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Abstract: In this paper, the method of approach as
used in Qiu and Davison (1992) and Hu and Davison (2000)
is extended to the case of delay and neutral type quasipoly-
nomials. We develop a uni�ed approach to compute the
stability robustness measure of quasipolynomials in a con-
vex set using the framework of convex analysis. The pro-
cedure to compute the stability robustness measure which
results from this approach is easy to implement. Finally,
an example is given to demonstrate the e�ectiveness of this
approach.

1 Problem Formulation and Computation

In this section, we refer to some results in convex analysis
which will be used in the development to follow. The rele-
vant notations and proofs such as the gauge, bounded, bal-
anced, absorbing of S, ellipsoids, parallelotopes, crosspoly-
topes and polytopes can be found in Qiu and Davison
(1992).

Let �C be the one point compacti�cation of C . Partition
�C into two disjoint subsets C g and C b, i.e.

�C = C g
_[C b,

such that C g is open. Let P be the space of all real
quasipolynomials. A quasipolynomial in P is said to be sta-
ble if its roots are contained in C g. We use p(s; k) to denote
the image of k 2 R

r under a �xed aÆne map from R
r to P

which is completely characterized by a matrix F 2 R
d�r,

delays �j (j = 0; � � � ;m) and a vector g 2 R
d as

p(s; k) =

nX
i=0

mX
j=0

aij(k)s
ie��js

=
�
1; s; � � � ; sn; e��1s; se��1s; � � � ;

sne��1s; � � � ; e��ms; se��ms; � � � ;

sne��ms][Fk + g]

(1)

For any bounded absorbing closed convex set S 2 R
r, let

us de�ne

� := inff�S(k) : k 2 R
r and p(s; k) is unstableg (2)

The purpose of this paper is to �nd a procedure to compute
� when F , g, �j (j = 0; � � � ;m), C g and S are given. If
p(s; 0) is unstable, we must have � = 0, so it is always
assumed in the following that p(s; 0) is stable. Alternately
we can write � as

� = inff�S(k) : k 2 R
r and 9s 2 C b such that p(s; k) = 0g;

(3)
where p(1; k) = 0 means that p(s; k) has a root at in�nity.

Denote the boundary of C g by @C g , i.e. @C g = C b \
cl(C g). This shows that

� = inf
s2@C g

finff�S(k) : k 2 R
r and p(s; k) = 0gg: (4)

De�ne a function �(s) : @C g �! [0;1] by

�(s) = inff�S(k) : k 2 R
r and p(s; k) = 0g: (5)

It is seen from (4) that the computation of � can be accom-
plished in two phases. The �rst phase is to �nd �(s) for any
�xed s 2 @C g. The second phase is to carry out a search
over all points in @C g , which is usually a one-dimensional

curve in �C , to �nd inf
s2@C g

�(s).

Now let s 2 @C g be �xed. Let

w :=
F

0

[1; s; � � � ; sn; e��1s; � � � ; sne��ms]
0

�[1; s; � � � ; sn; e��1s; � � � ; sne��ms]g
(6)

and let u := <(w); v := =(w). Then u; v 2 R
r and (6) is

equivalent to

u
0

k = 1; v
0

k = 0: (7)

Consequently, we have

�(s) = inff�S(k) : k 2 R
r and u(s)

0

k = 1; v(s)
0

k = 0g (8)

The main theorem given in this section simpli�es the
quantity (8) to a form more readily computable.

Theorem If S is a balanced bounded absorbing closed
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Figure 1: Robustness measure with respect to delay in the
case 2-norm
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Figure 2: Robustness measure with respect to delay in the
case 1-norm

convex set in R
r, then for any u; v 2 R

r,

inff�S(k) : k 2 R
r and u

0

k = 1; v
0

k = 0g

=

8>><
>>:

1 if rank[u; v] 6= rank

�
u v
1 0

�
1

�S0 (u)
if u 6= 0 and v = 0

sup
�2R

1
�
S0

(u+�v) if rank[u; v] = 2

(9)

Proof. The proof is identical to that given in Qiu and Davi-
son (1992), and so it is omitted.

2 A numerical example

Example: The following quasipolynomial is stable for
each 0 � Æ � (�=2� 1)2 (see, Fu et al. (1989))

p(s; 0) = Æ + s2 + 2se�s + e�2s:

Now we consider its coeÆcient perturbation form described
by

p(s; k) = [k1 + (�=2� 1)2] + k2s+ (k3 + 1)s2

+[k4 + (k5 + 2)s+ k6s
2]e��s

+[(k7 + 1) + k8s+ k9s
2]e�2�s:
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Figure 3: Robustness measure with respect to delay in the
case 1-norm

which corresponds to the aÆne function given by a(k) =
Fk + g; where F = I9�9 (9 � 9 identity matrix), and k, g
are given by

k0 = [k1; k2; k3; k4; k5; k6; k7; k8; k9]

and
g0 = [(�=2� 1)2; 0; 1; 0; 2; 0; 1; 0; 0]:

Stability radii with respect to delay are determined using
Theorem and are given in Figures 1-3 for cases when the
1-norm, 2-norm and 1-norm, respectively, are used.

3 Conclusions

An approach based on the framework of convex analysis
is developed in this paper to study the stability robustness
of quasipolynomials. This approach uni�es and improves
some recent results in the area of the stability robustness of
quasipolynomials, motivates and solves new related prob-
lems.
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