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Abstract

A direct adaptive nonlinear control framework for
multivariable nonlinear uncertain systems with exogenous
L2 disturbances is developed. The proposed framework
is Lyapunov-based and guarantees partial asymptotic
stability of the closed-loop system; that is, asymptotic
stability with respect to part of the closed-loop system
states associated with the plant, as well as a nonexpan-
sivity constraint on the closed-loop input-output map.
Finally, an illustrative numerical example is provided to
demonstrate the e�cacy of the proposed approach.

1. Introduction

In a recent paper [1], a direct adaptive control frame-
work for adaptive stabilization, disturbance rejection, and
command following of multivariable nonlinear uncertain
systems with exogenous bounded amplitude disturbances
was developed. In particular, a Lyapunov-based direct
adaptive control framework was developed that requires a
matching condition on the system disturbance and guar-
antees partial asymptotic stability of the closed-loop sys-
tem; that is, asymptotic stability with respect to part of
the closed-loop system states associated with the plant.
Furthermore, the remainder of the state associated with
the adaptive controller gains was shown to be Lyapunov
stable. In the case where the nonlinear system was repre-
sented in normal form [2] with input-to-state stable zero
dynamics [2, 3], the nonlinear adaptive controller was con-
structed without requiring knowledge of the system dy-
namics or the system disturbance.

In this paper, we generalize the results of [1] to uncer-
tain nonlinear systems with exogenous L2 disturbances.
Speci�cally, we remove the matching condition on the
system disturbance required in [1]. In addition, the pro-
posed framework guarantees that the closed-loop nonlin-
ear input-output map from uncertain exogenous L2 distur-
bances to system performance variables is nonexpansive
(gain bounded) and the zero trajectory of the closed-loop
system is partially asymptotically stable.

We emphasize that the direct adaptive stabilization
framework developed in this paper is distinct from the
methods given in [4{7] predicated on model reference
adaptive control. The work of [8, 9] on linear direct adap-
tive control is most closely related to the results presented
herein. Speci�cally, specializing our result to single-input
linear systems with no internal dynamics, we recover the
result given in [9].

2. Adaptive Control for Nonlinear Systems with
L2 Disturbances

In this section we begin by considering the problem of
characterizing adaptive feedback control laws for nonlin-
ear uncertain systems with L2 disturbances. Speci�cally,
consider the controlled nonlinear uncertain system G given
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by

_x(t) = f(x(t)) +G(x(t))u(t) + J(x(t))w(t);

x(0) = x0; t � 0; (1)

with performance variables

z(t) = h(x(t)); (2)

where x(t) 2 R
n , t � 0, is the state vector, u(t) 2 R

m ,
t � 0, is the control input, w(t) 2 Rd , t � 0, is an unknown
bounded energy L2 disturbance, z(t) 2 R

p , t � 0, is a per-
formance variable, f : Rn ! R

n and satis�es f(0) = 0,
G : Rn ! R

n�m , J : Rn ! R
n�d , and h : Rn ! R

p

and satis�es h(0) = 0. The control input u(�) in (1) is
restricted to the class of admissible controls consisting of
measurable functions such that u(t) 2 R

m , t � 0. Fur-
thermore, for the nonlinear system G we assume that the
required properties for the existence and uniqueness of
solutions are satis�ed; that is, f(�), G(�), u(�), and w(�)
satisfy su�cient regularity conditions such that (1) has a
unique solution forward in time.

Theorem 2.1. Consider the nonlinear system G given
by (1) and (2). Assume there exists a matrix Kg 2 R

m�s

and functions Ĝ : Rn ! R
m�m and F : Rn ! R

s , with
F (0) = 0, such that the zero solution x(t) � 0 to

_x(t) = f(x(t)) +G(x(t))Ĝ(x(t))KgF (x(t)) , fc(x(t));

x(0) = x0; t � 0; (3)

is globally asymptotically stable. Furthermore, assume
there exists a C1 function Vs : R

n ! R such that Vs(�) is
positive de�nite, radially unbounded, Vs(0) = 0, and, for
all x 2 Rn ,

0 = V 0s (x)fc(x) + �(x); (4)

where

�(x) , 1
4
2V

0

s (x)J(x)J
T(x)V 0Ts (x) + hT(x)h(x): (5)

