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Abstract

We study a degenerate nonlinear optimal stochastic
control problem with finite horizon ([2], [8] and [9]).
Using the Hamilton—Jacobi—Bellman equation, we find
an asymptotic expansion for this solution of this prob-
lem.

1 Introduction

The aim of this paper is the study and the approx-
imation of a class of the control problem with finite
horizon. We shall work on a particular problem which
comes from a problem of optimization of controlled
shock-absorber.

The control problem with finite horizon is to solve
the Hamilton—Bellman—Jacobi equation.

And, we are interested in an asymptotic expansion of
the solution of this equation.

The paper is organized as follows: In section 2, we
present the control problem with finite horizon. We
write this solution as an expansion in powers of €. In
sections 3 and 4, we get the equations of the terms of
the expansion. The time-scale techniques are used in
order to get the terms of the expansion. In the section
5, we present results on convergence.

2 Modelisation

This problem was studied in the 2-dimensional ergodic
case ([7]). By modelling the road surface displace-
ment by a 1-dimensional stationnary diffusion process
Z5(t) = Z(t/e?) where Z(t) is defined by

dZ(t) = bs(Z(t))dt +V203(Z(t))dWs(t)
Z(0) = Z2°

we get a 3-dimensional problem ([6]).
Let us consider the stochastic problem

dX (1) = bX (1), u(X (0)dt + o (X (£), u(X (1)))dIV (2)

where X (t) is a process with values in R®, W (t) is
a Wiener process in IR>. b and o are functions of
R x IR? with values respectively in IR® and IR® x IR?
and defined by

)
b(X,u) = —(uy + Bz + vysigne(y)) — az
a’?bs(2)
and,
0 0 0
o(X,u) = 0 0 0
0 0 v2ao03(2)

where a = 1/¢, 8 and ~y are real strictly positive con-
stants. In the previous equation, u is a feedback con-
trol which belongs to the class & of admissible controls
defined by 0 < u < u(X) < T < 0.

We are interested in a control problem with finite hori-
zon whose cost functional is

o°(t) = in{{ J(u,t) = éggE ; F(X(s),u(X(s)))ds

ue

where the instantaneous cost f is given by
F(X,u) = (uy + Bz + ysigne(y))”.

The physical interpretation of this problem is the fol-
lowing: r(t) = X1 (t) is solution of the equation

mi* + vr + Kr + Fsigne(r) = mé



with (m, K, F > 0), which discribes a one degree-
of-freedom shock-absorber system with dry friction.
r is the relative displacement, v the shock-absorber
damping constant (the controlled parameter). Kr +
Fsigne(r) represents the restoring force including the
dry friction term. é is the random input of the system
(i.e. the road surface displacement) which is supposed
to be an stationnary process such that

—(1/e)Z

where Z¢(t) = Z(t/e?) with by(z) < —p < 0 and ¢2 <

03(z) ,Vz € R.

Remarks We know that when e goes towards to 0,
(1/2)Z(t/?) converges towards to the white noise ([4]
and [11]). This white noise is the random input in the
2-dimensional problem ([6] and [7]).

Taking u = v/m, 8 = K/m, v = F/m, the equation
in r(t) can be rewritten as the equation in X (t).

The problem is to improve vehicle riding comfort by
the choice of an adequate feedback v in order to max-
imize the confort, i.e. to minimize

t
J(u,t) = E/ |i* — &|ds.
0

The Hamilton—Jacobi—-Bellman equation related to the
control problem with finite horizon can be stated as

+ fu)} =
where f is the cost function and £, is the infinitisimal
generator of the diffusion process X (t) defined by

3

EU¢ZZ

i=1

+ Z ”c’)xﬁx]

3 The Solution of The Control Prob-
lem With Finite Horizon

We consider the control problem with finite horizon

defined by
=F (/Otf(X(s) u(X

¢°(t) = inf J(u,t),

uweU

(o)s)

If we write

the equation of the control problem with finite horizon
is defined by

—a;f +$25{ 00" _ (Uy+6w+vsigne(y))%f

1 0¢° toloa 0% ¢°
—gz 0 + f(u )} {b(z);; +02(z)8j2}:0
¢°(0) =0

Then we look after expansions of the cost ¢° and the
feedback control u® in powers of €. For that, we intro-
duce the time scale 7 = E%

And, we write the expressions of ¢° and u® as

5 = dolty ) +ehulty )+
W) = uo(t,§)+su1(t,§2)+...

