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Abstract

In this paper, an adaptive pole-placement control al-
gorithm using delayed normalized least mean squares
(DNLMS) estimation with inverse logarithm step size
is proposed for controlling the multi-input multi-output
(MIMO) stochastic systems. The DNLMS estimation
is used to identify the plant parameters and then a
pole-placement controller is designed and adaptively
adjusted using the estimates. Based on the assump-
tions of a mixing input condition and the satisfaction
of a certain law of large numbers, the estimation with
inverse logarithm step size has almost sure convergence.
Further, by using the perturbation scheme, the con-
trol algorithm facilitates the establishment of the adap-
tive pole-placement control and prevents the closed-
loop control system from occurring unstable pole-zero
cancellation. An analysis shows that the proposed con-
trol algorithm guarantees parameter estimation conver-
gence and system stability in the mean squares sense,
with the output of the system approaching zero if there
are no uncertainties and disturbances and converging
to a neighborhood of zero if they exist. A series of sim-
ulations for controlling a mobile robot system are given
to illustrate the effectiveness of the proposed scheme.
The results show that the proposed control scheme is
fairly robust for systems with uncertainties as well as
has satisfactory performance characteristics.

1 Introduction

Adaptive pole-placement control algorithm for con-
trolling the multivariable multi-input multi-output
(MIMO) stochastic systems has been the subject of in-
vestigation for over a decade. The algorithm by adjust-
ing the control parameters adaptively receives attract-
ing considerable attention in various practical applica-
tions with better performance than those of constant
gain feedback control law, due to its promising poten-
tial for the tasks of tackling the presence of unknown
parameters or unknown variation in plant parameters
and bounded disturbances. To facilitate the control of
the system by the algorithm, most of the researches

[1] have proceeded along the direction with dead-zone
technique. The feature is that when the tracking error
is small, it stops to tune the plant parameters and lasts
otherwise. Thus, it can prevent the estimates from ap-
proaching infinity and guarantee that the tracking error
of the system approaches zero when there are no dis-
turbances and uncertainties, and converges to a neigh-
borhood of zero if they exist. Further, Ioannou et al.
[2] incorporated the o-modification to the adaptive con-
trol law so that the estimates will not drift to infinity
in the presence of bounded disturbances and uncertain-
ties. It is seen that the most important issue for adap-
tive control schemes with self-tuning is to estimate the
unknown plant parameters. Among many estimations,
least mean squares (LMS) estimation has been used in
many fields of applications including communications,
system identification, adaptive control, and signal pro-
cessing because of its simplicity and computation effi-
ciency. In some practical applications, we should use
the Delayed LMS (DLMS) estimation, because the sig-
nals between states will be delayed. In general, the
estimated model is homogeneous if it can represent ex-
actly the controlled system; otherwise, it is nonhomo-
geneous. In order to obtain good system performance,
it is well-known that the step size of the estimation for
updating the estimates plays an important role in the
convergence of the estimation and stability of the con-
trolled system. The relationship between the step size
and convergence speed, and the effect of the constant
step size on the stability were studied in [5]. Most re-
searches considered the convergence of the estimation
for stochastic systems based on the mean of the weight
vector and the excess mean squares error [3]. These es-
timations are interesting and useful but, from a realiza-
tion viewpoint, they do not guarantee the convergence
of the estimation. In addition, control processes often
involve nonnegligible time delays between any particu-
lar incident in the behavior of the quantities being con-
trolled, and the result of the operation of the control-
ling system brought about by this incident. Long, Ling,
and Proakis [5, 6] analyzed the convergence properties
for the delayed least mean squares (DLMS) estimation
based on the independence assumption among the suc-
cessive inputs. Kabal [4] derived a stability bound to
ensure convergence of the mean of the weight vector,



where they assumed that the LMS weight vector is sta-
tistically independent of the input vector. Long et al.
[5, 6] considered the case the input vector arises from
a tapped delay line implementation to derive a conver-
gence bound for the estimation.

