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Lq wklv sdshu wkh sureohp ri vwdelol}dwlrq ri d fodvv ri
xqghudfwxdwhg v|vwhpv e| xvlqj edfnvwhsslqj lv frq0
vlghuhg1 Wr xvh wkh edfnvwhsslqj whfkqltxh d vxlwdeoh
fkdqjh ri frruglqdwhv lv frqvwuxfwhg1 Xvlqj edfnvwhs0
slqj d vlpsoh frqwuro odz lv sursrvhg> wklv frqwuro odz
hqvxuhv wkh ruljlq wr eh dv|pswrwlfdoo| vwdeoh1 Wkh df0
urerw v|vwhp lv xvhg wr looxvwudwh wkh dssolfdwlrq ri wkh
uhvxowv rewdlqhg1
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Xqghudfwxdwhg v|vwhpv kdyh ehhq vwxglhg e| pdq| dx0
wkruv +vhh ^4`0^7`/ ^9`0^<`/ ^44`,1 Lq idfw/ wkhuh duh pdq|
uhdo xqghudfwxdwhg v|vwhpv wkdw kdyh wr eh frqwuroohg>
iru lqvwdqfh/ vhyhudo oderudwru| surwrw|shv vxfk dv wkh
shqgxerw^:`/ wkh dfurerw^;`/ wkh WRUD^6`/ wkh lqyhuwhg
shqgxoxp ^44`/ wkh edoo dqg ehdp v|vwhp ^5`/ hwf1/ wkdw
duh xvhixo wr suryh qhz frqwuro whfkqltxhv/ ehorqj wr
wkdw fodvv1

Xqghudfwxdwhg v|vwhpv duh lqwhuhvwlqj ehfdxvh ri wkhlu
vwuxfwxudo surshuwlhv1 Iru ixoo| dfwxdwhg phfkdqlfdo
v|vwhpv d eurdg udqjh ri srzhuixo whfkqltxhv duh xvhg
wr lpsuryh wkhlu shuirupdqfh +rswlpdo/ urexvw/ dgds0
wlyh dqg ohduqlqj frqwuro whfkqltxhv,1 Wkhvh whfkqltxhv
duh srvvleoh ehfdxvh ixoo| dfwxdwhg v|vwhpv srvvhvv
d qxpehu ri vwurqj surshuwlhv wkdw idflolwdwh frqwuro
ghvljq/ vxfk dv ihhgedfn olqhdul}delolw|/ sdvvlylw| dqg
pdwfklqj frqglwlrqv1 Iru xqghudfwxdwhg v|vwhpv rqh
ru pruh ri wkh deryh surshuwlhv duh xvxdoo| orvw1 Pruh0
ryhu/ xqghvludeoh surshuwlhv vxfk dv d kljk uhodwlyh gh0
juhh/ qrqplqlpxp skdvh ehkdylru dqg fkdrv duh pdq0
lihvwhg1

Wr vroyh wkh frqwuro sureohp ri xqghudfwxdwhg v|vwhpv
wkhuh lv qrw d xqltxh wkhru| xvhixo iru dq|rqh/ exw zh
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kdyh wr dqdo|}h wkhlu surshuwlhv/ fkrrvh dqg �w vrph
frpprq whfkqltxhv ru sursrvh qhz whfkqltxhv1 Iru
h{dpsoh/ wkh sdvvlylw| surshuw| ri v|vwhpv kdv ehhq
h{sorlwhg wr ghvljq frqwuro odzv iru xqghudfwxdwhg v|v0
whpv1 Edfnvwhsslqj lv d srzhuixo whfkqltxh xvhg wr
hqvxuh vwdelolw| edvhg rq sdvvlylw| frqfhswv1 Wkh edfn0
vwhsslqj whfkqltxh lv xvhg rq prgho v|vwhpv zlwk d
vshfldo irup^8`/ nqrzq dv wkh fdvfdgh irup/ wkhuhiruh
lw lv qrw xvhg gluhfwo| rq dq| v|vwhpv/ xqohvv d fkdqjh
ri frruglqdwhv kdv ehhq dssolhg1 Wkhq/ rqh sureohp wr
dsso| edfnvwhsslqj lv wr uhsuhvhqw wkh v|vwhp prgho lq
wkh fdvfdgh irup1

Wklv sdshu kdv pdlqo| wkuhh remhfwlyhv1 Wkh �uvw lv wr
vkrz wkh frqvwuxfwlrq ri d ydolg fkdqjh ri frruglqdwhv
wkdw doorzv wr ghvfuleh d fodvv ri xqghudfwxdwhg v|vwhpv
lq wkh fdvfdgh irup1 Wkh vhfrqg lv wr sursrvh d frqwuro
odz iru d fodvv ri xqghudfwxdwhg v|vwhpv> wkh ghvljq
ri wkh frqwuro odz lv edvhg rq wkh edfnvwhsslqj whfk0
qltxh dqg dovr rq wkh xvh ri dx{loldu| v|vwhpv> pruh0
ryhu/ wkh frqwuro odz hqvxuhv wkh ruljlq wr eh dv|pswrw0
lfdoo| vwdeoh1 Ilqdoo|/ wkh wklug remhfwlyh lv wr xvh wkh
dfurerw prgho lq rughu wr looxvwudwh wkh dssolfdwlrq ri
wkh fkdqjh ri frruglqdwhv dqg wkh ghvljq ri d vwdelol}lqj
frqwuro odz1