We get the following equations

d 1 ) )
- a(¢0+---) (¢0+ )+{y%(¢o+---)
o
= ((uo +...)y + Bz + ysigne(y ))8—(% +...)
- %za%ww )+ f(uo + - }
L[, 92 _y
+ a2 {eg ot )+t | =
and,
—y5, (b0 + ) =2y (y(uo +...) + Bz + ysigne(y)) =
And, we introduce the following hamiltonians
d )
Ho =y 52 = (uy + B+ ysigne(y)) o — 2500 +
d d
Hj=y ;) — (uy + Bz + vysigne(y)) ;;] - (f;]y“

We note L the infinitesimal generator of Z(t), defined
by

100 8¢
L = (=) 50 +0%(2) 5%
. ; o
We define the following operators D ¢ = EWE Then
U
we get the following equations
0
—g + LUO = 0
o1 O¢o
_ Ly — 222 —0
o T gy



d¢s3

and, for [ > 0, we get — (uoy + Bz + fysigne(y))—y —20%uius =0

0P2041) (1] ¢
L 3 2 _
a7 + Ldoq41) — ot _ya—y +2y*us =0
21 1
: (lz:) a! a,!D«(La1+"'+a’)Hao (wo)ui™ - gt =
_ 3¢2l+3 b+ Lo — OP2i+1
2T ot 4 Explicit Solutions of the Equations
2l+1
1
+ Z ngaﬁ"'Jra’)Hao (uo)uft ... ult = We are going to give explicit solutions of the previous
(ta) " r equations by introducing the invariant measure m (of
the stationnary diffusion process associated with the
and, infinitesimal generator L). First, we note
!
! L P () [ T ¢j(2) = wj +w;(2) with / wj(z)m(z)dz =0
(Lo al!...al! R
h And, we get equations for the quantities w; and w;
where we note respectively.
j We introduce different first order operators depending
> = > with g, aq,...,a > 0. or not on the quantity w.
l aptoar+...+Hlo=j
46 = 42
x
Then we get the following equations B - 3¢)
o oy
G+ L= 5 55+ signe(u)) 2
u = (uy + Dpx + ~ysigne -
96, 90 ()¢ (uy sig (y))ay
_8— —+ L¢1 — Za— = 0
T y By integration with respect of mdz, we get
_% + L¢ _ % _ a¢1 _+_ a¢0
ar >" ot~ "oy Vor Oy _
. ¢0 87_
= (uoy + Bz + ysigne(y))— =
Yy So we get wo(s,7) = wo(s), and by substraction, we
+  (ugy + Bz + ysigne(y))* =0 get
0
—y— %o + 2y(uoy + Bz + 7ysigne(y)) =0 Owyg
8 _6— + L’w() = 0
_9¢s + L¢ _%_ 9¢ 3¢1
or STt oy " Vor So we have wy(t, T, z) = 0.
) O By integration with respect of mdz and as
—  (uoy + Bz + ’YSlgne(y))a—y =0 Jir L(do)mdz = [}, ¢o(L*m)dz = 0, we get
01 2 ow
Y, TWm = —% — | Bgomdz =0
T R
06y O 0 06
or 4T ot o oy y or As ¢p is a function independant of z and Z is zero-
)
: 9¢ h / Bgomdz = E(Z)—— =0
_ (uOy+ﬂw+781gne(y))a—y2 — a2 =0 mean process, we have ]R pomdz (Z) 9y ,
96 we get w1 (¢, 7) = w1 (¢), and by substraction, we have
—y—2 + 2y%uy = 0
% O b — By = 0
_% + L¢—%—Z%+% or L D
or T ot Jy Y Oox wi(t,0,2) = 0



so we get

1(t, 7, 2) /E

By integration with respect of mdz, we get

—% +/ Lpomdz — % +/ Apomdz
-

—/ B¢1mdz—/ D(uo)qﬁomdz-i—/mf(ug)mdz =

))drig (t).