Instead of using the mean of the weight vector and
excess mean squares error to prove the convergence
of the estimation, some authors proposed the almost
sure convergence for the standard LMS estimation
with constant step size and with decreasing step size
in the nonhomogeneous case [7]. With the assump-
tions of the mixing input condition and the satisfac-
tion of a certain law of large numbers, Ahn and Voltz
[8] demonstrated the DNLMS estimation with a de-
creasing step size u(k) = a/k, a > 0, had almost
sure convergence for the nonhomogeneous case. As
for the pole-placement control schemes in the litera-
ture, Nassiri-Toussi and Ren [9] proposed the stabiliz-
ing adaptive pole-placement control scheme for control-
ling the MIMO stochastic systems using the weighted
extended least squares (WELS) estimation. As for in-
direct adaptive pole-placement control algorithms, it is
seen for certain estimation methods that the indirect
adaptive pole-placement control algorithm for deter-
ministic or stochastic system is globally stable in the
absence of external persistent excitation if no pole-zero
cancellation occurs in the estimated model. In [9], the
authors showed that with sufficiently rich external exci-
tations, the parameter estimation with certain pertur-
bation was consistent and the stability of the closed-
loop system is hold.

In this paper, an adaptive pole-placement control us-
ing delayed normalized least mean squares (DNLMS)
estimation with inverse logarithm step size is proposed
for controlling the multi-input multi-output (MIMO)
stochastic systems. The DNLMS estimation is used to
estimate the parameters of the plant model with best
curve fitting data on-line such that the control parame-
ters can be adaptively adjusted simultaneously. Based
on the assumptions of a mixing input condition and
the satisfaction of a certain law of large numbers, the
DNLMS estimation with inverse logarithm step size is
shown to have almost sure convergence. The conver-
gence property of the estimation is proved for both the
nonhomogeneous and homogeneous cases. Moreover,
it is shown that the estimation for the homogeneous
case gives better performance than that for the non-
homogeneous case, because the estimates will converge
to the true value. By using the DNLMS estimation
to adaptively tune the parameters of the plant model,
an adaptive pole-placement control law is derived for
the MIMO stochastic controlled system. If the esti-
mates occur pole-zero cancellations, a certain perturba-
tion technique is used to ensure the coprimeness of the
plant model constituted by the estimates. An analysis
shows that this algorithm can guarantee parameter es-

timation convergence and system stability in the mean
squares sense. A series of simulations are performed to
demonstrate the effectiveness of the proposed control
scheme. The results show that the proposed control
scheme is fairly robust to uncertainties as well as im-
proved performance characteristics.

2 Pole-placement control algorithm
Let the plant to be controlled be modeled by

Alg )y = "B (¢ ) up + C(q ey, (1)

where yi, €, € RP, u;, € R™, and q is the forward shift
operator. Assume that the output yj, white noise €,
and the control input uj, are processes adapted to the
increasing family of o-fields Fj, subject to the probabil-
ity space (2, P, F). Let

Alg') =L +Aq¢" + -+ A"
B'(¢') =Bo+Big'+---+B,qg"” (2)
Clgh) =L, +Ciqg' +---+Cug

where By # 0 and B(q™") = ¢ %B'(¢’"). Some assump-
tions on the plant model (1) are made as follows: (A1)
The number of outputs, p, is equal to the number of
inputs, m. (A2) The noise € is an RP-valued {F}}-
martingale difference process satisfying

E[erel | Fr1] >0
S‘;p {E[|lexll® | Fe—1]} < oo (3)

for all £ > 0 and some ¢ > 2, where E[] is the expected
value of -. (A3) C(q!) is taken to have roots on or
inside the unit circle. (A4) The input-output transfer
function H(z) = A(z!)'B(z!) is an irreducible MFD,
which implies that A(g!) and B(g') are left coprime
and thus the controlled plant is controllable with re-
spect to the control input ug. Further, it is strictly
proper and satisfies

det H(z) #0  almost all 7 (4)
In the following, we first assume that A(q!), B(q'),
and C(q!) are known. The controller is given by

w, = —=S(@HR(") 'y + Glg )y, (5)