Wr uhdfk wkh sursrvhg remhfwlyhv/ wklv sdshu lv vwuxf0
wxuhg dv iroorzv= lq vhfwlrq 5 zh frqvlghu d fodvv ri xq0
ghudfwxdwhg v|vwhpv1 Lq wkh wklug vhfwlrq wkh frqwuro
sureohp lv vwdwhg1 Vhfwlrq 7 ghdov zlwk wkh frqvwuxf0
wlrq ri d fkdqjh ri frruglqdwhv wr wudqvirup wkh fodvv
ri v|vwhpv frqvlghuhg ehorz wr wkh fdvfdgh irup1 Lq
vhfwlrq 8 zh jlyh d wkhruhp dqg lwv surri wkdw doorzv wr
frqvwuxfw d frqwuro odz wr vwdelol}h d fodvv ri xqghudfwx0
dwhg v|vwhpv1 Lq wkh vl{wk vhfwlrq/ zh jlyh dq h{dpsoh
ri dq xqghudfwxdwhg v|vwhp wr looxvwudwh wkh xvh ri wkh
fkdqjh ri frruglqdwhv dqg lwv vwdelol}dwlrq e| wkh sur0
srvhg frqwuro odz1 Ilqdoo|/ zh jlyh vrph frqfoxvlrqv1
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Lw lv d frpprq sudfwlfh wr xvh wkh Hxohu0Odjudqjh
htxdwlrq lq rughu wr rewdlq wkh g|qdplfdo prgho ri
hohfwurphfkdqlfdo v|vwhpv1 Xvlqj wkh Hxohu0Odjudqjh
htxdwlrq/ wkh gl�huhqwldo htxdwlrqv wkdw ghvfuleh wkh
g|qdplfdo ehkdylru ri q0GRI hohfwurphfkdqlfdo v|v0
whpv/ vxemhfwhg wr krorqrplf frqvwudlqwv/ duh jlyhq e|/
^9`/

g

gw

�
CO

Csl

�
�

CO

Ctl
@ �l> l @ 4> ===> q> +514,

zkhuh tl lv wkh jhqhudol}hg srvlwlrq/ sl +@ btl, lv wkh
jhqhudol}hg yhorflw|/ �l lv wkh lqsxw jhqhudol}hg irufh/
wkh ixqfwlrq O lv fdoohg wkh Odjudqjldq ri wkh v|vwhp/
dqg lv jlyhq e| wkh gl�huhqfh ehwzhhq wkh nlqhwlf hq0
huj|/ N/ dqg wkh srwhqwldo hqhuj|/ Y / ri wkh v|vwhp/
wkdw lv O @ N +tl> sl> w, � Y +tl, = Wkh nlqhwlf hqhuj|
lv d txdgudwlf irup ri wkh yhorflwlhv ri wkh v|vwhp/

N +tl> sl> w, @
4
5s

WGs/ zkhuh sW @
�
s4 = = = sq

�
dqg

G 5 Uq�q lv d v|pphwulf srvlwlyh gh�qlwh pdwul{ wkdw
uhsuhvhqwv wkh jhqhudol}hg lqhuwldv1 Li dq| lqsxw �l lv
fhur wkhq wkh v|vwhp lv nqrzq dv xqghudfwxdwhg rqh1
Lq wklv sdshu 5~GRI xqghudfwxdwhg v|vwhpv duh frq0
vlghuhg/ zlwk wkh iroorzlqj surshuwlhv

S41 Wkh lqhuwld pdwul{ G lv rqo| ixqfwlrq ri wkh t5
frruglqdwh/ l1h1 G +t5,1

S51 Wkh xqltxh lqsxw jhqhudol}hg irufh lv dfwlqj lq wkh
vdph gluhfwlrq ri wkh vhfrqg jhqhudol}hg frrugl0
qdwh/ l1h1 �4 @ 31

S61 Wkh ohyho ri wkh srwhqwldo hqhuj| lv fkrvhq vxfk

wkdw CY +3>3,
C+t4>t5,

@ +3> 3,1

Xqghu surshuwlhv S4 dqg S5/ wkh Odjudqjldq ri wkh
frqvlghuhg v|vwhp lv jlyhq e|

O @
4

5
g44 +t5, s

5
4.g45 +t5, s4s5.

4

5
g55 +t5, s

5
5�Y +t4> t5, >

wkhq e| dsso|lqj wkh Hxohu0Odjudqjh htxdwlrq/ wkh g|0
qdplfdo prgho fdq eh uhsuhvhqwhg dv

g44+t5, bs4 . g45+t5, bs5 . f44+t5, bt5s4

.f45+t5, bt5s5 . k4+t4> t5, @ 3
+515d,

g45+t5, bs4 . g55+t5, bs5 . f54+t5,s
5
4

.f55+t5,+ bt5s5 �
4
5s

5
5, . k5+t4> t5, @ �5

+515e,

zlwk

f44 +t5, @
Cg44+t5,

Ct5
> f45 +t5, @

Cg45+t5,
Ct5

>

f54 +t5, @ �
4
5
Cg44+t5,

Ct5
> f55 +t5, @

Cg55+t5,
Ct5

>

k4 +t4> t5, @
CY
Ct4

> k5 +t4> t5, @
CY
Ct5

=

+516,

Htxdwlrq +515d, ghvfulehv wkh g|qdplfv ri wkh xqdfwx0
dwhg mrlqw/ zkloh +515e, ghvfulehv wkh g|qdplfv ri wkh
dfwxdwhg mrlqw1