Finally, let Q 2 Rm�m and Y 2 Rs�s , be positive de�nite.
Then the adaptive feedback control law

u(t) = Ĝ(x(t))K(t)F (x(t)); (6)

where K(t) 2 Rm�s ; t � 0, with update law

_K(t) = � 1
2QĜ

T(x(t))GT(x(t))V 0s
T(x(t))FT(x(t))Y; (7)

guarantees that the zero solution (x(t);K(t)) � (0; 0) of
the closed-loop system given by (1), (6), and (7) is Lya-
punov stable and h(x(t)) ! 0 as t ! 1. If, in addition,
hT(x)h(x) > 0, x 6= 0, then x(t) ! 0 as t! 1. Further-
more, the solution x(t), t � 0, to the closed-loop system



given by (1), (6), and (7) satis�es the nonexpansivity con-
straint

Z T

0

zT(t)z(t) dt � 
2
Z T

0

wT(t)w(t) dt + V (x(0);K(0));

T � 0; w(�) 2 L2; (8)

where

V (x;K) , Vs(x) + trQ�1(K �Kg)Y
�1(K �Kg)

T: (9)

Proof. Note that with u(t), t � 0, given by (6) it
follows from (1) that

_x(t) = f(x(t)) +G(x(t))Ĝ(x(t))K(t)F (x(t))

+J(x(t))w(t); x(0) = x0; w(�) 2 L2; t � 0; (10)

or, equivalently, using the de�nition for fc(x) given in (3),

_x(t) = fc(x(t)) +G(x(t))Ĝ(x(t))(K(t) �Kg)F (x(t))

+J(x(t))w(t); x(0) = x0; w(�) 2 L2; t � 0: (11)

To show Lyapunov stability of the closed-loop system (7)
and (11) consider the Lyapunov function candidate given
by (9). Note that V (0;Kg) = 0 and, since Vs(�), Q, and Y
are positive de�nite, V (x;K) > 0 for all (x;K) 6= (0;Kg).
Furthermore, V (x;K) is radially unbounded. Now, letting
x(t), t � 0, denote the solution to (11) and using (4)
and (7), it follows that the Lyapunov derivative along the
undisturbed (w(t) � 0) closed-loop system trajectories is
given by

_V (x(t);K(t))

= V 0s (x(t))[fc(x(t))

+G(x(t))Ĝ(x(t))(K(t) �Kg)F (x(t))]

+2trQ�1(K(t)�Kg)Y
�1 _KT(t)

= ��(x(t))

+tr
h
(K(t)�Kg)F (x(t))V

0

s (x(t))G(x(t))Ĝ(x(t))
i

�tr
h
(K(t)�Kg)F (x(t))V

0

s (x(t))G(x(t))Ĝ(x(t))
i

= ��(x(t))

� 0; (12)

which proves that the solution (x(t);K(t)) � (0;Kg) to (7)
and (11) with w(t) � 0 is Lyapunov stable. Furthermore,
it follows from Theorem 4.4 of [5] that h(x(t)) ! 0 as
t ! 1 for all x0 2 R

n . In addition, if hT(x)h(x) > 0,
x 6= 0, then x(t)! 0 as t!1 for all x0 2 R

n .

Finally, to show that the nonexpansivity constraint (8)
holds, note that, for all w 2 Rd ,

0 �
h
1
2
 J

T(x)V 0Ts (x)� 
w
iT h

1
2
 J

T(x)V 0Ts (x)� 
w
i

= �(x) + 
2wTw � zTz � V 0Ts (x)J(x)w: (13)

Now, let w(�) 2 L2 and let x(t), t � 0, denote the solu-
tion of the closed-loop system (7), (11). Then the Lya-
punov derivative along the closed-loop system trajectories

is given by

_V (x(t);K(t))

= V 0s (x(t))[fc(x(t))

+G(x(t))Ĝ(x(t))(K(t) �Kg)F (x(t)) + J(x(t))w(t)]

+2trQ�1(K(t)�Kg)Y
�1 _KT(t)

= ��(x(t))

+tr (K(t)�Kg)F (x(t))V
0

s (x(t))G(x(t))Ĝ(x(t))

+V 0s (x(t))J(x(t))w(t)

�tr (K(t)�Kg)F (x(t))V
0

s (x(t))G(x(t))Ĝ(x(t))

= ��(x(t)) + V 0s (x(t))J(x(t))w(t)

� 
2wT(t)w(t) � zT(t)z(t): (14)

Now, integrating (14) over [0; T ] yields

V (x(T );K(T )) �

Z T

0

�

2wT(t)w(t) � zT(t)z(t)

�
dt

+V (x(0);K(0)); T > 0; w(�) 2 L2;

(15)

which, by noting that V (x(T )) � 0, T � 0, yields (8). �

Remark 2.1. Note that the conditions in Theorem 2.1
imply that x(t) ! 0 as t ! 1 and hence it follows from

(7) that (x(t);K(t)) !M , f(x;K) 2 Rn � R
m�s : x =

0; _K = 0g as t!1.

