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Abstract

Fundamental limitations for error tracking/regulation
are obtained for the robust servomechanism problem
(RSP) for discrete time periodic systems. In study-
ing this problem, the RSP for a multi-input/multi-
output discrete time system is considered. Application
of these results is then made to the \periodic system
robust servomechanism problem", and explicit expres-
sions for the limiting costs for error tracking regula-
tion are obtained. These limitations can be charac-
terized completely by the number and location of the
non-minimum phase transmission zeros.

Keywords Discrete periodic systems; proper sys-
tems; cheap control problem; optimal control; per-
formance limitations; servomechanism problem; non-
minimum phase; lifting thechnique;

1 Introduction

The analysis and control of linear discrete-time peri-
odic systems have recently been receiving a good deal
of attention because linear periodic systems, such as
cyclostationary processes [1, 2], and multirate digital
control systems [3, 4] arise very often in nature and
engineering.

Common techniques used in carrying out such analysis
studies are the lifting technique and the cyclic tech-
nique, techniques which transform the linear discrete-
time periodic system into a linear time invariant system
[4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] while preserving the
algebraic structure [15, 8, 14] and norms of the system
[8]. In view of the bijective relationship between the
periodic discrete time realization and its time-invariant
reformulation, structural properties such as observabil-
ity, reachability, detectability, and stabilizability are
equivalently analyzed by making reference to the time-
invariant reformulation [9, 16]. Lifting techniques, in
particular, have been used to study zeros [7], robust
stabilization [6, 8], pole assignment [9], and state and

output feedback stabilization [17, 18, 19] for discrete-
time linear periodic systems.

The tracking and disturbance rejection problem for
discrete-time linear periodic systems has been consid-
ered in [19, 20, 21, 22, 23, 24, 25, 26]. In [19, 20]
only periodic and constant reference signals are con-
sidered, while in [21] general classes of disturbance
functions and reference signals are considered. In [22],
the disturbance rejection problem has been studied
using a geometric approach, and necessary and suÆ-
cient conditions to solve this problem are provided. In
[23, 24, 25, 26], necessary and suÆcient conditions for
the existence of state and/or output dead-beat con-
trollers with the requirement of output dead-beat reg-
ulation under periodic disturbances are obtained.

The optimal periodic control problem and optimal pre-
diction problem have been considered in [27, 28] and in
[29, 30, 31] respectively. In these papers, a solution
for the di�erence periodic Riccati equation has been
analyzed, and necessary and suÆcient conditions for a
unique solution to exist have been given; in addition,
a one-to-one correspondence between this solution and
the solution of the discrete time invariant Riccati equa-
tion has been established, and a numerical method for
computing the periodic solution has been presented.

Fundamental performance limitations for track-
ing/regulation, in the robust servomechanism problem
(RSP) for discrete systems, when no penalty is imposed
on the control signal energy of the closed loop system,
have been obtained in [32, 33]. In this paper, perfor-
mance limitations in the RSP is considered for periodic
discrete time systems.

2 Preliminary results and Development

Consider the following linear discrete-time periodic sys-
tem � described by

x(t+ 1) = A(t)x(t) + B(t)(u(t) + !(t))
y(t) = C(t)x(t) + �(t)
e(t) = y(t) � yref

(1)
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where the control u(t); the state x(t); the output y(t);
the input disturbance !(t), and the output disturbance
�(t) are periodic real vectors in Rm;Rn;Rm;Rm and
Rm with period T 2 N respectively, and where the
matrices A(t); B(t); and C(t) are periodic with period
T , i.e., for all t, A(t) = A(t + T ); B(t) = B(t + T );
and C(t) = C(t + T ). Assume that the system (1) is
point-wise detectable and stabilizable, i.e., it the ma-
trix pair [A(t); B(t)] is stabilizible and the matrix pair
[A(t); C(t)] is detectable for all �xed t 2 [0; T ] :

2.1 Associated Lifted Time-Invariant Systems

Consider the linear periodic discrete time system � (1);
then for any initial time � 2 Z, the output response of
system � for k � � , for a given initial state x(�) and
input function u(:), can be obtained from the time-
invariant associated system [4, 8, 15] at time � , ��

where �� is given by:

