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Abstract

We study a degenerate nonlinear optimal stochastic
control problem with �nite horizon ([2], [8] and [9]).
Using the Hamilton{Jacobi{Bellman equation, we �nd
an asymptotic expansion for this solution of this prob-
lem.

1 Introduction

The aim of this paper is the study and the approx-
imation of a class of the control problem with �nite
horizon. We shall work on a particular problem which
comes from a problem of optimization of controlled
shock-absorber.

The control problem with �nite horizon is to solve
the Hamilton{Bellman{Jacobi equation.
And, we are interested in an asymptotic expansion of
the solution of this equation.
The paper is organized as follows: In section 2, we
present the control problem with �nite horizon. We
write this solution as an expansion in powers of ". In
sections 3 and 4, we get the equations of the terms of
the expansion. The time-scale techniques are used in
order to get the terms of the expansion. In the section
5, we present results on convergence.

2 Modelisation

This problem was studied in the 2-dimensional ergodic
case ([7]). By modelling the road surface displace-
ment by a 1-dimensional stationnary di�usion process
Z"(t) = Z(t="2) where Z(t) is de�ned by

dZ(t) = b3(Z(t))dt +
p
2�3(Z(t))dW3(t)

Z(0) = Z0

we get a 3-dimensional problem ([6]).
Let us consider the stochastic problem

dX(t) = b(X(t); u(X(t)))dt+ �(X(t); u(X(t)))dW (t)

where X(t) is a process with values in IR3, W (t) is
a Wiener process in IR3. b and � are functions of
IR� IR2 with values respectively in IR3 and IR3 � IR3

and de�ned by

b(X;u) =

0
@ y

�(uy + �x+ 
signe(y))� �z
�2b3(z)

1
A

and,

�(X;u) =

0
@ 0 0 0

0 0 0

0 0
p
2��3(z)

1
A

where � = 1=", � and 
 are real strictly positive con-
stants. In the previous equation, u is a feedback con-
trol which belongs to the class U of admissible controls
de�ned by 0 < u < u(X) < u <1.

We are interested in a control problem with �nite hori-
zon whose cost functional is

�"(t) = inf
u2U

J(u; t) = inf
u2U

E

Z t

0

f(X(s); u(X(s)))ds

where the instantaneous cost f is given by

f(X;u) = (uy + �x+ 
signe(y))2:

The physical interpretation of this problem is the fol-
lowing: r(t) = X1(t) is solution of the equation

m�r + v _r +Kr + F signe( _r) = m�e



with (m, K, F > 0), which discribes a one degree-
of-freedom shock-absorber system with dry friction.
r is the relative displacement, v the shock-absorber
damping constant (the controlled parameter). Kr +
F signe( _r) represents the restoring force including the
dry friction term. �e is the random input of the system
(i.e. the road surface displacement) which is supposed
to be an stationnary process such that

�e = �(1=")Z"

where Z"(t) = Z(t="2) with b
0

3(z) � �� < 0 and �2 �
�23(z) ;8z 2 IR.

Remarks We know that when " goes towards to 0,
(1=")Z(t="2) converges towards to the white noise ([4]
and [11]). This white noise is the random input in the
2-dimensional problem ([6] and [7]).

Taking u = v=m, � = K=m, 
 = F=m, the equation
in r(t) can be rewritten as the equation in X(t).
The problem is to improve vehicle riding comfort by
the choice of an adequate feedback v in order to max-
imize the confort, i.e. to minimize

J(u; t) = E

Z t

0

j�r � �ej2ds:

The Hamilton{Jacobi{Bellman equation related to the
control problem with �nite horizon can be stated as

�@�
"

@t
+ inf

u2U
fLu�

" + f(u)g = 0

where f is the cost function and Lu is the in�nitisimal
generator of the di�usion process X(t) de�ned by

Lu� =

3X
i=1

bi(u)
@�

@xi
+

1

2

3X
i;j=1

aij
@2�

@xi@xj
:

3 The Solution of The Control Prob-

lem With Finite Horizon

We consider the control problem with �nite horizon
de�ned by

J(u; t) = E

�Z t

0

f(X(s); u(X(s)))ds

�

If we write

�"(t) = inf
u2U

J(u; t);

the equation of the control problem with �nite horizon
is de�ned by

�@�
"

@t
+ inf

u2U

�
y
@�"

@x
� (uy + �x+ 
signe(y))

@�"

@y

� 1

"
z
@�"

@y
+ f(u)

�
+

1

"2

�
b(z)

@�"

@z
+ �2(z)

@2�"