Ri(g " )up = Sp(gV)yr + G'(q ")y (6)

where R (¢1)1SL(¢t) = S(gt)R(gt) ™. The polyno-
mial matrices R(¢!), S(¢’!) and the transfer function
matrix G(q¢ ") (or R(¢'), S(¢"), and G'(¢’")) are de-
termined by the pole-placement control design. Here,
we let r; be the ®™-valued ”deterministic” reference
input satisfying the following assumption:



(A5) rj, is uniformly bounded and is either deterministic
(Fo-measurable) or independent of €.

From (1) and (6), the closed-loop system can be ob-
tained as:

v = Ba(dh) (Re(d)Ar(@™) + 5u(a)Br@™H) " ¢ (6 e
+RY (AGHREY + B HsEh) owhe @
we = Ar(e™) (Re(@)Ar(@™) + 520 Bal ) & (0
st (AGHRGY +BEHsEh) c@he ©
where Br(q")Ar(qg')! = A(g") ' B(q!).

It is seen that the pole-placement control objective is
to have

Ba(a") (Re@)an(@h) + e H)Bale) " & (¢

=B HmH?t (9)

where M(q') is a prespecified stable polynomial
matrix such that M(0) = I,. One can achieve
this by letting Br(q') = B(q'), Re(q")Ar(g") +
Sr(gY)Br(qt) = M(q?t) and G'(¢’!) = 1, and, there-
fore, computing (RL(q '), SL(g!)) in terms of the right
MFD of the system. However, to identify the system,
equation (1) corresponding to the left MFD of the plant
transfer functions can be transformed readily into a pre-
dictor equation and hence can be written as a linear
regression model suitable for identification. This sug-
gests that we instead solve the Diophantine equation
A(g")R(¢") + B(g")S(q') = P(q"), where P(q™") is
some stable polynomial matrix such that P(0) = I, to
find R(¢’!) and S(¢!) in terms of A(g') and B(q?).

Consider any left MFD Rp(¢')*'Sc(¢gt') =
S(g)R(g')t. Then there exist polynomial ma-
trices, Q(q¢!) and Q'(¢’!) both with dimension (m x p),
such that

(BraHar@™) + S Bre ) @ =@ (¢ Pah)
(10)
Therefore, one cannot have solutions for the pair of
Diophantine equations A(q')R(qt) + B(g*)S(qt) =
P(q*) and Rr(¢")Ar(q?) +S1(q")Br(qt) = M(q™)
satisfying Rr(¢')" Sp(¢') = S(g")R(g")™?, unless
M(q") and P(g") meet M(¢)Q(q") = Q"(¢7)P(q™).

For simplicity, we can take M (q') = Ay (g )1, for the
pole-placement equation

Rr(q")Ar(q") + St(¢")Br(q') = M(q"), where
Av(gt) is a polynomial matrix such that every root
of Ay(qt) is the same as that of det(M(qg')). In
the following, we then propose the pole-placement
control design scheme without adaptability. Let
BrlgY ) Ar(gYH) ! = A(g') ' B(g') be some irreducible
right MFD of the input-output transfer function such
that Ag(q!) is row-reduced. Then, the pole-placement
controller can be written as

w, = —S(¢" )¢ + (g )z (11)

where R(q')¢, = yx and M(¢')zs, = r. The control
polynomial matrices R(¢') and S(¢!) can be solved by
the following pole-placement control scheme:

A(g")R(g") + B(@™)S(q™") = Am(a™) + AL, (12)

where 9,,S(¢') < 0, Ar(¢g") and OAy(q') >
0AR(gY) +0B(¢g') — 1. A:=A(C(g")) € R is chosen
such that (i) OAp(gt) > 0B(q!) + 0AR(qt) — 1, (ii)
A () +A is a stable polynomial, and (iii) det(C(g"))
and A\ys(g!)+ A are coprime. It is seen that the pertur-
bation term A in the control scheme (12) is to ensure
that the corresponding adaptive control parameters can
have unique solution regardless of the external inputs.