It is important to note that the adaptive control law (6)
and (7) does not require explicit knowledge of the gain ma-
trixKg; even though Theorem 2.1 requires the existence of

Kg, F (x), and Ĝ(x) such that the zero solution x(t) � 0 to
(3) is globally asymptotically stable. Furthermore, if (1)
is in controllable normal form with asymptotically stable
internal dynamics [2], then we can always construct func-

tions Ĝ : Rn ! R
m�m and F : Rn ! R

s , with F (0) = 0,
such that the zero solution x(t) � 0 to (3) is globally
asymptotically stable without requiring knowledge of the
system dynamics. To see this assume that the nonlinear
uncertain system G is generated by

q
(ri)
i (t) = fui(q(t)) +

mX
j=1

Gs(i;j)(q(t))uj(t)

+

dX
k=1

D̂(i;k)wk(t); q(0) = q0; i = 1; � � � ;m; (16)

where q
(ri)
i denotes the rthi derivative of qi, ri de-

notes the relative degree with respect to the out-

put qi, fui(q) = fui(q1; � � � ; q
(r1�1)
1 ; � � � ; qm; � � � ; q

(rm�1)
m ),

Gs(i;j)(q) = Gs(i;j)(q1; � � � ; q
(r1�1)
1 ; � � � ; qm; � � � ; q

(rm�1)
m ),

D̂(i;k) 2 R, i = 1; � � � ;m; k = 1; � � � ; d, and wk(t) 2 R,
t � 0, k = 1; � � � ; d. Here we assume that the square
matrix function Gs(q) composed of the entries Gs(i;j)(q),

i; j = 1; � � � ;m, is such that detGs(q) 6= 0, q 2 Rr̂ , where
r̂ = r1+� � �+rm is the (vector) relative degree of (16). Fur-
thermore, since (16) is in a form where it does not possess



internal dynamics, it follows that r̂ = n. The case where
(16) possesses input-to-state stable internal dynamics can
be handled as shown in [1].

Next, de�ne xi ,
h
qi; � � � ; q

(ri�2)
i

iT
, i = 1;� � � ;m; xm+1

,
h
q
(r1�1)
1 ; � � � ; q

(rm�1)
m

iT
; and x ,

�
xT1 ; � � � ; x

T
m+1

�T
; so

that (16) can be described as (1) with

f(x) = ~Ax+ ~fu(x); G(x) =

�
0(n�m)�m

Gs(x)

�
;

J(x) = D =

�
0(n�m)�d

D̂

�
;

(17)

where

~A =

�
A0

0m�n

�
; ~fu(x) =

�
0(n�m)�1

fu(x)

�
;

A0 2 R
(n�m)�n is a known matrix of zeros and ones cap-

turing the multivariable controllable canonical form rep-
resentation [10], fu : Rn ! R

m is an unknown function

and satis�es fu(0) = 0, Gs : R
n ! R

m�m , and D̂ 2 Rm�d .
Here, we assume that fu(x) is unknown and is parameter-
ized as fu(x) = �fn(x), where fn : R

n ! R
q and satis�es

fn(0) = 0, and � 2 R
m�q is a matrix of uncertain con-

stant parameters.

Next, to apply Theorem 2.1 to the uncertain system
(1) with f(x), G(x), and J(x) = D given by (17), let
Kg 2 R

m�s , where s = q + r, be given by

Kg = [�n ��; �n ]; (18)

where �n 2 R
m�q and �n 2 R

m�r are known matrices,
and let Ĝ(x) = G�1s (x) and

F (x) =

�
fn(x)

f̂n(x)

�
; (19)

where f̂n : R
n ! R

r and satis�es f̂n(0) = 0 is an arbitrary
function. In this case, it follows that

fc(x) = f(x) +G(x)Ĝ(x)KgF (x)

= ~Ax+ ~fu(x) +

�
0(n�m)�m

Gs(x)

�
G�1s (x)

�
�
�nfn(x) ��fn(x) + �nf̂n(x)

�

= ~Ax+

�
0(n�m)�1

�nfn(x) + �nf̂n(x)

�
: (20)

