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Abstract

This paper concerns the filtering problem for the class
of stochastic nonlinear systems on which an output feed-
back can be closed. It is proven that the optimal filter for
the open-loop system remains optimal when the feedback
is closed.

1. Introduction

This paper considers the class of stochastic systems
described by the equations:

dX; = f(t, Xe,u(t, Y] q))dt + dW],
d}/t = h(t7Xt7 U(t7Y[0,t]))dt + th”,

(1.1)
subject to random initial condition Xy and Yy = 0, where
X, € IR? is the system state, Y; € IR™ is the observation
process, u(t7)/[07t]) € IRP is the input function depend-
ing for every t on Yjo 4 = {¥,,0 < 5 < t}, W/ € R™,
W/ € IR are independent Wiener processes with in-
dependent components, and f,h are vector functions of
suitable dimensions. All vectors are vector-columns.

Let S; denote the signal to be estimated, that is a
function of the state defined as

St == }7‘<)(1§>7 (12)
where F : IR? — IR? is a bounded measurable vector
function.

Throughout the paper we will use the following sub-
script notation: for a given function £(¢),% > 0, we shall
denote with &y , the whole trajectory of {£,,0 < s <t}.
So, the term wu(t,Yy ;) in the system (1.1) represents a
causal map of the observation process into the input, de-
scribing a behaviour of some control device called a con-
troller, and therefore the system (1.1) is under a feedback
law, and we will refer to such a system as the closed loop
system.

If in system (1.1) the term w(t,Y¥o ) is replaced by
u(t, djo,)), where ¢(t), ¢ > 0, is a continuous function,
we have an open-loop system. We shall denote by st, Yﬁ

the solution of the open-loop system, corresponding to
the given input function ¢(%):

dX{ = f(t, X7, u(t, ¢ro,q))dt + AW,

(1.3)
dYy = h(t, X?, ult, ¢o.4))dt + AW,

and by S¢ = F(Xf) the corresponding signal to be es-
timated. Assume for every fixed t there is a function
U (Yro,4; @10,61), Wi @(t), © > 0, are continuous vector
functions valued in IR?) such that

‘Ilt(Y[g,t]; Do) = E<S§5/Y[g,t]>'

This is the open-loop filter, i.e. the optimal filter for the
open-loop system (1.3), that is forced by the system out-
put and by the forcing term ¢. For every ¢ assume also
there exists a function ®;(yjo ) (Y7, t > 0, is continuous
vector function valued in IRP) such that

‘I’t(Y[O,t]) = E<St/3/[0,t])7 P-as.

This is the closed-loop filter, i.e. the optimal filter for
the closed-loop system (1.1), that is forced by the system
output only.

The following question arises:

(Yo Vo) = (Vo) Pas,  (16)
stated in other words: if we apply the open-loop filter to
the closed-loop system, then does the estimate agree with
the optimal state-estimate for the closed-loop system?
The question if (1.6) holds or not is not only inter-
esting by itself, but is important in many applications.
For instance, in all cases in which a finite-dimensional
filter exists for the open loop system (see [§]) identity
(1.6) proves that the filter remains optimal and finite-
dimensional also when the feedback is closed. Another
interesting application is when <I>t(Y[07t]) is computed by

the Monte-Carlo method via ¥, (Y[gt];gb[07t]).



We point out that an affirmative answer to the ques-
tion (1.6) is known for a class so called conditionally
linear systems, (see [6], [7] and references therein in-
cluded) and also for linear-Gaussian systems under non-
linear feedback [2]) important from an application point
of view.

2. Bayes’ formulas
for ‘I/t(Y[gt];éb[o,t]) and (Yo )

2.1: Assumptions and notations

Through the paper we will assume that

1. h(t,0,u(t,0)) is a bounded function;

2. there are an increasing function L(t) and a measure
pu(ds) on R, [} p(ds) < oo, t > 0 such that, denot-
ing with a(t, 2, u(t,yp0,)) either f(t,z,u(t,yj)) or
h(t, z,u(t,yp0.9))

|Oé(t, .’IJ’, u(t7 y{o,t] )) - Oé(t, .’IJ”, u(t7 y[,(,),t])) |

t
<o e =" 1+ [ o=l utas)),
(2.1)
where || . || is the Euclidean norm in IR”.

Under 1. and 2. both systems of the It6 equations
(1.1) and (1.3) obey the unique strong solution defined by
the initial condition X and Wiener process (W, W/'),
t > 0. Moreover the first equation from (1.3) obeys the

unique strong solution, so there is a measurable func-
tional Q(...) such that

Xz? - Q<t7X07W[,O7t]7u[0,t] (¢))7 (2 2)
Xt - Q<t7 X07 W[,O7t] B u[O,t] (Y)>7

where U[07t](¢) = {u(s,¢[07s]),s < t} and U[07t](Y) =
{u(s,Yi0,4)), 5 < t}.