�	 ������� ���������	

Wkh vwdelol}dwlrq ri g|qdplfdo v|vwhpv xvlqj edfnvwhs0
slqj lv srvvleoh li wkh| kdyh d vshfl�f vwuxfwxuh/ nqrzq
dv wkh fdvfdgh irup1 Vr/ wklv srzhuixo whfkqltxh fdq0
qrw eh dssolfdeoh gluhfwo| wr dq| v|vwhp/ lqfoxglqj vrph
xqghudfwxdwhg v|vwhpv1
Lq rughu wr vwdelol}h d 50GRI xqghudfwxdwhg v|vwhp
+515,/ yld edfnvwhsslqj/ lw lv qhfhvvdu| wr �qg d fkdqjh
ri frruglqdwhv wkdw uhsuhvhqwv wkh g|qdplfv ri wkh v|v0
whp lq d frqyhqlhqw irup1
V|vwhp +515, fdq eh ghvfulehg e| xvlqj wkh vwdwh vsdfh
yhfwru +t4> s4> t5> s5, dv/ ^43`/

bt4 @ s4 +614d,

bs4 @ i4 +t> s, . j4 +t5,x +614e,

bt5 @ s5 +614f,

bs5 @ i5 +t> s, . j5 +t5,x +614g,

zkhuh t @ +t4> t5, > s @ +s4> s5, dqg x @ �51 V|vwhp
+614, kdv dq htxloleulxp srlqw dw +t> s, @ 3/ zlwk x @ 3/
ehfdxvh ri surshuw| S61
Wr vwdelol}h v|vwhp +614, e| xvlqj edfnvwhsslqj/ lw pxvw
kdyh wkh iroorzlqj vshfldo fdvfdgh irup

b} @ i +}> �4, +615d,
b�4 @ �5 +615e,
b�5 @ y> +615f,

zkhuh } @ +}4> }5,1

Uhpdun 41 Wkh g|qdplfv ri v|vwhp +614, lv sduwl0
wlrqhg lqwr wzr vxev|vwhpv= wkh g|qdplfv ri +}4> }5,
gh�qh wkh vxev|vwhp 	} dqg wkh g|qdplfv ri +�4> �5,
gh�qh wkh vxev|vwhp 	�1 Lw lv lpsruwdqw wr srlqw rxw
wkdw �4 lv wkh yluwxdo frqwuro ri vxev|vwhp 	}1 Pruh0
ryhu/ wkh lqsxw frqwuro y/ lq wkh qhz frruglqdwhv/ hqwhuv
wkurxjk wkh vxev|vwhp 	�1 Vr/ zh fdq qdph vxev|vwhp
	� dv wkh dfwxdwhg vxev|vwhp/ zkloh vxev|vwhp 	} zloo
eh qdphg dv wkh xqdfwxdwhg vxev|vwhp1

Lq wklv sdshu wkh iroorzlqj sureohp lv frqvlghuhg= wkh
v|vwhp gh�qhg e| +515, zloo eh vwdelol}hg e| xvlqj wkh
edfnvwhsslqj whfkqltxh/ vr d fkdqjh ri frruglqdwhv W
vkrxog eh irxqg/

+}4> }5> �4> �5, @ W +t4> t5> s4> s5, >

lq rughu wr wudqvirup v|vwhp +515,/ ru +614,/ wr irup
+615,1
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Dv zh kdyh phqwlrqhg lq Uhpdun 4/ �4 lv wkh yluwxdo
frqwuro ri wkh vr fdoohg xqghudfwxdwhg vxev|vwhp gh0
�qhg e| 	}> dqg vxev|vwhp 	� lv dfwxdwhg e| wkh frq0
wuro lqsxw y1 Vlqfh v|vwhp +515, kdv wkh frqwuro lqsxw
dssolhg lq wkh gluhfwlrq ri wkh frruglqdwh t5/ wkhq wkh



g|qdplfv ri wkh frruglqdwhv +t5> s5, duh uhodwhg zlwk
wkh g|qdplfv ri wkh dfwxdwhg vxev|vwhp 	�

+t5> s5,#$ +�4> �5, > +714,

lq dgglwlrq/ wkh g|qdplfv ri wkh sdvvlyh mrlqw lv uhodwhg
zlwk wkh g|qdplfv ri wkh xqdfwxdwhg vxev|vwhp 	}/

+t4> s4,#$ +}4> }5, = +715,

Lw lv lpsruwdqw wr qrwh wkdw wkh yduldeoh t5 lq�xhqfhv
wkh g|qdplfv ri +t4> s4,/ +htxdwlrq 515d,/ vr zh fdq frq0
vlghu t5 dv wkh yluwxdo frqwuro ri wkh xqghudfwxdwhg vxe0
v|vwhp1 Wkhq/ wkh fkdqjh ri yduldeohv +t4> s4> t5> s5, @
W�4 +}4> }5> �4> �5, > fdq eh vwdwhg dv iroorzv

t5 @ �4> +716d,

s5 @ �5> +716e,

t4 @ �4 +}4> }5> �4> �5, > +716f,

s4 @ �5 +}4> }5> �4> �5, = +716g,

zkhuh �4 dqg �5 duh ixqfwlrqv wr eh ghwhuplqhg1
Lq rughu wr rewdlq d ydolg fkdqjh ri frruglqdwh lwv Md0
freldq pxvw eh gl�huhqw iurp }hur/ l1h1

C +t5> bt5> t4> bt4,

C +�4> �5> }4> }5,
@

C�4

C}4

C�5

C}5
�

C�4

C}5

C�5

C}4
9@ 3= +717,

Iru vlpsolflw|/ wkh dujxphqw ri �4 dqg �5 zloo eh rplw0
whg/ dqg �4 dqg �5 zloo eh zulwwhq dv t5 dqg s5/ uhvshf0
wlyho|1
Dssolfdwlrq ri wkh fkdqjh ri frruglqdwhv +716, wr +515,/
|lhogv wr

g44 +t5, b�5 . g45 +t5, bs5 . f44 +t5, bt5�5

.f45 +t5, bt5s5 . k4 +�4> t5, @ 3>
+718d,

g45 +t5, b�5 . g55 +t5, bs5 . f54 +t5, �
5
5

.4
5f55 +t5, s

5
5 . k5 +�4> t5, @ �5=

+718e,

Wkh Ht1 +718e,/ zklfk lv uhodwhg zlwk wkh g|qdplfv ri
wkh dfwxdwhg vxev|vwhp 	�/ fdq eh zulwwhq lq wkh irup
+615e/615f, xvlqj y @ bs5> t5 @ �4 | s5 @ �51
Xvlqj wkh fkdlq uxoh/ wkh whup b�5 fdq eh h{suhvvhg dv

b�5+}4> }5> t5> s5, @
C�5

C}4
b}4 .

