denoted by
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It should be noted that the controller contains the
same stable poles of  the plant, which are
connected by parallel to the input as shown in Fig.3.
Therefore, there  exist  uncontrollable modes. If
they are derived by input disturbances, then they
affect the output. If the plant contains poles near
the imaginary axis, then the responses to input
disturbances is very sluggish or oscillate for long
time.
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          Fig.3  Control system

   For example, consider the plant
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The standard ∞H  control can yield the solution as
shown in Fig.4.  The response to a step
disturbance, however, oscillates for long time as
shown in Fig. 5.
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  Fig.4  Bode diagrams of )( ωjS  and )( ωjT
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     Fig.5 Disturbance  response



   In order to improve the disturbance response,

the standard  ∞H control is modified by affine
transformation such that
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In this approarch, however, adjustable
parameter α  is too small to improve the response.
For above example, we have solution from 0.0=α
to 009.0=α . Multi-purpose ∞H  synthesis hinfmix
in LMI yields the solution to 009.0=α . The
response to disturbance is not improved. These are
caused from the assumption (4) and (6).

４．Robust Pole Placement
   In order to overcome above problems, we
consider the robust pole placement problem to find
a controller such that (3) is satisfied and poles of
the closed-loop systems are located in pre-assigned
half plane (real parts of poles are less than

)0( ≥αα− ).
The key of the break-through is that the

eigenvalues of sA must be reserved in )(sGc  to
satisfy the sensitivity specification. It follows from
(13) that
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In order to keep sA , K should be

          







=

*
sB

K              (24)

It follows from (24) and
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that  Y  has to be of the  form
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The Riccati equation (22) becomes
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If the qY  is not zero, then it is restrictive rather

than the case of 0=qY . Therefore, the case of

0=qY  is general..
  This implies that the condition that the
restrictive assumption(4) is replaced by general
condition that ),( 2 TT AC  is detectable，and that the
assumption(6) can be removed. They allow the
solution for lager 0≥α .
Theorem2: Suppose that the assumptions (1)~(3)
and (5) in Theorem 1  and  the assumption that

),( 2 TT AC  is detectable are met.  If there exists the

stabilizing solution 0≥= TXX  of the Riccati
equation
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and  there exists the stabilizing solution

0≥= T
pp YY  of the Riccati equation 
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and  the inequality
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is satisfied, then there exists a solution satisfying
(3). The controller  are given by (13) or (14).
    The poles of the closed-loop system are located
in the half plane with real part less than α− .
(Proof) Eqs. (16),(29) and (31) yield
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Y  is the stabilizing solution of Riccati equation (32)
except eigenvalues  of IAs α+ .
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In the similar manner to standard ∞H  control,
we have
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Transforming
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It follows that
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in the same manner to standard ∞H  control.
Furthermore, we have
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These imply that the eigenvalues of sA  are not
controllable in (41) and they are eliminated in the
transfer function. Then (41) is stable and
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is stable. Furthermore, we have
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This  and  the definition of infinity norm on
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)}(),({ sGsMLFT c has poles, real parts of which are

less than α− . □

Let [ ]21 FFF = , then the controller is
denoted by
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The control system is shown in Fig. ５ .　 The
weighting unction )(sWS is introduced as internal

model and thus 1)()( <∞sSsWS  is satisfied broadly.

Compared with the proposed method, conventional
∞H   control loses this structure and thus α is

restricted to be small.
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   Fig.6  propose control system

   For above example, the weighting function



)(sWS  is changed to
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The proposed method yields the solution
from 0=α  to 08.1=α . Bode diagrams of

)( ωjS  and )( ωjT  , responses to step

reference input and  step disturbances for
0=α are similar to those of the standard

∞H control.  Bode diagrams of )( ωjS  and

)( ωjT  for 08.1=α . are shown in Fig.7.

Responses to a step reference input and
step disturbance are shown in Fig.8 and9
respectively. It should be noted that
responses to disturbance is improved
considerably.

５．Conclusions
   This paper proposed the broad robust pole
placement that the mixed sensitivity specification
is satisfied and poles are located in pre-assigned
half plane. The restrict assumption of the
conventional ∞H control is removed and the
second Riccati equation is modified. The weighting
function to sensitivity is directly introduced as
inner model and the sensitivity specification is
met broadly.
   The proposed method is directly applied to the
plants and the weighting function with poles on
the imaginary axis. The response to disturbance
can be easily adjusted. This makes the design of
control system more practical.
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