2.2: The Bayes formula for ¥, (Y[g5 t],gb[oﬂg])

Tor a detailed description of W, (Y[g’ oy @[0,4) we introduce
the following objects:
(i) G = G(z) the distribution function of the vector
Xo;
(ii) Aw the Wiener measure on Cjp o) (IR?) being the
distribution of (W})>o;
(iii)

U, <X07 W[67t],W[g7t]7U[0,t] (¢))> =

¢
exp {/0 h* <S7 Q(37 XO7 W[;),s] s U[07S] (gb))7 u(s7 ¢[07s])>dWs”

1 ¢
=g 1205 Qs Xo, Wio 0,0 () (5, 60, ) I s}

(2.3)

where * is the transposition symbol and || & ||?= h*h;

(iv)
Zt <¢7 WH) =
Up (, wio,4, Wi 4, %o.4 (9)))dAw (w)dG(z)

Clo, ¢ (RIx R)
(2.4)

Ur(Xo, Wi 4 Y[g,t] 0,1 ()

bt ! b\
(V) P (X07W7Y )_ Zt<¢7Y¢>

Lemma 2.1. Under 1. and 2.

‘I’t(Y[g,t] ;dl0,4)

= / F(Q(t, 2, w4, o, (¢))
C[O,t] (ﬂ:id X Rd)

Pz, w, Y)Y d A (w)dG ().

(2.5)

Proof. By virtue of (2.2) the second equation from (1.3)
is transformed into

Y, = n(t, Q(t, Xo, Wiy o1, uio,(9), ult, $po,)) dt +dWy".
Further, we deal with two triples of random processes

(at = X07 Wt,7 }/tgb)lgzo

(625 = Xo, Wt,7 Wt”>t20'

Denote by Ax, wrys and Ax, w’ w the distributions
: ¢

of these processes respectively and by )‘XO,W’,Y¢ and

)\3(07W/7W” their restrictions on Cjg g (R x R x IRP).

Under the assumptions 1. and 2. for any ¢ € Cjp o0 (IRP)

we have

t
/0 | 75, Qs, Xo, Wiy 0.1 (6)) (5, 610.07)) |1 ds
< oo, P-as., t>0.

Hence, by Theorem 7.20 and comments from Subsec-
tion 7.6.4 after this theorem in [1] it holds Ay 1y s ~

)\3(07W/7W” with the density
d\

t

Xo W', Y9 / 1"
—d)\t (Xo,W W )

Xo, W' W

=U <X07 W[i),t] ) W[,O,,t] » Uo,¢] (¢))

(2.6)

and U (Xo, W} 1, W5 1, u0,1(¢))) defined in (iii).

Denote by Ays and Ay the distributions of (Ytqs)tzo
and (W/')i>0 respectively and by AL, and A}, their
restrictions on Cy (JR?). Since A}, Ay, are marginal
distributions of )\E(O,W’,YW )\3(07W,7W”, it holds X}, ~
ALy, with the density

axt,

ax,, W) =20, )



and Z; (¢, W) defined in (iv).
Now, following the proof of Lemma 11.5 in [2], we get
the required the Bayes formula (2.5). [

2.3: The Bayes formula for ®,(yy ;)

For a detailed description of ®;(yj0+) we introduce the
following objects:
(i) G = G(x) the distribution function of the vector

X07
(ii) Aw- the Wiener measure on Cjg o) (IRP) being the
distribution of (W/);>0;

(iii*)
U, <X07 W[,O,tbw[g,t]’u[OJ] (W”)> =

t
exp {/Oh*<s, Q(S7 X07W[,07s] , u[qs](m/'//))’u(.s7 W[,O,,s]))dWS”

1/t
— 5 115, Qo, X0 W .o (W) (W) s}
(2.7)
(iv*)
Z, (VVH7 WH) —
s (2, w0, Wio.g5 o, (W) dAw (w)dG ();
C[O’t](RdXRd)
(v’)
Uy <X07 W{bﬂ ) Y[O,t] » U[0,t] (Y))
Z,(Y,Y)

pY7t(XO7 W’7Y) —

Lemma 2.2. Under 1. and 2.
‘I’t(Y[O,t]) =

F(Q(t, x,wio0,1, ujo,n (Y))
Clo,1(IR%x IRY)

(2.8)

Y (x, w, Y)dA\w (w)dG ().