Let Ag, Ay, -+, ALr € R be vP+1 distinct real numbers
such that A\ys(g!) + A; is stable for every i, and define

X(C(a ), A) = |det (s (det(Ca™)), A (a ) +4)) [ (13)

where S(\1, \2) is the Sylvester matrix corresponding
to polynomials \;(¢'') and X2(g!), and A(-) is defined
as

A(C(gh)=
{ 0 if x(C,0)>ho(>0)

min | arg max x(C, A) otherwise (14)
ae{rg, A p}

In what follows, we assume that A(¢!), B(q'), and
C(q') are unknown. Hence, the DNLMS estimation
with inverse logarithm step size is presented to es-
timate the plant parameters A(k,q), B(k,q¢"), and
C’(k,q'l) for the adaptive pole-placement control de-
sign. With the assumptions of the mixing input condi-
tion and the satisfaction of a certain law of large num-
bers, the DNLMS estimation with inverse logarithm
step size is shown to have almost sure convergence. The
convergence property of the estimation is given both for
the homogeneous and nonhomogeneous cases. Consider
first the former case, suppose that the controlled plant
(1) can be modeled exactly, then we can show that the
estimation parameters will converge to the true value
matrix. The DNLMS estimation used as an adaptive
solution is shown as follows: Give the ARMAX model
(1) and express it as the linear regressor form in terms

Of ¢k:

_aT
Y =0"¢; (15)
where
O=[-A1, -+, —Ay,B1, -, B, 1,,C1,- -, 0" (16)
B = [Yho1r > Yhovs U1,y Uk €y €1, = €5—y]  (17)

where ¢, € RV is a regression vector and © € RN*P

the estimation matrix for N = p(2v + 1) + mv. The
problem is to find © such that the delayed normalized
least mean squares (DNLMS) error &

<||yk - e%kn)?l (18

=F
; A




is minimized. In the absence of knowledge about the
statistics of yr and ¢, and since the error signal can
not be observed until after some fixed delay for some
practical applications, we can solve (18) iteratively by
the well-known stochastic gradient algorithm:

Ok-+1) = (W) +(k ~ ) = {yT— #_0k )} (19

llr—a

where p(k) is the time-varying step size and is taken as
an inverse logarithm. The step size can reflect a trade-
off between the amount of weight misadjustment and
the speed of adaptation. In this case, it is seen that a
small step size gives small misadjustment in the steady
state but a slow convergence rate, and vice versa. In or-
der to prove the convergence properties of the DNLMS
estimation, we first take the following assumptions of
the mixing input condition and the satisfaction of a
certain law of large numbers:

(A6) (The Mixing Input Condition): The input
vector sequence is mixing in the sense that there exist a
finite integer n and an « > 0 such that for any constant
nonzero N and vector h, the following holds for all &:

n—1 2
1 h” ;
P {2 e (20)
7 2\ Tl
(A7) (The Law of Large Numbers): The sequences
b1 and { iYL }
llPell? llPell?
satisfy the law of large numbers in the sense that

-
k—>ookz||¢ B [H@HZ]

1D

R as. (21)

1D

(;btyz — |:¢tsz:|
T Z 192 [l

respectlvely, where the symbols a.s. mean almost
surely, i.e., save on a set having probability measure
Zero.

W a.s. (22)

Under (21) and (22), notice that

iyl — dipi O _
Ok Z 1¢:1? -

= 0as. (23)

w — RO*

Then it is seen that ©* = R'w. These assumptions,
which do not include the independence assumption, are
more realistic; and the almost sure convergence prop-
erty guarantees convergence of the weight matrix. Let
the input signal be mixing, then (21) and (22) are suf-
ficient conditions for almost sure convergence of the
DNLMS estimation with