�xk+1 = �A�xk + �B(�uk + �!k)
�yk = �Ck�xk + �D�uk + ��k
�ek = �yk � �yref

(2)

where k 2 N, �xk = x(kT + �),

�uk=
�
u(kT+�) u(kT+1+�) : : : u(kT+T�1+�)

�0
�yk=

�
y(kT+�)

0

y(kT+1+�)
0

: : : y(kT+T�1+�)
0
�0

�ek=
�
e(kT+�)

0

e(kT+1+�)
0

: : : e(kT+T�1+�)
0
�0

�A = �(T+�; �)

�B =
�
�(T+�; 1+�)B(�) �(T+�; 2+�)B(1+�)

: : : �(T+�; T�1+�)B(T�2+�) B(T�1+�)
�

�C =
�
C(�) �(1+�; �)

0

C(1 + �) : : :

�(T�2 +�; �)
0

C(T�2 +�) �(T�1 +�; �)
0

C(T�1 +�)
�0

�D=dij where

dij=

�
C(i� 1 + �)

0

�(i�1 +�; j+�)B(j� 1+�) i > j
0 i � j:

(3)
where �(t; to) is the system transition matrix given by:

�(t; to) := A(t� 1)A(t� 2) : : : A(to)
�(t; t) := I:

2.2 Stability

The eigenvalues of �� := �(T + �; �), called the mon-
odromy matrix, are independent of � and are called
the characteristic multipliers of A(.) [34, 35]. The pe-
riodic system (1) is asymptotically stable if and only if
its characteristic multipliers have modulus less than 1
[16]. Hence, system (1) is asymptotically stable if and
only if system (2) is asymptotically stable.

2.3 Stabilizability and Detectability of Periodic

Systems

In view of the bijective relationship between the peri-
odic discrete time realization (1) and its time-invariant

reformulation (2), structural properties such as observ-
ability, reachability, detectability, and stabilizability
can be equivalently analyzed by making reference to
the time-invariant reformulation [9, 16]. Thus, we have:

Lemma 2.1 1) The pair (A(:); B(:)) is stabilizable
if and only if the pair ( �A; �B) is stabilizable.

2) The pair (A(:); C(:)) is detectable if and only if
the pair ( �A; �C) is detectable.

It is to be noted that stabilizability and detectability does
not depend on the initial sampling time � .

2.4 State Feedback

Suppose that the state of system (1) is measurable, and
consider a control law

�u(k) = �K�x(k) (4)

for system (2), where �K =
�

�K
0

1
�K
0

2 : : : �K
0

T

�0
,

�Ki 2 R
m�n, i = 1; 2; : : : ; T:

Recalling the meaning of �u(k), and �x(k), and on letting
K(:) : Z ! Rm�n be a T-periodic matrix function
such that:

K(� + i) = �Ki+1 i = 0; 1; 2; : : : ; T � 1 (5)

the corresponding control law for system (1) is given
as follows [18]:

u(t) = K(t)x(�+kT ); t 2 [�+kT; : : : ; �+kT+ T�1] (6)

2.5 Transmission Zeros

The de�nition and the properties of the transmission
zeros of discrete periodic systems have been studied in
[7, 36, 37].

Lemma 2.2 [36, 7] If the periodic system (1) is reach-
able and observable at time k, the transmission zeros at
time k, with their multiplicities, coincide with the trans-
mission zeros of the corresponding lifted system (2).

The time dependence of the transmission zeros of (1)
has been studied in [36, 37], and the results are ob-
tained as follows:

Lemma 2.3 [36, 37] The nonzero transmission zeros
of (1) at time k are independent of k, together with their
multiplicities.

3 RSP for LTI Systems

Consider the square LTI system modeled by (2), and let
r be the number of outputs of the system; the following
results are now obtained:
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Lemma 3.1 [38] There exists a solution to the RSP
for (2) i� the following conditions are all satis�ed:
(i) ( �C; �A; �B) is stabilizable and detectable

(ii) rank

�
�A� I �B
�C �D

�
= n+ r

(iii) yk is measurable.