@z2

�
= 0

�"(0) = 0

Then we look after expansions of the cost �" and the
feedback control u" in powers of ". For that, we intro-
duce the time scale � = t

"2 .
And, we write the expressions of �" and u" as

�"(t) = �0(t;
t

"2
) + "�1(t;

t

"2
) + : : :

u"(t) = u0(t;
t

"2
) + "u1(t;

t

"2
) + : : :

We get the following equations

� @

@t
(�0 + : : :)� 1

"2
@

@�
(�0 + : : :) +

�
y
@

@x
(�0 + : : :)

� ((u0 + : : :)y + �x + 
signe(y))
@

@y
(�0 + : : :)

� 1

"
z
@

@y
(�0 + : : :) + f((u0 + : : :))

�

+
1

"2

�
b(z)

@

@z
(�0 + : : :) + �2(z)

@2

@z2
(�0 + : : :)

�
= 0

and,

�y @
@x

(�0 + : : :)� 2y (y(u0 + : : :) + �x+ 
signe(y)) = 0

And, we introduce the following hamiltonians

H0 = y
@�0
@x

� (uy + �x+ 
signe(y))
@�0
@y

� z
@�1
@y

+ f(u)

Hj = y
@�j
@x

� (uy + �x+ 
signe(y))
@�j
@y

� z
@�j+1
@y

We note L the in�nitesimal generator of Z(t), de�ned
by

L� = b(z)
@�

@z
+ �2(z)

@2�

@z2

We de�ne the following operators Dj
u� =

@j�

@uj
. Then

we get the following equations

�@�0
@�

+ Lu0 = 0

�@�1
@�

+ L�1 � z
@�0
@y

= 0



and, for l � 0, we get

� @�2(l+1)

@�
+ L�2(l+1) � �2l

@t

+

2lX
(l;�)

1

�1! : : : �l!
D(�1+:::+�l)

u H�0
(u0)u

�1

1 : : : u�l

l = 0

� @�2l+3
@�

++L�2l+3 � @�2l+1
@t

+
2l+1X
(l;�)

1

�1! : : : �l!
D(�1+:::+�l)

u H�0
(u0)u

�1

1 : : : u�l

l = 0

and,

lX
(l;�)

1

�1! : : : �l!
D(1+�1+:::+�l)

u H�0
(u0)u

�1

1 : : : u�l

l = 0

where we note

jX
(l;�)

=
X

�0+�1+:::+l�l=j

with �0; �1; : : : ; �l � 0:

Then we get the following equations

�@�0
@�

+ L�0 = 0

�@�1
@�

+ L�1 � z
@�0
@y

= 0

�@�2
@�

+ L�2 � @�0
@t

� z
@�1
@y

+ y
@�0
@x

� (u0y + �x+ 
signe(y))
@�0
@y

+ (u0y + �x+ 
signe(y))2 = 0

�y @�0
@y

+ 2y(u0y + �x+ 
signe(y)) = 0

�@�3
@�

+ L�3 � @�1
@t

� z
@�2
@y

+ y
@�1
@x

� (u0y + �x+ 
signe(y))
@�1
@y

= 0

�y @�1
@y

+ 2y2u1 = 0

�@�4
@�

+ L�4 � @�2
@t

� z
@�3
@y

+ y
@�2
@x

� (u0y + �x+ 
signe(y))
@�2
@y

� y2u21 = 0

�y @�2
@y

+ 2y2u2 = 0

�@�5
@�

+ L�5 � @�3
@t

� z
@�4
@y

+ y
@�3
@x

� (u0y + �x + 
signe(y))
@�3
@y

� 2y2u1u2 = 0

�y @�3
@y

+ 2y2u3 = 0

...

4 Explicit Solutions of the Equations

We are going to give explicit solutions of the previous
equations by introducing the invariant measure m (of
the stationnary di�usion process associated with the
in�nitesimal generator L). First, we note

�j(z) = ŵj + wj(z) with

Z
IR

wj(z)m(z)dz = 0

And, we get equations for the quantities ŵj and wj

respectively.
We introduce di�erent �rst order operators depending
or not on the quantity u.