C�5

C}5
b}5 .

C�5

Ct5
bt5 .

C�5

Cs5
bs5>

+719,
e| vxevwlwxwlqj +719, lqwr +718e,/ zh duulyh wr

3@g44+t5,
C�5
C}4

b}4.g44+t5,
C�5
C}5

b}5.
�
g45+t5,.g44+t5,

C�5
Cs5

�
bs5

.
�
g44+t5,

C�5
Ct5

.f44+t5,�5.f45+t5,s5
�
bt5.k4+�4>t5,>

+71:,
Htxdwlrq +71:, lv uhodwhg zlwk wkh g|qdplfv ri vxev|v0
whp 	} / ehfdxvh ri +715,1 Lq rughu wr uhsuhvhqw +71:, lq
wkh irup jlyhq e| +615d,/ wkh whupv bt5 dqg bs5 lq +71:,
pxvw eh holplqdwhg/ wkdw lv wkh iroorzlqj htxdwlrqv

C�5

Cs5
@ �

g45 +t5,

g44 +t5,
> +71;,

g44 +t5,
C�5

Ct5
. f44 +t5, �5 @ �f45 +t5, s5= +71<,

pxvw eh vdwlv�hg1 Ixuwkhupruh/ lw lv srvvleoh wr qhjohfw
wkh b}4 frh�flhqw/ wkdw lv g44 +t5,

C�5
C}4

@ 3> wkhq �5 @
�5 +}5> t5> s5,1

Xvlqj f44 +t5, @ Cg44+t5,
Ct5

/ lq htxdwlrq +516,/ htxdwlrq

+71<, fdq eh h{suhvvhg dv

C

Ct5
+�5g44 +t5,, @ �f45 +t5, s5= +7143,

Qrz/ lqwhjudwlqj +7143, zlwk uhvshfw wr t5/ zh jhw

�5 @ �
s5

g44 +t5,

]
f45 +t5,gt5 .

4

g44 +t5,
�4 +}5> s5, >

zkhuh �4 +}5> s5, lv dq lqwhjudwlrq frqvwdqw1 Iurp +516,

zh kdyh f45 +t5, @
Cg45+t5,

Ct5
/ wkhq

�5 @ �
s5

g44 +t5,
g45 +t5, .

4

g44 +t5,
�4 +}5> s5, = +7144,

Ghulylqj +7144, zlwk uhvshfw wr s5/ dqg htxdol}lqj wr
+71;, dqg vlpsoli|lqj zh kdyh

�
g45 +t5,

g44 +t5,
.

4

g44 +t5,

C�4 +}5> s5,

Cs5
@ �

g45 +t5,

g44 +t5,

C�4 +}5> s5,

Cs5
@ 3> +7145,

wkhuhiruh �4 +}5> s5, @ �4 +}5, =
Iru vlpsolflw| zh fdq wdnh �4 +}5, @ }5/ wkhq +7144,
wdnhv wkh irup

�5 +}5> t5> s5, @ �
g45 +t5,

g44 +t5,
s5 .

}5

g44 +t5,
+7146,

Qrz/ zh rqo| qhhg wr fdofxodwh wkh ixqfwlrq �4= Wkh
ixqfwlrq �4 lv sursrvhg vxfk wkdw wkh h{suhvvlrq iru b}4
srvvhvvhv wkh irup +615,/ pruhryhu wkh frqglwlrq +717,
pxvw eh vdwlv�hg1 Wr vdwlvi| +717, lw lv vx�flhqw wr wdnh
�4 @ �4 +}4> t5, =
Wkh vwuxfwxuh ri �4 +}4> t5, fdq eh fkrvhq lq wkh iroorz0
lqj vhpl0olqhdo irup/

�4 +}4> t5, @ d}4 . ! +t5, > +7147,

zkhuh d dqg ! duh txdqwlwlhv wr eh ghwhuplqhg1 Ghuly0
lqj +7147, zlwk uhvshfw wr wlph dqg frqvlghulqj g�4

gw
@

gt4
gw

@ s4 @ �5 dqg
gt5
gw

@ s5 uhvxowv lq

b}4 @
4

d

�
�5 �

C!

Ct5
s5

�
@

4

d

�
�

g45+t5,
g44+t5,

s5.
}5

g44+t5,
�

C!
Ct5

s5

�
=

Wr hqvxuh b}4 eh lqghshqghqw ri s5/ wkh htxdwlrq
C!
Ct5

@

�g45+t5,
g44+t5,

/ pxvw eh vdwlv�hg/ pruhryhu lw lv srvvleoh wr

wdnh d @ 41
Ilqdoo|/ wkh lqyhuvh wudqvirupdwlrq W�4/ +716,/ lv jlyhq
e|

t5 @ �4> +7148d,

s5 @ �5> +7148e,



t4 @ �4 @ }4 �

�4]
3

g45 +�,

g44 +�,
g�> +7148f,

s4 @ �5 @ �
g45 +�4,

g44 +�4,
�5 .