Given the linear time invariant system �� (2), assume
that the conditions in lemma 3.1 are all satis�ed; then
a solution to the RSP for �� (2) can be obtained by
�nding a state feedback controller which minimizes the
following cheap performance index:

�J� ==h

1X
k=o

n
�e
0

k�1�ek�1+�(�uk��uk�1)
0

(�uk��uk�1)
o

(7)

where �ek := �yk � �yref is the error in the system �� ,
and � > 0, subject to the constraint that:�
�xk+1��xk

�ek

�
=

�
�A 0
�C I

��
�xk��xk�1
�ek�1

�
+

�
�B
�D

�
(�uk��uk�1)

�e(k � 1) =
�
0 I

� � �xk��xk�1
�ek�1

�

(8)
Let this state feedback controller be given by:

�u(k) = �K[(�xk � �xk�1)
0

�e
0

k�1]
0

(9)

where �K is the optimal cheap control gain for the state
space representation (8).

The following preliminary result is needed to obtain
an explicit expression for the limiting optimal \cheap
control" cost for non-minimum phase systems.

Lemma 3.2 [39] A non-minimum phase right-
invertible transfer function matrix F can always be
factorized as F = F1F2 such that F1 is inner, F2 is
minimum phase and right-invertible, and such that the
unstable poles of F2 are equal to the unstable poles of
F . Moreover if F is proper, then F2 is proper.

In lemma 3.2, given a transfer function matrix F then
F2 is called the minimum phase counterpart of F .

Lemma 3.3 Given a discrete time non-minimum
phase system ( �C; �A; �B; �D) (2) which has p non-
minimum phase transmission zeros �i; i = 1; 2; : : : ; p
(including multiplicities), then a state space presen-
tation of the minimum phase counterpart [39] of
( �C; �A; �B; �D) is given by the (Cm; �A; �B;Dm) system,
where Cm and Dm are given by:

C0
m = �C; D0

m = �D

Ci
m = Ci�1

m �

�
�i��i � 1
��i + 1

�
�viu

0

i( �A+ I)

Di
m = (I +

�i��i � 1
��i + 1

�viv
0

i)D
i�1
m ; i = 1; 2; : : : ; p

Cm = Cp
m; and Dm = Dp

m; (10)

where the vector vi is given by:

[u
0

i v
0

i]

�
�iI � �A � �B
�Ci�1

m �Di�1
m

�
= 0 (11)

and vi is normalized, i.e. �v
0

ivi = 1.

The following preliminary result is needed to obtain
an explicit expression for the limiting optimal cheap
control cost for systems when �D is not invertible.

Lemma 3.4 Given a linear time invariant system
( �C; �A; �B; �D) (2), assume that �D 2 Rm�m is not in-
vertible; then there exist input/output unitary transfor-
mations T1 and T2 such that the system matrices of the
resulting system have the following structure:

~A= �A; ~B=
�
~B1

~B2

�
; ~C=

�
~C1
~C2

�
; and ~D=

�
~D1 0
0 0

�

where ~D1 2 Rm1�m1 and ~D1 is invertible, and where
~C1 2 Rm1�n, ~C2 2 R(r�m1)�n, ~B1 2 Rn�m1 , ~B2 2
Rn�(r�m1) , and m1 < r.

Assume now that the discrete LTI system (2) has � 2
[1; n] transmission zeros, with p 2 [0; �] non-minimum
phase transmission zeros given by �i; i = 1; 2; :::; p;
and that �D is not invertible. Let (Cm; �A; �B;Dm) be
the minimum phase counterpart of the discrete LTI
system (2) de�ned in lemma 3.3. Then input/output
unitary transformations T1, and T2 can be applied to
the (Cm; �A; �B;Dm) system so that the resulting system
has the structure given in lemma 3.4, i.e.

~A = �A; ~B=
�

~B1
~B2

�
:= �BT

0

1;

~C=

�
~C1
~C2

�
:= T2Cm; ~D=

�
~D1 0
0 0

�
:= T2DmT

0

1; (12)

where ~D1 2 Rm1�m1 and ~D1 is invertible, and where
~C1 2 Rm1�n, ~C2 2 R(m�m1)�n, ~B1 2 Rn�m1 , ~B2 2
Rn�(m�m1), and m1 < m.