We have [ L(¢2)mdz = [z ¢2(L*m)dz = 0 and ¢y
and ug are independant of z; moreover, all quantities
have limits as 7 tends towards 00, and,

8’[1)2

5, ——(t,00) =0

we have

_%Jr [A4— / E(B Zp))ds — D(ug)]wo

+f(uo) =0
wo(0) = 0

Remark This equation is an Hamilton—Bellman—
Jacobi equation, and the control problem is defined
by the diffusion process X (t) which the stochastic dif-
ferential equation is

dX (t) = b(X (1), u(X(8)))dt + V20 (X, u(X(2)))dV (2)

with the drift and diffusion coefficients

b(X,u) = ( ~(uy + Bry + ysigne(y)g; )

and,

0 0
o(X,u) = ( 0 (J;" B(B(Z.)B(2y)ds)'” )

We note £, the infinitesimal generator of X(¢). So,
we can write the Hamilton—Bellman—Jacobi equation
as

dw . 5 .
I +££ {Luyi+ f(w)} =0
B(0) = 0

where the cost function is defined as previously.
This problem is an 2-dimensional problem.

Now, by substraction, we get
611)2 / E

s (t,0) = 0

and, we obtain

--if, [ me

B(Zy))dsdrug (t)

or,
8w2
—— — Lwsy + Bw; + Bw; — Bwimdz = 0
67' R
wa(t,0,2) = 0
So, we get
o(t, T, 2) / E.(B(Zs))dsw(t)

+[/OT/O (B. - B)(B

By similar arguments, we get

(Z)B(Z,))dsdr]io (t)

611)3

d,
_W+/ ngﬁgmdz—ﬁ—k/]RAqﬁlmdz
—/ B¢2mdz—/ D(up)pymdz = 0

R R

We put

—@+A / E(B

- / / E(B(Z
o Jo
We finally get for the quantities w3 and ws

—-1f [ s
+[/O/Z/OE(BZB

and, to complete the expansion, we have the following
equation

Zo))ds — D (uo)]ior (t)

B(Z,)B(Zo))dsdr]iv(t) = 0
w1(0) =0

w3 (t, 7) B(Zo))dsdr]: (t)

Z)B(Zyp))dsdrdl]wg(t)

0
% — Lwsz + Bws + Bws — / Bwsamdz
-

dw
+d—t1 — Aw; + D(ug)wy = 0
ws(t,0,2) = 0

or, using the expressions of the different quantities w;
for 7 <2,

%—ng (Z)[/OT/TOOE(BZ B

Zy))dsdri (t)



For that, we put for j > 0,

0¢;  0¢jyo
ot or

Zo))deT]’l[)O (t)

af [ rasmn

/ (B — E.)(B(Z.)B(Zo))dslin ()

A RCE I
/E ds]dwo +A/ E.(

Yj(u) = — + Hj(u) + Lpjio

And we show the following propositions

ZS)B(ZT)B(Zo))deT]’l[)O (t)

Proposition 5.2 Under the previous assumptions,

s))ds|wo(t)  the following estimation hold

j=2k
Dluol / E-(BEZDdshin(®) 157 i i)l < O+ [of? + [yl + |21?)
w3 (t,0,2) =0 =0
=2k
We get the general following equations for k > 4, | Z e10H (u5y1)| < PO+ |z| + y| + |2])
iy, p =0
-5 k
. or To show that, we use the previous relations of the
W (0,7,2) = 0 section 4 (See [9]).
If we note
and,
- _0¢° 1
ow c — € - &
6k_ka = 0 ¢(U) 6 +H( )+€2L¢
-
wi(t,0,2) = 0 then, we have

where fr and g are functions of wy and w;.

Remark We can show that the all integrals are well
defined ([5]).
Remark All equations are well defined on O =

R\{y = 0}.

5 Convergence of the Approximation

In this section, we prove some results about the con-
vergence of the approximation of the solution of the
finite horizon control problem.

First, if ¢° and u® denote the cost and the feedback
control, solutions of the Hamilton-Jacobi-Bellman
equation, we write

j=2k+1

; t
G = Y o)
Jj=0
j=k+1 +
Uspqr (B) = Z Ejuj(t76_2)
=0

where ¢; and u; are solutions of the previous equations
and defined in the section 3.

Proposition 5.1 Under the previous assumptions,
the following estimation

62041 (8) = 6°(O)] < 2O+ |2 + [yl + |2%)

Proposition 5.3 Under the same assumptions, the
inequality holds

égkﬂ (v) >

where v is a control bounded and fized.