}5

g44 +�4,
> +7148g,

dqg wkh wudqvirupdwlrq W lv dv iroorzv

}4 @ t4 .

] t5

3

g45 +�,

g44 +�,
g�> +7149d,

}5 @ g44 +t5, s4 . g45 +t5, s5> +7149e,

�4 @ t5> +7149f,

�5 @ s5= +7149g,

Uhpdun 51 Wkh wudqvirupdwlrq ri frruglqdwhv W kdv
wkh surshuw| W +3, @ 31 E| pdnlqj

U g45+�,
g44+�,

g� @ �+�,/

|lhogv }4 @ t4 . �+t5, � �+3,1 Khqfh/ wkh surshuw|
W +3, @ 3 fdq eh hdvlo| yhul�hg1

Wkh xqghudfwxdwhg v|vwhp +515,/ lq wkh qhz frrugl0
qdwhv/ lv jlyhq e|

b}4 @
}5

g44 +�4,
> +714:d,

b}5 @ �k4 +}4 ��+�4, . �+3, > �4, > +714:e,
b�4 @ �5> +714:f,
b�5 @ y> +714:g,

zkhuh y @ bs5 lv fdofxodwhg iurp +718e,1
Dv d frqfoxvlrq/ lq wklv vhfwlrq zh kdyh suryhg wkh
iroorzlqj wkhruhp1

Wkhruhp 7141 Wkh v|vwhp +515, fdq eh wudqvirupdeoh
wr wkh fdvfdgh irup +615,/ xvlqj wkh wudqvirupdwlrqv
+7149, dqg +7148,1

�	 ������������� ����� �������  ���	

Wkh vwdelol}dwlrq ri +714:, zloo eh pdgh e| xvlqj wkh
iroorzlqj wkhruhp/ wkdw jlyhv d frqwuro odz edvhg rq
wkh edfnvwhsslqj whfkqltxh1

Wkhruhp 8141 Vxssrvh wkdw iru wkh O|dsxqry ixqf0
wlrq

Y4 +}4> }5, @
4

5

�
}54 . }55

�
= +714:u,

h{lvwv d frqwuro odz n4 +}4> }5, zlwk n4 +3> 3, @ 3/ vxfk
wkdw wkh ruljlq ri +714:d/ 714:e, lv vwdeoh/ wkhq wkh frq0
wuro odz

y @ �f6 +�5 � z5{5,� f5z5 +�4 � z4{4,

.z4z5 +n4 � z4{4,� z5
5{5=

+714:v,

pdnhv wkh ruljlq ri v|vwhp +714:, wr eh dv|pswrwlfdoo|
vwdeoh/ zkhuh f5> f6> z4> z5 A 3 dqg {4 dqg {5 duh vrox0
wlrqv ri wkh qh{w dx{loldu| vwdeoh v|vwhpv/

b{4 @ n4 � z4{4> +714:w,

b{5 @ n5 � z5{5> +714:x,

zkhuh n5 @ �f5 +�4 � z4{4, . z4 +n4 � z4{4,1

Wkh surri lv edvhg rq wkh edfnvwhsslqj whfkqltxh/
khqfh zh qhhg d O|dsxqry ixqfwlrq zklfk hqvxuhv
wkh vwdelolw| ri wkh ruljlq ri vxev|vwhp 	}1 Wklv
O|dsxqry ixqfwlrq zloo eh xvhg wr frqvwuxfw vrph
rwkhuv h{whqghg O|dsxqry ixqfwlrqv wkdw hqvxuh wkh
vwdelolw| ri wkh ruljlq ri wkh frpsohwh v|vwhp1 Wkh
surshuw| ri wkh ruljlq wr eh dv|pswrwlfdoo| vwdeoh zloo
eh vkrzq e| xvlqj wkh OdVdooh*v lqyduldqfh sulqflsoh1

Surri1Wkh ghulydwlyh ri Y4 dorqj wkh wudmhfwrulhv ri
+714:, lv jlyhq e|

bY4 +}4> }5, @ }5

�
}4

g44 +�4,
� k4 +}4 ��+�4, . �+3, > �4,

�
=

Wkhruhp 814 dvvxphv wkhuh h{lvwv d frqwuro odz
n4 +}4> }5, vdwlvi|lqj

}4

g44 +n4,
�k4 +}4 ��+n4, . �+3, > n4, @ �f4}5> f4 A 3

+8156,
zklfk pdnhv bY4 wr eh qhjdwlyh vhplgh�qlwh/ wkdw lv

bY4 @ �f4}
5
5 >

wkhuhiruh wkh ruljlq ri +714:d/ 714:e,/ zlwk �4 @
n4 +}4> }5, dfwlqj dv d frqwuro yduldeoh/ lv vwdeoh1
Qrz/ zh qhhg wr vwdelol}h wkh vxev|vwhp +}4> }5> �4,/ l1
h1 +714:d,/ +714:e, dqg +714:f,/ zkhuh �5 lv wkh ylu0
wxdo lqsxw frqwuro1 Li wkh iroorzlqj h{whqghg O|dsxqry
ixqfwlrq lv sursrvhg/