A� = y
@�

@x

B� = z
@�

@y

D(u)� = (uy + �x + 
signe(y))
@�

@y

By integration with respect of mdz, we get

@ŵ0

@�
= 0

So we get ŵ0(s; �) = ŵ0(s), and by substraction, we
get

�@w0

@�
+ Lw0 = 0

So we have w0(t; �; z) = 0.
By integration with respect of mdz and asR
IR
L(�0)mdz =

R
IR
�0(L

�m)dz = 0, we get

�@ŵ1

@�
�
Z
IR

B�0mdz = 0

As �0 is a function independant of z and Z is zero-

mean process, we have

Z
IR

B�0mdz = E(Z)
@�0
@y

= 0,

we get ŵ1(t; �) = ŵ1(t), and by substraction, we have

�@w1

@�
+ Lw1 �Bŵ0 = 0

w1(t; 0; z) = 0



so we get

w1(t; �; z) = �
Z �

0

Ez(B(Zr))drŵ0(t):

By integration with respect of mdz, we get

�@ŵ2

@�
+

Z
IR

L�2mdz � @ŵ0

@t
+

Z
IR

A�0mdz

�
Z
IR

B�1mdz �
Z
IR

D(u0)�0mdz +

Z
IR

f(u0)mdz = 0

We have
R
IR L(�2)mdz =

R
IR �2(L

�m)dz = 0 and �0
and u0 are independant of z; moreover, all quantities
have limits as � tends towards 1, and,

@ŵ2

@�
(t;1) = 0

we have

�dŵ0

dt
+ [A�

Z 1

0

E(B(Zs)B(Z0))ds �D(u0)]ŵ0

+f(u0) = 0

ŵ0(0) = 0

Remark This equation is an Hamilton{Bellman{
Jacobi equation, and the control problem is de�ned
by the di�usion process �X(t) which the stochastic dif-
ferential equation is

d �X(t) = b( �X(t); u( �X(t)))dt+
p
2�( �X;u( �X(t)))dV (t)

with the drift and di�usion coe�cients

b(X;u) =

�
y

�(uy + �xy + 
signe(y))

�

and,

�(X;u) =

 
0 0

0
�R1

0 E(B(Zs)B(Z0))ds
�1=2

!

We note �Lu the in�nitesimal generator of �X(t). So,
we can write the Hamilton{Bellman{Jacobi equation
as

�dŵ
dt

+ inf
u2U

�
�Luŵ + f(u)

	
= 0

ŵ(0) = 0

where the cost function is de�ned as previously.
This problem is an 2-dimensional problem.

Now, by substraction, we get

@ŵ2

@�
+ [

Z 1

�

E(B(Zs)B(Z0))ds]ŵ0(t) = 0

ŵ2(t; 0) = 0

and, we obtain

ŵ2(t; �) = �[
Z �

0

Z 1

r

E(B(Zs)B(Z0))dsdr]ŵ0(t)

or,

@w2

@�
� Lw2 +Bŵ1 +Bw1 �

Z
IR

Bw1mdz = 0

w2(t; 0; z) = 0

So, we get

w2(t; �; z) = �
Z �

0

Ez(B(Zs))dsŵ1(t)

+[

Z �

0

Z r

0

(Ez �E)(B(Zs)B(Zr))dsdr]ŵ0(t)

By similar arguments, we get

�@ŵ3

@�
+

Z
IR

L�2mdz � dŵ1

dt
+

Z
IR

A�1mdz

�
Z
IR

B�2mdz �
Z
IR

D(u0)�1mdz = 0

We put

�dŵ1

dt
+ [A�

Z 1

0

E(B(Zs)B(Z0))ds�D(u0)]ŵ1(t)

�[
Z 1

0

Z r

0

E(B(Zr)B(Zs)B(Z0))dsdr]ŵ0(t) = 0

ŵ1(0) = 0

We �nally get for the quantities ŵ3 and w3

ŵ3(t; �) = �[
Z �

0

Z 1

r

E(B(Zs)B(Z0))dsdr]ŵ1(t)

+[

Z �

0

Z 1

l

Z r

0

E(B(Zr)B(Zs)B(Z0))dsdrdl]ŵ0(t)

and, to complete the expansion, we have the following
equation

@w3

@�
� Lw3 +Bŵ2 +Bw2 �

Z
IR

Bw2mdz

+
dw1

dt
�Aw1 +D(u0)w1 = 0

w3(t; 0; z) = 0

or, using the expressions of the di�erent quantities wj

for j � 2,

@w3

@�
� Lw3 = B(Z)[

Z �

0

Z 1

r

E(B(Zr)B(Z0))dsdr]ŵ0(t)



+[

Z �

0

Z r

0

E(B(Zs)B(Zr)B(Z0))dsdr]ŵ0(t)

�[
Z �

0

(E �Ez)(B(Zs)B(Z0))ds]ŵ1(t)

+[

Z �

0

Z r

0

(E �Ez)(B(Zs)B(Zr)B(Z0))dsdr]ŵ0(t)

+[

Z �

0

Ez(B(Zs))ds]
dŵ0

dt
(t) +A[

Z �

0

Ez(B(Zs))ds]ŵ0(t)

�D(u0)[

Z �

0

Ez(B(Zs))ds]ŵ0(t)

w3(t; 0; z) = 0

We get the general following equations for k � 4,

�@ŵk

@�
= fk

ŵk(0; �; z) = 0

and,

@wk

@�
� Lwk = gk

wk(t; 0; z) = 0

where fk and gk are functions of ŵ0 and ŵ1.