-0 ={

log(k—d)

ifk—d<1

otherwise (24)

for any constant a > 0. It is seen that the value of
a in (24) influences the convergence rate of the weight
matrix but it does not influence the convergence prop-
erty. Nevertheless, the value of a in u(k — d) = a if
k — d < 1 influences both the convergence rate and the
steady-state error. Note that throughout this paper,
we take a = 1. Now, let the error estimate matrix ©(k)
be defined as

O(k) = O(k) — ©* (25)
Subtracting ©* from both sides of (19) and using (25)
gives the DNLMS estimation as:

T
O(k+1) = 0(k) — pu(k — d)w‘b’“jé(k —d)+
lfr—all
Pr— .
plk = &) = (visa = $i_4©”) (26)
Then, we have limy_, ., O(k) = ©O* almost surely

both for the homogeneous and nonhomogeneous cases.
In particular, sup [|O(k)|| < L < oo almost surely.
Hence,

Jim A(k,qt) = A(g") (27)
Jim B(k,g") = B(g") (28)
lim C(k,q") = C(g") (29)

almost surely. In particular, |C(k,q")||r < ¢ < oo
almost surely, where ¢ is a constant.

Further, the adaptive pole-placement controller (11)
should be rewritten as

k= =Sk, a7 + e (a2 (30)

where R(k,q'l)&'k = Vi, Mz = ri, and G and yy,
are the estimated model control input and output se-
quences, respectively. Then the control polynomial ma-
trices R(q') and S(g!) can be solved by the following
pole-placement control scheme:

Ak, g DBk, a7 + Bk, a S (ka7 = Oar (™) + AT, (31)

where A(k,qt) and B(k,q!) are the estimates
of A(g') and B(g'), respectively, and A(k) €
{0,Ay, -+, Ay} is defined from the definitions of A(:)
and x(:,) as

0 1fx(é(k,q ), )>2hg

A(C(k,q7h))  else if x(C(k, >A<O<k,q1)))>
(1+71)x (c( 1), A(k—1)) (1 > 0)
otherwise

A(k)=
A(k —1)
(32)
where the given initial estimate C(0,¢') is uni-
formly stable. Note that W, will not be well de-
fined if A(k,q ') and B(k,q") are not left coprime.
Therefore, the DNLMS estimation must guarantee that
S(A(k, ) B(k,q")), Vk, is nonsingular. If A(k,q")
and B(k q') are not left coprime, we should re-
place (A(k,q"), (k q')) with a certain perturbation
of (A(k,qY), E(k q’')) such that

‘det (S(A(k,q'l),B(k,q'l)))‘ > hy (33)



for all k and some constant hy > 0 [9].

In the following theorem, we analyze the stability of the
closed-loop system controlled by the proposed adaptive
pole-placement control scheme

Theorem 1 : With the Assumptions (A1)-(A4), when
the adaptive control algorithm (26) and (30)-(32) is ap-
plied to the system (1), it ensures the following state-
ments:

1. The adaptive system is stable in the mean squares
sense, i.e.,

1o~ . .
sup — > ([I9&]1” + [[6 %) < o0 as. (34)
n n
k=0
where u; and yj are the actual input and output se-

quences, respectively.

2. limk_m(}?(k,q‘l),g(k,q‘l)) = (R(q"),S(q")) al-
most surely. In particular, i and yj converge in the
mean squares sense to

n—oo N

. 1 . N
lim — E (I, — uel> + 19 — y&ll®) =0 aus. (35)
k=0

where u; and y; are the desired input and output
sequences, respectively, that would be generated by the
ideal control law (11).