Y5 +}4> }5> �4, @ Y4 +}4> }5, .
4

5
�54> +8158,

zkhuh
�4 @ �4 � z4{4 +8159,

lv dq huuru ixqfwlrq/ zlwk {4 dv wkh vroxwlrq ri +714:w,1
E| wdnlqj wkh wlph ghulydwlyh ri +8158, dorqj wkh wud0
mhfwrulhv ri +714:,/ zh duulyh wr

bY5 +}4> }5> �4, @ bY4 +}4> }5, . b�4�4>

li zh uhtxluh bY5 wr eh qhjdwlyh vhplgh�qlwh/ zh qhhg wr
�qg �5 @ n5 +}4> }5> �4, vxfk wkdw

b�4 @ �f5�4> zlwk f5 A 3> +815:,

vxevwlwxwlqj +8159, lq +815:,/ uhvxowv lq

b�4 � z4 b{4 @ �f5 +�4 � z4{4, >

qrz/ vxevwlwxwlrq ri +714:f, dqg +714:w, lq wkh deryh
htxdwlrq uhvxowv lq

�5 � z4 +n4 � z4{4, @ �f5 +�4 � z4{4, =

Wkhq/ wkh frqwuro odz

�5 @ n5 +}4> }5> �4, @ �f5 +�4 � z4{4,.z4 +n4 � z4{4, =
+815;,



pdnhv wkh ruljlq ri wkh vxev|vwhp +}4> }5> �4, wr eh vwd0
eoh1
Wr vwdelol}h wkh frpsohwh v|vwhp +714:, zh xvh wkh h{0
whqghg O|dsxqry ixqfwlrq

Y6 +}4> }5> �4> �5, @ Y5 +}4> }5> �4, .
4

5
�55>

zkhuh
�5 @ �5 � z5{5> +815<,

lv dq huuru ixqfwlrq/ zlwk {5 dv wkh vroxwlrq ri +714:x,1
Wdnlqj wkh wlph ghulydwlyh ri Y6 dorqj wkh wudmhfwrulhv
ri +714:,/ |lhogv/

bY6 +}4> }5> �4> �5, @ bY5 +}4> }5> �4, . b�5�5>

rqfh djdlq zh uhtxluh bY6 wr eh qhjdwlyh vhplgh�qlwh/
wkhq zh qhhg wr �qg y @ n6 +}4> }5> �4> �5, vxfk wkdw

b�5 @ �f6�5> zlwk f6 A 3=

Lw lv hdv| wr �qg y dv

y @ �f6 +�5 � z5{5, . z5 +n5 � z5{5, = +8163,

Vxevwlwxwlqj +815;, lqwr +8163, zh rewdlq +714:v,1
Wkh frqwuro odz +8163, pdnhv wkh ruljlq ri +714:, wr
eh vwdeoh/ exw xvlqj wkh OdVdooh*lqyduldqfh sulqflsoh zh
fdq suryh wkdw lw lv dovr dv|pswrwlfdoo| vwdeoh1 Khqfh/
zh qhhg wr vkrz wkdw wkh ruljlq ri +714:/ 714:w/ 714:x,
ehorqjv wr wkh qh{w lqyduldqw vhw/


 @
q
+}4> }5> �4> �5> {4> {5, 5 U9 m bY6 @ 3

r
=

Wkh wlph ghulydwlyh ri Y6/ zlwk wkh frqwuro odz +8163,/
lv dv iroorzv

bY6 @ bY5�f6�
5
5 @ bY4�f5�

5
4�f6�

5
5 @ �f4}

5
5�f5�

5
4�f6�

5
5>

xvlqj +8159, dqg +815<,/ lq wkh deryh htxdwlrq uhvxowv
lq

bY6 @ �f4}
5
5 � f5 +�4 � z4{4,

5
� f6 +�5 � z5{5,

5
=

Wkh vroxwlrqv ri bY6 @ 3 duh jlyhq e|

}5 @ 3> +8167,

�4 @ z4{4> +8168,

�5 @ z5{5= +8169,

Li }5 @ 3/ e| xvlqj +714:e, dqg +8168,/ zh rewdlq

b}5 @ 3 @ k4 +}4 ��+z4{4, . �+3, > z4{4, >

ehfdxvh ri k4 lv jlyhq e| k4 @ CY
Ct4

/ dqg li

k4 @ 3 zh fdq xvh surshuw| S6/ ^3 @ k4 +3> 3, @
k4 +}4 ��+z4{4, . �+3, > z4{4,` wr rewdlq }4 @ {4 @
31 Zlwk wklv uhvxow zh rewdlq iurp +8168, �4 @ 3/ zklfk/
diwhu vxevwlwxwlrq lqwr +714:f,/ jlyhv �5 @ 3/ vlploduo|/
vxevwlwxwlqj �5 @ 3 lqwr +8169,/ zh rewdlq {5 @ 31 Vr/
zh kdyh suryhg wkdw qr vroxwlrq fdq vwd| iruhyhu lq 
/
h{fhsw wkh wulyldo vroxwlrq1 Wkhq/ wkh ruljlq lv dv|ps0
wrwlfdoo| vwdeoh1

Uhpdun 61 Wkhruhp 814 jlyhv d frqwuro odz zlwkrxw
lpsolflw gl�huhqwldwlrq ri n4 dqg n5> wklv lv d gl�huhqfh
zlwk uhvshfw wr wkh zrunv jlyhq lq ^8`/ wkhuhiruh wkh
sduwldo frqwuro odz n4 +}4> }5, fdq eh d frqwlqxrxv ru d
glvfrqwlqxrxv ixqfwlrq/ ehfdxvh ri wkh xvh ri dx{loldu|
v|vwhpv +714:w, dqg +714:x,1
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Wkhuh duh vrph v|vwhpv ehorqjlqj wr wkh fodvv ri xq0
ghudfwxdwhg v|vwhpv gh�qhg lq vhfwlrq 5> iru h{dpsoh/
wkh v|vwhpv nqrzq dv wkh dfurerw/ wkh WRUD/ wkh edoo
dqg ehdp/ hwf1 Lq rughu wr looxvwudwh wkh vwdelol}dwlrq ri
dq xqghudfwxdwhg v|vwhp zh kdyh dssolhg wkh suhylrxv
whfkqltxhv wr wkh dfurerw v|vwhp1
Wkh dfurerw lv d pdqlsxodwru ri 50GRI zkrvh olqnv duh
prylqj lq wkh yhuwlfdo sodqh/ dqg wkh rqo| dfwxdwru lv
ehwzhhq wkh olqnv1 Zh vxssrvh wkh srvlwlrqv dqg yhorf0
lwlhv fdq eh phdvxuhg1 Dsso|lqj wkh Hxohu0Odjudqjh
htxdwlrq/ +514,/ wkh g|qdplfdo htxdwlrqv ri wkh dfurerw
fdq eh zulwwhq dv