Proof. Practically we repeat here the proof of Lemma
2.5. By virtue of (2.2) the second equation from (1.1) is
transformed into

dYy = h(t,Q(t, Xo, Wi 1, wo,0(Y), u(t, Yo, ) dt +dW;'.
Let Ax, w ye and Ax, w ww be distributions of ran-
dom processes (ﬁt = X07Wt,7Yt>t>0 and (Oét =
XO,Wt’,Wt”)t>O and )\3(07W/7Y7 )\3(07W/7W” be the cor-
responding restrictions on Cp ¢ (IR* x IR x IRF). Let
ha(s, Xo, W', W")
= h(s, Q(5, Xo, Wi o1, 10,51 (W), u(s, Wig ).
h2(S7X07W,7Y)
- h(S, Q(S7 X07 W[,O75]7u[0,s] (Y))7 U(S7§/[07S])>

Under the assumptions 1. and 2. we have (P-a.s.,t > 0)

t
/ I (s, Xo, W', W") |2 ds < oo,
0

£
/ | a(s, Xo, W', ¥) ||2 ds < oo.
0

Hence, by Theorem 7.20 and comments from Subsec-
tion 7.6.4 after this theorem in [1] it holds Ay, yy/y ~
)\3(07W/7W” with the density

dA

t

Xo, W', Y9 / 17
T (X'O7 w' W )

Xo, W' W

= U; (X0, Wio 1, Wio 4+ o, (W)

(2.9)

where Uy (Xo, Wi 4, Wig s o, (W")) defined in (iii’).
Denote by Ay and Aw+ the distributions of (Y);>¢ and
(W/")t>0 respectively and by A} and A}, their restric-
tions on Cjo 4 (IRP). Since A, i, are marginal distri-
butions of )\3(07W/7Y7 )\3(07W,7W,,, it holds AY, ~ X!, with
the density

aXt,

A\,

(WH) — Zt (W”7 WH)

and Z;(W" ,W") defined in (iv’).
Now, following the proof of Lemma 11.5 in [2], equa-
tion (2.8) is obtained. [

3. Verification of (1.6)

Theorem 3.1. Under 1. and 2. (1.6) holds.

The proof of this theorem uses an auxiliary result
given below as lemma.

For notation convenience set

H(S7 ¢) - h(S, Q(S7 X07 W[b,s] ’ u[O,S] (¢))7 u(s, ¢[075]()> )
3.1

Lemma 3.2, For every{ >0, it holds P-a.s.

¢
</0h* (‘97 Q(S7 X07 W[,O75] 3 u[O,s] (¢)) 3 U(S7 gb[O,s])) d)/sqs)

=Y

¢
:/ h* (‘97 Q(S7 X07 W[b,s] b u[O,S] (Y))7 U(S, 3/[075]» dYs
0
(3.2)
Proof. Since it is

t t t
/H%@M@=/H%@W@+/W@@Ws
0 0 0

¢ ¢ ¢
/H*(s,Y)dYs :/ H*(s,Y)dWS”+/||H(s,Y)||2ds,
0 0 0

it suffices to show that P-a.s.

(/Ot ||H(s,¢)||2ds)‘¢zy = /Ot |H (s, Y)||2ds

! t (3.3)
(/0 H*(S,sb)dWS”) . :/0 (5, V)W,




The first equality in (3.3) is obvious. To verify the va-
lidity of the second one, let us introduce time moments
st=2Lii=1,...,nand set Hy(s,¢)=H(s}, ¢); s€

?
(87,57 1), 1=0,...,n. It is clear that for any n > 1 we

have

¢ ¢
Hi(s,0)dW!)|,_ = [ HI(s,Y)dW/.
0 =Y 0

Using the latter equality, write

M[waww)
([ {00 =t ban)

/Ot {H*(s,Y) . H;;(s,Y)}dWS”

i
_ / H (s, Y)dW"
(,‘ZSEY 0

<

=Y

+

Since [y |H(s,Y) — Hy(s,Y)|?ds — 0, n — oo, the
second term in the right side of the above inequality
converges to zero in probability. Thus, it remains to
establish only that for every ¢ > 0

liTILnPQ/t{H*(s’gb) —H (s, gb)}dWs” Se b= y) _o.
0 (3.4)

Write

{‘ /Ot {H*(s,gb) — H;;(s,gb)}dWS” >e = y}

B {I(%ﬂ = Yo.n)
£ 1
/0 {H*(s,gb) — H;;(s,gb)}dWs

= {1(¢10.0 = You)

Ze}

t
/0 10,9 = You) { H' (5,6) — Hy(s,6) !

¢
< {] [ 1660, = Yo
0

. {H*(S, )_H;(&gb)}dws”

B {‘ /Otl(%ﬂ = Yio,q1)

: {H*(S,Y) . H;;(s,Y)}dWS”

Ze}

Ze}

Ze}.

Further, since

t
/0 (6041 = You) | H(s,Y) — Ha(s,Y)|%ds
t
< / 1H (s,Y) — Hy(s,Y)|Pds — 0, n — oo,
0

we conclude that (3.4) is valid. n

Proof of Theorem 3.1. Comparing (2.5) and (2.8), one
can conclude that (1.6) holds, if

p¢’t(x,w,Y¢)| =pV(x,w,Y), P-as.

P=Y

Now, it remains to note only that the required property
is implied by Lemma 3.2. ]
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