Now, since �n 2 R
m�q and �n 2 R

m�r are arbitrary

constant matrices and f̂n : R
n ! R

r is an arbitrary func-
tion we can always constructKg and F (x) without knowl-
edge of f(x) such that the zero solution x(t) � 0 to (3)
can be made globally asymptotically stable. In particu-

lar, choosing �nfn(x) +�nf̂n(x) = Âx, where Â 2 Rm�n ,
it follows that (20) has the form fc(x) = Acx, where

Ac = [AT
0 ; Â

T]T is in multivariable controllable canon-
ical form. In addition, in the case where J(x) = D
and h(x) = Ex, the adaptive controller (7) can be con-
structed to guarantee the nonexpansivity constraint (8)

using standard linear H1 methods. Speci�cally, choosing
fc(x) = Acx, where Ac is asymptotically stable and in
multivariable controllable canonical form, it follows from
standard H1 theory [11] that if (Ac; E) is observable and
kG(s)k1 < 
, where G(s) = E(sIn �Ac)

�1D, then there
exists a positive-de�nite matrix P satisfying the bounded
real Riccati equation

0 = AT
c P + PAc + 
�2PDDTP +ETE: (21)

It is well known that (21) has a nonnegative-de�nite solu-
tion if and only if the Hamiltonian matrix

H =

�
Ac 
�2DDT

�ETE �AT
c

�
; (22)

has no purely imaginary eigenvalues. If, in addition,
ETE > 0, then P > 0. In this case, with Lyapunov
function Vs(x) = xTPx, the adaptive feedback controller
(6) with update law (7), or, equivalently,

_K(t) = �QĜT(x(t))GT(x(t))Px(t)FT(x(t))Y; (23)

guarantees global asymptotic stability of the nonlinear
undisturbed (w(t) � 0) dynamical system (1), where f(x)
and G(x) are given by (17). Furthermore, the solution
x(t), t � 0, of the closed-loop nonlinear dynamical system
(1) is guaranteed to satisfy the nonexpansivity constraint
(8).

Next, we consider the case where f(x) and G(x) are
uncertain. Speci�cally, we assume that Gs(x) is unknown
and is parameterized as Gs(x) = BuGn(x), where Gn :
R
n ! R

m�m is known and satis�es detGn(x) 6= 0, x 2
R
n , and Bu 2 R

m�m , with detBu 6= 0, is a symmetric sign
de�nite matrix but the sign de�niteness of Bu is known;
that is, Bu > 0 or Bu < 0. For the statement of the

next result de�ne B0 ,
�
0m�(n�m); Im

�T
for Bu > 0, and

B0 ,
�
0m�(n�m); �Im

�T
for Bu < 0.

Corollary 2.1. Consider the nonlinear system G given
by (1) with f(x), G(x), and J(x) given by (17) and
Gs(x) = BuGn(x), where Bu is an unknown symmetric
matrix and the sign de�niteness of Bu is known. As-
sume there exists a matrix Kg 2 R

m�s and a function
F : Rn ! R

s , with F (0) = 0, such that the zero solution
x(t) � 0 to (3) is globally asymptotically stable. Further-
more, assume there exists a C1 function Vs : Rn ! R

such that Vs(�) is positive de�nite, radially unbounded,
Vs(0) = 0, and, for all x 2 Rn , and (4) holds. Finally, let
Y 2 Rs�s be positive de�nite. Then the adaptive feedback
control law

u(t) = G�1n (x(t))K(t)F (x(t)); (24)

where K(t) 2 Rm�s ; t � 0, with update law

_K(t) = � 1
2B0V

0

s
T(x(t))FT(x(t))Y; (25)

guarantees that the zero solution (x(t);K(t)) � (0; 0) of
the closed-loop system given by (1), (6), and (7) is Lya-
punov stable and h(x(t)) ! 0 as t ! 1. If, in addition,
hT(x)h(x) > 0, x 6= 0, then x(t) ! 0 as t! 1. Further-
more, the solution x(t), t � 0, to the closed-loop system
given by (1), (6), and (7) satis�es the nonexpansivity con-
straint (8).