3 Example

Consider the nonholonomic mobile robot system shown
in Fig. 1. The position of the robot in an inertia Carte-
sian space {0, X, Y} is completely specified by the vec-
tor where {z.,y.} is the coordinate of the center of
mass of the vehicle, and is the orientation of the ba-
sis {C, X.,Y.} with respect to the inertia basis. It is
assumed that the robot can only move in the direction
normal to the axis of the driving wheels, i.e., the mobile
base satisfies the conditions of pure rolling and nonslip-
ping:

§e cos(8) — @, sin(f) — df = 0. (36)
The kinematic equation in terms of its linear velocity
and angular velocity can be obtained as

&e cos(f) —dsin(6) v
Ye | = | sin(f) dcos(f) { U; } (37)
0 0 1

where v = [v w]T = [v; va]T. It is seen that (37) is
called the steering system of the vehicle. The closed-
loop kinematic system becomes

(ver + €4) cos(B) — dsin(vee + e5)

(Ve1 + €4) sin(f) — d cos(vez + e5)

é = Uy + €5

where e, = [e4 es5]” and v. = [v. ve]" denote the
velocity tracking error and the desired velocity input,
respectively.

The DNLMS estimation with inverse logarithm step
size u(k) = 1/log(k) is used to estimate the system
parameters and the adaptive pole-placement control de-
sign is applied to the mobile robot system. We use the
same notations as defined in [11]. The purpose of the
control scheme is to achieve the trajectory tracking and
the velocity tracking. The vehicle parameters are taken
as m = 10kg, I = 5kg — m?, R = 0.5m, r = 0.05m,
and v, = 0.5m/s. The reference trajectory is a straight
line with initial position at (1,2) and slope 0.4999. The
design parameters and the gain matrix are chosen as
K = [2,4,0.25] and K4 = diag{10,10}, respectively.
Here, the error between the actual velocity and the de-
sired velocity is —0.0571m/s after 10 seconds. Fig. 2
shows the response of the trajectory when the step size
of the DNLMS estimation is 1/log(k) and the weights
of the velocity error and the position error are taken 6
and 4, respectively. After 5 seconds, the actual trajec-
tory is very close to the desired trajectory, too. Fig. 3
shows the response of position errors when the weights
of the velocity error and the position error are taken 6
and 4, respectively. Here, Xe and Ye are convergent
to 0.0016m and 0.0738m, respectively, after 10 seconds.
Fig. 4 shows the response of the actual and desired ve-
locities. Here, the error between the actual velocity and
the desired velocity is —0.0527m/s after 10 seconds. If
we take the weights of the velocity error and the posi-
tion error to be 9 and 1, respectively, the velocity error
is small but the position errors are large; moreover, the
position might be larger and larger. So, if the weight of
the position error is too small, the actual path cannot
track the desired path well, i.e., either Xe or Ye is large.
From the above results, we do have a good control of the
mobile robot. Therefore, the adaptive pole-placement
control design using DNLMS estimation with step size
u(k) = a/log(k) can improve performance characteris-
tics.

4 Conclusion

In this paper, an adaptive pole-placement control al-
gorithm using DNLMS estimation with inverse loga-
rithm step size has been proposed for controlling the
MIMO stochastic systems. The DNLMS estimation
is used to identify the plant parameters and then a
pole-placement, controller is designed and adaptively
adjusted using the estimates. Based on the assump-
tions of a mixing input condition and the satisfaction
of a certain law of large numbers, the estimation with
inverse logarithm step size has almost sure convergence.
Further, by using the perturbation scheme, the con-
trol algorithm facilitates the establishment of the adap-
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Figure 1: A nonholonomic mobile platform.

Y
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Figure 2: The response of the trajectories: desired (—)
and actual (---).

tive pole-placement control and prevents the closed-
loop control system from occurring unstable pole-zero
cancellation. An analysis shows that the proposed con-
trol algorithm guarantees parameter estimation conver-
gence and system stability in the mean squares sense,
with the output of the system approaching zero if there
are no uncertainties and disturbances and converging
to a neighborhood of zero if they exist. A series of sim-
ulations for controlling a mobile robot system are given
to illustrate the effectiveness of the proposed scheme.
From the simulation results, the estimation with step
size u(k) = a/log(k) have better performance than that
with step size p(k) = a/k. The results show that the
proposed control scheme is fairly robust for systems
with uncertainties as well as has satisfactory perfor-
mance characteristics.
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Figure 3: The response of the position errors: Xe (—)
and Ye (---).
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Figure 4: The response of the velocities: desired (——)
and actual (---).
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