Remark We can show that the all integrals are well
de�ned ([5]).
Remark All equations are well de�ned on O =
IRnfy = 0g.

5 Convergence of the Approximation

In this section, we prove some results about the con-
vergence of the approximation of the solution of the
�nite horizon control problem.
First, if �" and u" denote the cost and the feedback
control, solutions of the Hamilton{Jacobi{Bellman
equation, we write

�"2k+1(t) =

j=2k+1X
j=0

"j�j(t;
t

"2
)

u"2k+1(t) =

j=k+1X
j=0

"juj(t;
t

"2
)

where �j and uj are solutions of the previous equations
and de�ned in the section 3.

Proposition 5.1 Under the previous assumptions,
the following estimation

j�"2k+1(t)� �"(t)j � "2k+2C(1 + jxj2 + jyj2 + jzj2)

For that, we put for j � 0,

 j(u) = �@�j
@t

� @�j+2
@�

+Hj(u) + L�j+2

And we show the following propositions

Proposition 5.2 Under the previous assumptions,
the following estimation hold

j
j=2kX
j=0

"j j(u
"
2k+1)j � "2k+1C(1 + jxj2 + jyj2 + jzj2)

j
j=2kX
j=0

"j@Hj(u
"
2k+1)j � "k+1C(1 + jxj+ jyj+ jzj)

To show that, we use the previous relations of the
section 4 (See [9]).
If we note

��": (v) = �@�
"
:

@t
+H"(v) +

1

"2
L�":

then, we have

Proposition 5.3 Under the same assumptions, the
inequality holds

��"2k+1(v) � �"2kC(1 + jxj2 + jyj2 + jzj2)

where v is a control bounded and �xed.

Proof: We choose a class of controls bounded v. Let
be v one of these controls. There exists w such that

v(t) =

j=k+1X
j=0

"juj(t;
t

"2
) + w(t)

= u"2k+1(t) + w(t)

We are going to give an approximation

��"2k+1(u
"
2k+1 + w) =

j=2kX
j=0

"j j(u
"
2k+1 + w)

+"2k+1
�
�@�2k+1

@t
+A�2k+1 �D(u"2k+1 + w)�2k+1

�

+"2k
�
@�2k+2
@�

� L�2k+2

�

and,

Hj(u
"
2k+1 + w) = Hj(u

"
2k+1) + @Hj(u

"
2k+1)w

+

Z 1

0

Z 1

0

�@2Hj(u
"
2k+1 + ��w)w2d�d�



So, after some calculations, we get the following ap-
proximation

��"2k+1(v) � �"2kC(1 + jxj2 + jyj2 + jzj2 + jv(t)j2)

So, we get the desired result.

Using the Ito formula, we get the following result

�"2k+1(0)� �"2k+1(t) � �"2kC(1 + jxj2 + jyj2 + jzj2)

�E
Z t

0

f(X(s); v(s))ds

And, as we have �"2k+1(0) = 0, and we use v = u", we
get the following result

�"2k+1(t)� �"(t) � "2kC(1 + jxj2 + jyj2 + jzj2)

Moreover, we know that

��"(u"2k+1) � 0

and,

��"2k+1(u
"
2k+1) � "2kC(1 + jxj2 + jyj2 + jzj2)

and, by substraction, and using the Ito formula, we
�nd

�"2k+1(t)� �"(t) � �"2kC(1 + jxj2 + jyj2 + jzj2)

And, we get the desired result.

6 The Extension

In the section 4, we obtain an asymptotic expansion of
the solution of the control problem with �nite horizon.
Using the assumption about Z", we shall show the
ergodicity of this problem ([8]).

Using results and considerations from [1], we are going
to �nd the asymptotic expansion of the ergodic control
problem �" called the asymptotic ergodic expansion.

7 Remark

In [6], we solved numerically the 3-dimensional ergodic
problem applied to the car suspension design by intro-
ducing an Ornstein-Ulhenbeck process as the random
input of the system described in section 2.
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