3 @
�
p4o

5
f4 .p5o

5
4 .p5o

5
f5 . L}}4 . L}}5

�
�t4 .p5o

5
f5�t5

.5p5o4of5 frv+t5,�t4 . L}}5�t5 .p5o4of5 frv+t5,�t5

�p5o4of5 bt
5
5 vlq t5 � 5p5o4 bt4of5 bt5 vlq t5

�p5jof5 vlq+t5 . t4,�p4jof4 vlq t4 �p5jo4 vlq t4>

�5 @
�
p5o4of5 frv t5 .p5o

5
f5 . L}}5

�
�t4 .p5o

5
f5�t5

.L}}5�t5 .p5o4 bt
5
4of5 vlq t5 �p5jof5 vlq+t5 . t4,>

zkhuh pl ghqrwhv wkh pdvv ri olqn l/ ol ghqrwhv wkh
ohqjwk ri olqn l/ ofl ghqrwhv wkh fhqwhu ri pdvv ri olqn
l zlwk uhvshfw wr lwv urwdwlrq d{lv/ L}}l lv wkh lqhuwld ri
olqn l zlwk uhvshfw wr lwv urwdwlrq d{lv/ t4 ghqrwhv wkh
srvlwlrq ri wkh �uvw olqn phdvxuhg iurp wkh xs yhuwlfdo
dqg t5 ghqrwhv wkh srvlwlrq ri wkh vhfrqg olqn phdvxuhg
iurp wkh �uvw olqn1 Wkh prgho ri wkh dfurerw grhv qrw
kdyh wkh fdvfdgh irup/ exw lw vdwlv�hv wkh surshuwlhv
jlyhq lq vhfwlrq 51 Li wkh glphqvlrqv ri wkh dfurerw

duh uhodwhg e| L}}4 @ L}}5 �
p5o

5
f5

; > of4 @ of5
5 > o4 @

of5> p4 @
p5

5 / wkh lqyhuvh wudqvirupdwlrq +7148,/ W�4/
lv vlpsol�hg dv

t5 @ �4> +916;,

s5 @ �5> +916<,

t4 @ }4 �
�4

5
+9173,

s4 @ �
�5

5
.

4

5

}5

p5 o
5
f5 frv+�4, .p5 o

5
f5 . L}}5

+9174,

zkloh wkh gluhfw wudqvirupdwlrq W lv dv iroorzv

}4 @ t4 .
t5

5
> +9175d,

}5 @ +p5o
5
f5 frv+t5,.p5o

5
f5.L}}5,+5s4.s5,> +9175e,

�4 @ t5> +9175f,

�5 @ s5= +9175g,



Li wkh dfurerw kdv wkh iroorzlqj glphqvlrqv/ L}}5 @
3=349:7< njp5> o5 @ 3=6;74:p> of5 @ 3=4<53;p>p5 @
3=6679nj> wkh g|qdplfv ri wkh dfurerw lq wkh qhz fr0
ruglqdwhv kdv wkh irup

b}4 @
}5

3=3579;<< frv �4 . 3=38;4;:<
> +9176d,

b}5 @ 3=9637;;7 vlq+
�4
5 .}4,.3=:;;4438 vlq+}4�

�4
5 ,>+9176e,

b�4 @ �5> +9176f,
b�5 @ y= +9176g,

zkhuh y @ �t51
Zh fdq qrz �qg wkh frqwuro odz n4 +}4> }5, wr vwd0
elol}h wkh vxev|vwhp 	}/ +9176d/ 9176e,/ l1h1 zh
kdyh wr �qg n4 iurp +8156,/ wkdw lv zh pxvw vroyh

}4
3=3579;<< frv n4.3=38;4;:< . 3=9637;;7 vlq+n45 . }4, .

3=:;;4438 vlq+}4 �
n4
5 , @ �f4}5> zlwk f4 A 31 Lw lv

lpsrvvleoh wr �qg d uhdo vroxwlrq ri wkh deryh htxd0
wlrq/ vr li zh qrwh wkdw g44 +n4, A 3/ zh fdq vxevwlwxwh

4
g44+n4,

e| d f A 3/ uhvxowlqj lq f}4�k4 +�4> n4, @ �f4}5/

wkhq zh kdyh

f}4.3=9637;;7 vlq+
n4

5
.}4,.3=:;;4438 vlq+}4�

n4

5
, @ �f4}5=

+9177,
Vroylqj iru n4/ zh rewdlq wzr vroxwlrqv/ exw zh fkrrvh
wkh rqh vdwlvi|lqj n4 +3> 3, @ 31 Wklv lv jlyhq e|