Theorem 3.1 Given a square linear time invariant
discrete time system ( �C; �A; �B; �D) (2), with r outputs,
which has the property that there exists a solution to the
RSP and is non-minimum phase, consider the optimal
controller which minimizes the performance index (7);
then:

(a) if �x(0) = 0, �yref 6= 0; �� 6= 0; and �! = 0; the
optimal cost �J� (7) as �! 0 is given by:

�Jopt = (�yref � ��)
0

M(�yref � ��) (13)

where M is a constant matrix with

trace(M) = n+ r � �+

pX
i=1

(�i + 1)

(�i � 1)
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(b) if �x(0) = 0, �yref = 0; �� = 0; and �! 6= 0; the
optimal cost �J� (7) as �! 0 is given by:

�Jopt = �!
0

(D0

mDm + �B
0 ~C

0

2
~C2

�B)�!; (14)

where Dm is given by (10) and ( ~C2
~B2); given by

(12), is invertible.

Remark 3.1 The limiting optimal performance costs,
given by trace(M) obtained in theorem 3.1 are of inter-
est, in that they indicate the \best possible" achievable
performance as measured by Jopt = E(

P
1

0 �e
0

k�1�ek�1
);

where E is the expectation operator, which can be
achieved.

4 RSP for Discrete Time Periodic Systems

It is desired now to �nd a \high performance" controller
to solve the RSP for � (1) in the presence of constant
disturbances, !; and constant set-points, yref . In order
to achieve this goal, the following " cheap performance
index" will be minimized:

J�=

1X
t=0

e(t�1)
0

e(t�1)+�(u(t)�u(t�T))
0

(u(t)�u(t�T )) (15)

where et := yt � yref is the error in the system, and
�! 0:

The following existence result is now obtained re a so-
lution to the RSP for discrete time periodic systems
(1):

Lemma 4.1 There exists a solution to the RSP for
the periodic system �(1) if there exists a solution to
the RSP for any of the associated linear time invariant
system �� , � = 0; 1; : : : ; T � 1, i.e. there exists an ini-
tial time � 2 f0; 1; : : : ; T � 1g such that the conditions
in lemma 3.1 are all satis�ed for the associated linear
time invariant system �� (2).

Consider now the discrete periodic system � (1), and
let �0 (2) be the associated linear time invariant rep-
resentations of � at � = 0. Assume that there exists
a solution to the RSP for the associated linear time
invariant system �0

1, and let �K (16) be the optimal
controller that minimizes �J(7). The optimal controller
which solves the RSP for � (1) and which minimizes
J (15) as � ! 0 can now be obtained by solving the
RSP for the associated linear time invariant systems
�0. The following results are now obtained.

1If there is no solution to the RSP for �0, then we consider
�1(2), and etc..

Theorem 4.1 Assume that there exists a solution to
the RSP for the associated linear time invariant sys-
tems �0; and let �K (16) be the optimal controller gain
that minimizes �J (7):

�K =

2
6664

�K1;0
�K1;1 : : : �K1;T

�K2;0
�K2;1 : : : �K2;T

...
...

...
...

�KT;0
�KT;1 : : : �KT;T

3
7775 (16)

Then there exits a solution to the RSP for the periodic
system � (1), the performance index J� (15) is given
by:

J� = �J� (17)

and the optimal corresponding periodic controller that
minimizes J� is given by:

u(t)=u(t�T )+K0(t)(x(kT )�x((k�1)T ))+
K1(t)y((k�1)T ) +K2(t)y((k�1)T+1)+ : : :+
KT (t)y(kT�1)�(K0(t)+K1(t)+: : :+KT (t))yref

(18)

where Kj(t) is a T-periodic matrix function such that:

Kj(i):= �Ki+1;j ; i=0;1;: : : ;T�1; and j=0;1;: : : ;T: (19)

The results in the following corollary follows directly
from theorem theorem 3.1 and theorem 4.1.