Proof. The result is a direct consequence of Theo-
rem 2.1. First, let Ĝ(x) = G�1n (x) so that G(x)Ĝ(x) =
[0m�(n�m); Bu]

T. Next, since Q is an arbitrary positive-

de�nite matrix, Q in (7) can be replaced by qjBuj
�1, where

q is a positive constant and jBuj = (B2
u)

1

2 , where (�)
1

2

denotes the (unique) positive-de�nite square root. Now,
since Bu is symmetric and sign de�nite it follows from the
Schur decomposition that Bu = UDBu

UT, where U is or-
thogonal and DBu

is real diagonal. Hence, jBuj
�1BT =

[0m�(n�m); Im] = BT
0 , where Im = Im for Bu > 0 and

Im = �Im for Bu < 0. Now, (7), with qY replaced by Y ,
implies (25). �

It is important to note that if, as discussed above, Kg

and F (x) are constructed to give fc(x) = Acx in (3) and in
the case where J(x) = D and h(x) = Ex, where Ac is an
asymptotically stable matrix in multivariable controllable
canonical form, then considerable simpli�cation occurs in
Corollary 2.1. Speci�cally, in this case Vs(x) = xTPx,
where P > 0 satis�es (21), and hence (25) becomes

_K(t) = �BT
0 Px(t)F

T(x(t))Y: (26)

3. Illustrative Numerical Example

In this section we present a numerical example to
demonstrate the utility of the proposed direct adaptive
control framework for adaptive stabilization and L2 dis-
turbance rejection.

Consider the nonlinear dynamical system representing
a controlled rigid spacecraft given by

_x(t) = �I�1b XIbx(t) + I�1b u(t) +Dw(t);

x(0) = x0; w(�) 2 L2; t � 0; (27)

where x = [x1; x2; x3]
T represents the angular velocities

of the spacecraft with respect to the body-�xed frame,
Ib 2 R

3�3 is an unknown positive-de�nite inertia matrix
of the spacecraft, u(t) = [u1; u2; u3]

T is a control vector
with control inputs providing body-�xed torques about
three mutually perpendicular axes de�ning the body-�xed
frame of the spacecraft, D 2 R

3�1 , and X denotes the
skew-symmetric matrix

X ,

2
4 0 �x3 x2

x3 0 �x1
�x2 x1 0

3
5 :

Note that (27) can be written in state space form (1) with
f(x) = �I�1b XIbx, G(x) = I�1b , and J(x) = D. Here,
we assume that the inertia matrix Ib of the spacecraft
is symmetric and positive de�nite but unknown. Since
f(x) is a quadratic function, we parameterize f(x) as
f(x) = �fn(x); where � 2 R

3�6 is an unknown matrix
and fn(x) = [x21; x

2
2; x

2
3; x1x2; x2x3, x3x1]

T. Next, let

F (x) =
�
fTn (x); x

T
�T

; Ĝ(x) � I3, and Kg = Ib [��;�n] ;

where �n 2 R
3�3 , is an arbitrary matrix, so that

fc(x) = �nx = Acx:

Now, with the proper choice of �n, it follows from Corol-
lary 2.1 that the adaptive feedback controller (24) with
update law (25) guarantees that x(t) ! 0 as t!1 with

w(t) � 0. Furthermore, the closed-loop nonlinear input-
output map from L2 disturbances Dw(t) to performance
variable z(t) = Ex(t) satis�es the nonexpansivity con-
straint (8). Here, we choose Ac = �10I3, E

TE = 2I3,
and 
 = 1:4, so that P satisfying (21) is given by

P =

2
4 0:1653 0:0408 0:0245

0:0408 0:1255 0:0153
0:0245 0:0153 0:1092

3
5 :

With

Ib =

2
4 20 0 0:9

0 17 0
0:9 0 15

3
5 ; Y = 10I9; D =

2
4 8

5
3

3
5 ;

w(t) = e�0:2t sin 1:8t;

and initial conditions x(0) = [0:4; 0:2; �0:2] and K(0) =
03�9, Figure 3.1 shows the angular velocities versus time.
Figure 3.2 shows the control signal versus time. An al-
ternative adaptive feedback controller that also does not
require knowledge of the inertia of the spacecraft is pre-
sented in [12]. However, unlike the proposed controller,
the adaptive controller presented in [12] is tailored to the
spacecraft attitude control problem and does not address
L2 disturbance rejection.
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Figure 3.1: Angular velocities versus time
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4. Conclusion

A direct adaptive nonlinear control framework for adap-
tive stabilization of multivariable nonlinear uncertain sys-
tems with exogenous L2 disturbances was developed.



Using Lyapunov methods the proposed framework was
shown to guarantee partial asymptotic stability of the
closed-loop system; that is, asymptotic stability with re-
spect to part of the closed-loop system states associated
with the plant, as well as a nonexpansivity constraint on
the closed-loop input-output map.
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