n4 +}4> }5, @ 7 dufwdq 48547 frv+}4,�5
s
�

<9855f}4�469<59 vlq+}4,.<9855f4}5

+9178,
zkhuh � @ 8:;9977< frv+}4,

5 � 565<457454f5}54 �
798;57;575f}4f4}5 . 79;:4;569< vlq+}4,

5 �
565<457454f54}

5
5 =

Wkhq/ zlwk frqwuro odz +714:v, zh fdq vwdelol}h +9176,/
ri frxuvh zh pxvw �uvw frqvwuxfw wkh sduwldo frqwuro
odz +815;,1 Wkh frqwuro lqsxw �5 wr wkh dfurerw pxvw
eh ghwhuplqhg iurp wkh lqyhuvh prgho ri wkh dfurerw
dqg xvlqj bs5 @ y/ +714:v, dqg +9175,1
Iljxuh 4 vkrzv wkh g|qdplf ehkdylru ri wkh dfurerw
xqghu wkh lqlwldo frqglwlrqv +tr4> t

r
5> s

r
4> s

r
5, @ +�> 3> 3> 3,/

zlwk wkh qh{w vlpxodwlrq sdudphwhuv f @ 3=38> f4 @
4=<> f5 @ 3=8> f6 @ 3=8> z4 @ 53> z5 @ 58> dqg
lqwhjudwlrq vwhs htxdo wr 3=3341

Ilj1 4 Dfurerw srvlwlrqv dqg yhorflwlhv1

&	 '����������	

Zh kdyh dqdol}hg wkh prgho ri d fodvv ri xqghudfwxdwhg
v|vwhpv lq rughu wr frqvwuxfw d fkdqjh ri frruglqdwhv
wkdw doorzv wr uhsuhvhqw vrph xqghudfwxdwhg v|vwhpv
lq d vshfldo fdvfdgh irup1 V|vwhpv lq fdvfdgh irup duh
vwdelol}hg e| xvlqj wkh frqwuro odz jlyhq e| Wkhruhp
8141 Wklv sursrvhg frqwuro odz lv vlpsohu wkdq wkdw re0
wdlqhg e| xvlqj vwdqgdu edfnvwhsslqj/ ehfdxvh ri wkh
dyrlgdqfh ri wkh xvh ri dqdo|wlfdo gl�huhqwldwlrq1 Lw lv
lpsruwdqw wr srlqw rxw wkdw wkh h{lvwhqfh dqg vlpsolf0
lw| ri wkh frqwuro odz +714:v, ghshqgv rq wkh h{lvwhqfh
dqg vwuxfwxuh ri wkh sduwldo frqwuro odz n4 +}4> }5,1 Wkh
uhvxowv rewdlqhg zhuh dssolhg wr wkh dfurerw v|vwhp1

(���������

^4` Eorfk/ D1 P1/ Q1H1 Ohrqdug dqg M1 H1 Pduvghq
+4<<:,1 Vwdelol}dwlrq ri Phfkdqlfdo V|vwhpv Xvlqj

Frqwuroohg Odjudqjldqv1 Surfhhglqjv ri LHHH ri
wkh 69wk FGF/ Vdq Glhjr/ Fdoliruqld/ XVD1

^5` Kdxvhu/ M1/ V1 Vdvwu| dqg S1 Nrnrwryl�f +4<<5,1
Qrqolqhdu Frqwuro Yld Dssur{lpdwh Lqsxw0Rxwsxw

Olqhdul}dwlrq=Wkh Edoo dqg Ehdp H{dpsoh1 LHHH
WDF/ Yro16:/ Qr1 61

^6` Mdqnryl�f/ P1/ G1 Irqwdlqh/ dqg S1 Y1 Nrnrwryl�f
+4<<9,1 WRUD H{dpsoh= Fdvfdgh0 dqg Sdvvlylw|0

Edvhg Frqwuro Ghvljqv1 LHHH WFVW/ Yro1 7/ Qr1
6/ ss1 5<505<:1

^7` Or}dqr/ U1 dqg L1 Idqwrql +4<<9,1 Sdvvlylw| Edvhg

Frqwuro ri wkh Lqyhuwhg Shqgxoxp1 LIDF 46wk Wul0
hqqldo Zruog Frqjuhvv/ XVD/ ss1 47804831

^8` Vhsxofkuh/ U1/ P1 Mdqnryl�f dqg S1Y1 Nrnr0
wryl�f+4<<:,1 Frqvwuxfwlyh Qrqolqhdu Frqwuro1

^9` Vsrqj/ P1 Z1/ P1 Ylg|dvdjdu +4<;<,1 Urerw g|0
qdplfv dqg frqwuro1 Mrkq Zloh| ) Vrqv/ XVD1

^:` Vsrqj/ P1 Z1 +4<<7,1 Wkh frqwuro ri xqghudfwxdwhg
phfkdqlfdo v|vwhpv1 4vw Lqw1 Frqi1 Phfk1 Ph{lfr1

^;` Vsrqj/ P1 Z1+4<<8,1Wkh vzlqjxs frqwuro sureohp

iru wkh dfurerw1LHHH FVP1 Yro148/ Qr14/ ss17<0881

^<` Vsrqj/ P1 Z1 +4<<9,1 Hqhuj| Edvhg Frqwuro ri d

Fodvv ri xqghudfwxdwhg phfkdqlfdo v|vwhpv1 LIDF
46wk Wulhqqldo Zruog Frqjuhvv/ XVD/ ss1 76407681

^43` Vrqwdj/ H1 dqg K1 M1 Vxvvpdqq +4<;8,1 Uhpdunv rq
wkh wlph0rswlpdo frqwuro ri wzr0olqn pdlqlsxodwruv1
Surf1 ri LHHH ri wkh 57wk FGF/ ss1 4979049851

^44` Vxjlh/ W1 dqg N1 Ixmlprwr +4<<7,1 Frqwuro ri Lq0
yhuwhg Shqgxoxp V|vwhpv Edvhg rq Dssur{lpdwh

Olqhul}dwlrq= Ghvljq dqg H{shulphqw1 Surf1 ri
LHHH ri wkh 66ug FGF1