Corollary 4.1 Given a stabilizable and detectable dis-
crete time periodic system � (1) which has the property
that there exists a solution to the RSP, let Jopt (15) be
the limiting optimal performance index of J� (15) as
� ! 0. Let �0 be the associated time invariant repre-
sentation (2) that has �Jopt (7) as the associated lim-
iting performance index of �J� (7) as � ! 0. Assume
that � has � 2 [1; n] transmission zeros [36, 37] with
p 2 [0; �] non-minimum phase transmission zeros given
by �i; i = 1; 2; : : : ; p; then:

(a) if x(0) = 0, yref 6= 0; � 6= 0; and ! = 0; the
optimal cost J� (15) as �! 0 is given by:

Jopt = (�yref � ��)
0

M(�yref � ��)) (20)

where M is a constant matrix with

trace(M) = n+mT � �+

pX
i=1

(�i + 1)

(�i � 1)

(b) if x(0) = 0, yref = 0; � = 0; and ! 6= 0; the
optimal cost J� (15) as �! 0 is given by:

Jopt = �!
0

(D0

mDm + �B
0 ~C

0

2
~C2

�B)�!; (21)

where Dm is given by (10) and ( ~C2
~B2); given by

(12), is invertible.
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5 Examples

Two examples will be considered. In the �rst exam-
ple, the periodic system has only stable transmission
zeros, and in the second example, the system has un-
stable transmission zeros, and the LTI representation
of the periodic system results in a system with a higher
number of inputs than the states.

Example 5.1 Consider the following discrete time pe-
riodic system given by:

Ak=

2
66664

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

a1;k a2;k a3;k a4;k a5;k

3
77775;Bk=

2
66664

0
0
0
0
bk

3
77775; Ck=

2
66664

0
0
0
c1;k
c2;k

3
77775

0

(22)
where a1;k = sin(2�(k+ T)=T+0:9); a2;k = sin(2�(k+
T )=T + 0:7); a3;k = 2sin(2�(k + T )=T � 0:5); a4;k =
sin(2�(k + T )=T � 0:1); a5;k = sin(2�(k + T )=T +
0:3); bk= cos(2�(k+T )=T ); c1;k=0:5cos(2�(k+T )=T+
0:2); and c2;k= cos(2�(k+T )=T+0:1); and T = 3:

All �� (2), � = 0; 1; 2 associated with the periodic sys-
tem (22) have the property that there exits a solution
to the RSP, and have the property that they have the
same transmission zeros f0; 0; 0; -0:108g :

If x(0) = 0, ! = 0, then it follows from (13) that the
limiting optimal cost for �0, as �! 0; is given by:

�Jopt = (�yref � ��)
0

M(�yref � ��)

where trace(M) = 4; and it follows from (20) that the
limiting optimal cost for �, as �! 0; is given by:

Jopt = (�yref � ��)
0

M(�yref � ��)

where trace(M) = 4:

If x(0) = 0, yref = 0, � = 0, ! = 1 then it follows from
(14) that the limiting optimal cost, as � ! 0; is given
by:

�Jopt = 2:3314

A simulation of the resultant closed loop periodic
system, using the robust servomechanism controller
(18), for the case of zero initial conditions is given
in Fig. 1, for the case when ! = 0, yref = 1,
and yref = 0, ! = 1. It is seen in Fig. 1 that
the \optimal" transient error costs obtained, do con-
�rm the results obtained in (20), (21), i.e. in the
case of Fig.1 (a), Fig.1(b), Jopt =

P
1

0 e
0

k�1ek�1 =

4 = [1 1 1]M [1 1 1]
0

; where M =

2
4 2 0 0

0 1 0
0 0 1

3
5 and

Jopt = 2:3314 = [1 1 1](D0

mDm + �B
0 ~C

0

2
~C2

�B)[1 1 1]
0

re-
spectively. Note that

( �D0 �D + �B
0 ~C

0

2
~C2

�B) =

2
4 1:8192 -0:3624 0:5642

-0:3624 0:0999 -0:1195
0:5642 -0:1195 0:2475

3
5
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Figure 1: Closed loop response with RSC (a): yref = 1;
! = 0, (b): yref = 0; ! = 1.