—*C(1 + |z|* + |y|> + |2])

Proof: We choose a class of controls bounded v. Let
be v one of these controls. There exists w such that

j=k+1

3 sjuj(t,é) +w(t)

j=0
= uypy(f) +w(t)

v(t) =

We are going to give an approximation

j=2k

)= Z 1 (usppy + )

=0
+ Adop1 — D(ugyqq + w)¢2k+1>

. [ OP2k12
2k
+e <787'

D31 (Uayq + W

Opok41
2%+1 [
+e ( o

- L¢2k+2>
and,
Hj(uspyq +w) = Hj(usg ) + OHj(u3p,q)w

1 1
+/ / N’ H j(uSpyy + Aw)w?dAdp
o Jo



So, after some calculations, we get the following ap-
proximation

Fo1(v) 2 = C(L+[a” + [y* + |21” + [v(D))

So, we get the desired result.
Using the Ito formula, we get the following result

G541 (0) = B3 () > =2 O+ |2 + |y[* + [2)

—E/O F(X(5), 0(s))ds

And, as we have ¢35, ,(0) = 0, and we use v = u°, we
get the following result

Forr1(t) = &7 (1) <O+ [al” + ly* + |2)
Moreover, we know that
¢" (u5p41) >0
and,
o1 (U3 1) SO+ |2 + [yl + [2)

and, by substraction, and using the Ito formula, we
find

Gopar (1) — &7 (1) > =€ O+ |z* + y[* + [2)

And, we get the desired result.

6 The Extension

In the section 4, we obtain an asymptotic expansion of
the solution of the control problem with finite horizon.
Using the assumption about Z°, we shall show the
ergodicity of this problem ([8]).

Using results and considerations from [1], we are going
to find the asymptotic expansion of the ergodic control
problem ¢° called the asymptotic ergodic expansion.

7 Remark

In [6], we solved numerically the 3-dimensional ergodic
problem applied to the car suspension design by intro-
ducing an Ornstein-Ulhenbeck process as the random
input of the system described in section 2.

References

[1] M. Airisawa Ergodic Problem for the Hamilton—
Jacobi—-Bellmann Equation. Annales de I'Institut
Henri Poincaré, 14, 4, 1997

[2] A. Bensoussan On Some Singular Perturbations
Problems Arising in Stochastic Control. Stochas-
tic Analysis and Applications, 2, 13-53, 1984

[3] A. Bensoussan - J.L. Lions Applications des
Inéquations Variationnelles en Controle Stochas-
tigue. Dunod, Studies in Mathematics and Its Ap-
plications, 1978

[4] R.N. Bhattacharya On Functional Central Limit
theorem and the Law of the Iterated Logarithm for
Markov Processes 7. Wahrscheinlichkeitstherie,
60, 185-201, 1982

[5] R.Bouc - E. Pardoux Asymptotic Analysis of
P.D.E.s with Wide-band Noise Disturbances, and
Ezxpansion of the Moments. Stochastic Analysis
and Applications, 2, 369-422, 1984

[6] F. Campillo - A. Gon - C. Marchetti -
E. Pardoux Application du Contréle Stochas-
tigue au Probléme de Suspension de Véhicule.

Rapport de Fin d’Etude, Regienov, Contrat
H6.10.601/INRIA /17, 1987

[7] F. Campillo - F. Legland - E. Pardoux Approz-
imation d’'un Probleme de Controle Ergodique
Dégénéré. Colloque International Automatique
Non Linéaire, CNRS, Nantes, 1988

[8] C. Marchetti Asymptotic Ezpansion in the 3-
Dimensional Ergodic Control Problem To be sub-

mitted in Stochastoc Analysis and Applications,
2000

[9] S. Peng Etude de Perturbations
et d’Homogénéisation des Systémes Stochastiques
et des Systémes Périodiques. These de Doctorat ,
Université de Marseille , 1986

[10] S. Peng Analyse Asymptotique et Probléme Ho-
mogénéisé en Contréle Optimal avec Vibrations
Rapides Siam J. Control and Optimization, 27,
673-696, 1989

[11] A. Touati Théorémes de Limite Centrale Fonc-
tionnels pour les Processus de Markov Annales
de U'Institut Henri Poincaré, vol XIX, 1, 43-55,
1983