Example 5.2 Consider the following discrete time pe-
riodic system given by:

Ak=

�
A1;k A2;k

0 A3;k

�
; Bk=

�
B1;k B2;k

�
; Ck=

�
C1;k

C2;k

�

(23)
where

A1;k=

2
4 0 1 0

0 0 1
a1;k a2;k a3;k

3
5; A2;k=

2
40 1
1 0
2 3

3
5; A3;k=

�
0 1

a4;k a5;k

�
;

B1;k=

2
66664

0
0
b1;k
0
0

3
77775; B2;k=

2
66664

0
0
0
0
b2;k

3
77775; C

0

1;k=

2
66664

0:1
0
c1;k
0
c1;k

3
77775; C

0

2;k=

2
66664

0
0
c3;k
0
c4;k

3
77775 ;

where a1;k = sin(2�(k+ T)=T+0:9); a2;k = sin(2�(k+
T )=T + 0:7); a3;k = 2sin(2�(k + T )=T � 0:5); a4;k =
sin(2�(k + T )=T � 0:1); a5;k = sin(2�(k + T )=T +
0:3); b1;k = cos(2�(k+T )=T + 1:3); b2;k = cos(2pi(i +
T )=T ); c1;k = cos(2�(k + T )=T + 0:2); and c2;k =
0:1cos(2�(k+T )=T +0:1); c3;k = 1; c4;k = cos(2�(k+
T )=T+0:1)2; and T = 3:

All �� (2), � = 0; 1; 2 associated with the periodic sys-
tem (22) have the property that there exits a solution
to the RSP, and have the property that they have the
same transmission zeros f-7:1441; -0:2578; -0:6607g :
Also, they have the property that they have more in-
puts than states; in this case, the number of states
in the system (8) can be increased by adding an ap-
propriate number of uncontrollable unobservable sta-
ble modes in order to obtain the optimal cheap control
gain (16).

If x(0) = 0, ! = [0; 0]
0

then it follows from (13) that
the limiting optimal cost for �0, as �! 0; is given by:

�Jopt = (�yref � ��)
0

M(�yref � ��)

where trace(M) = 8:7544; and it follows from (20) that
the limiting optimal cost for �, as �! 0; is given by:

Jopt = (�yref � ��)
0

M(�yref � ��)

where trace(M) = 8:7544:
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If x(0) = 0, yref = [0; 0]
0

, � = [0; 0]
0

, ! = [1; 1]
0

it
then follows from (14) that the limiting optimal cost,
as �! 0; is given by:

�Jopt = 115:4637

A simulation of the resultant closed loop periodic sys-
tem, using the robust servomechanism controller (18),
for the case of zero initial conditions is given in Fig.
2, for the case when ! = [0; 0]

0

, yref = [1; 1]
0

, and

yref = [0; 0]
0

, ! = [1; 1]
0

. It is seen in Fig. 2 that the
\optimal" transient error costs obtained, do con�rm
the results obtained in (20), (21), i.e. in the case of
Fig. 2 (a), Fig. 2 (b), Jopt =

P
1

0 e
0

k�1ek�1 = 8:7544 =

�y
0

refM �yref , and Jopt = 115:4637 = �!
0

(D0

mDm +
�B
0 ~C

0

2
~C2

�B)�! respectively.
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Figure 2: Closed loop response with RSC (a): yref =

[1 1]
0

; ! = [0 0]
0

, (b): yref = [0 0]
0

! = [1 1]
0

.

6 Conclusions

In this paper, the robust servomechanism controller for
a discrete time periodic system is studied by solving the
robust servomechanism problem (RSP) for the system's
associated lifted LTI discrete time system. In this case,
it is shown that the fundamental performance limita-
tions on solving the RSP for a discrete time periodic
system is independent of the order of the plant, and
can be characterized by the number and the location of
the non-minimum phase transmission zeros of the sys-
tem's associated lifted system. These limitations can
be used to evaluate whether a discrete time periodic
system is \inherently hard to control", and to assess
a given closed loop system design, i.e. to determine
how near a closed loop system's performance is from
the best possible attainable.
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