
Topological Structure of the Set of

Non-strongly-stabilizable SISO Systems

Myung-Gon Yoon1 and Hidenori Kimura2

Department of Mathematical Engineering and Information Physics

The University of Tokyo, 7-3-1, Hongo, Bunkyo-ku, Tokyo 113-8656, Japan

Abstract

We study on the robustness of non-strongly stabilizable
SISO plants under small perturbations in graph topol-
ogy. From a new notion of pole-zero shifting, we show
that there are two types of non-strongly stabilizable
plants : one that can be made strongly stabilizable by
arbitrary small perturbations and the other that is es-
sentially non-strongly stabilizable. We provide a simple
criterion for this classi�cation and examine its relevance
to the simultaneous stabilization problem.

1 Introduction

The strong stabilization problem concerns with the ex-
istence of a stable controller that stabilizes a given
plant. It is now a classical result that every strongly
stabilizable plant has a special pattern of nonnegative
real pole-zeros, which is known as the parity interlac-
ing property (p.i.p.) [7, 9, 10]. It is remarkable that the
strong stabilizability does not depend on any non-real
or open LHP (left half plane) pole-zeros. With this ob-
servation, at a glance, we might guess that the strong
stabilization is a purely algebraic property.

In fact, there are several topological aspects of this
problem that have obvious engineering signi�cance. For
instance, [9] proved that the set of strongly stabilizable
plants P 2 Rm�n(s) (:= (m�n) matrix whose elements
are rational functions) is dense in graph topology, pro-
vided that either n � 2 or m � 2 holds.

As another example, suppose P is strongly stabilizable
and let ~P be a slight perturbation of P . Then it can
be easily shown that ~P is also strongly stabilizable pro-
vided that the perturbation is suÆciently small.

We believe, however, our understanding on the topolog-
ical aspects of the strong stabilization problem, even in
SISO case, is far from its full depth. A simple modi�ca-
tion of the previous perturbation problem is enough to
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show this. That is, suppose P is not strongly stabiliz-
able. Can we slightly perturb P to a strongly stabilizable
~P ? This problem will be studied in our paper.

Many useful tools for robustness analysis come from the
fundamental fact that the set of invertible elements in
RH1 is open set [5, 6, 8]. However, since we have to
consider non-invertible elements in our study, existing
tools are not suÆcient. This motives a new approach
where we investigate all possible shifting of nonnegative
real pole-zeros, caused by perturbations.

2 Mathematical Backgrounds

C denotes the complex plane and C+ denotes the open
right half plan (RHP) of C . Also Re+ denotes the ex-
tended nonnegative real axis, i.e. , Re+ := [0;1].

H1 denotes the usual Hardy space equipped with the
norm k�k1 and RH1 denotes the real rational subset of
H1. R(s) denotes the space of proper rational transfer
function. For an open set 
 � C , let H(
) denote the
set of analytic functions de�ned in 
.

Let 
 be a closed path (:=piecewise continuously dif-
ferentiable closed curve from a compact real interval
� 2 [�; �] to C satisfying 
(�) = 
(�)). The range of 

is denoted by 
� � C .

Given a closed path 
, de�ne �
 as the complement of

� relative to C and let

Ind
(z) :=
1

2�i

Z



d�

� � z
; z 2 �
 (1)

Then Ind
(�) is a constant integer on each component
of �
 and it is zero in the unbounded component of
�
 . In fact Ind
(z) denotes the number of times that

 winds around z, the winding number. For details see
[3] (pp.203).

Theorem 1 (Rouch�e) Suppose 
 is a closed path in
the nonempty open subset 
 of C , such that Ind
(�) =
0 for every � not in 
. Suppose also that Ind
(�) = 0
or 1 for every � 2 
� 
�, and let 
1 be the set of all



� with Ind
(�) = 1. For any f 2 H(
), let Nf be the
number of zeros of f in 
1, counted according to their
multiplicity. If g 2 H(
) satis�es

jf(s)� g(s)j < jf(s)j ; 8 s 2 
� (2)

then Nf = Ng holds.

Proof: See [3] (pp.225)

Theorem1 says that if jf�gj is strictly smaller than jf j
along 
� pointwisely, then every g 2 H(
) has the same
number of zeros inside 
� as f . The next simple corol-
lary of Theorem1 is adequate for our developments.

Corrollary 1 With f; g 2 RH1, if a closed path 
 and
an open set 
 � C+ satisfy all hypothesis of Theorem 1
and the next inequality

kf � gk1 < inf

�

jf j (3)

holds, then we have Nf = Ng.

Proof: Since f � g is analytic on C+ , it holds that
sup
� jf � gj � kf � gk1 from the maximum modu-
lus theorem, whatever 
� is. Thus obviously (3) is a
suÆcient condition for (2).

3 Problem De�nition

Recall that every P 2 R(s) has a coprime factor repre-
sentation P = ND�1 with N;D 2 RH1.

The neighborhood of X 2 RH1, in H1 topology, is
de�ned by

Bh(X; ") := f ~X ; k ~X �Xk1 < " ; " > 0g (4)

and that of P = ND�1, in graph topology, is given by

Bg(P; ") :=
n
~N ~D�1 ;




 ~N �N
~D �D





1

< " ; " > 0
o

(5)

From the next inequalities :

k ~N �Nk1 � "1
k ~D �Dk1 � "2

)



 ~N �N
~D �D





1

�
q
"2
1
+ "2

2
(6)




 ~N �N
~D �D





1

� "3 )
k ~N �Nk1 � "3
k ~D �Dk1 � "3

(7)

with "1 > 0; "2 > 0; "3 > 0, it follows that a small per-
turbation of P = ND�1 in graph topology is equivalent
to two independent and simultaneous perturbations of
N;D in RH1 topology.

Now we are ready to explicitly state our problem.

Problem 1 Suppose P 2 R(s) is a non-strongly sta-
bilizable SISO plant. Does there exist " > 0 such that
every element of Bg(P; ") is not strongly stabilizable ?

4 Shifting of Nonnegative Real Zeros

Recall that the strong stabilizability of P = ND�1 is
determined by the Re+ zeros of both N and D. There-
fore, in order to check the same property for a perturbed
plant ~P = ~N ~D�1 2 Bg(P; "), it is quite natural to in-

vestigate all possible Re+ zeros of ~N and ~D. Firstly in

RH1 topology we consider the Re+ zeros of ~N and ~D
separately. The easiest way to grasp our approach is,
we believe, to consider a numerical example below.

In the rest of paper, we identify a closed path 
 with its
range 
� without explicitly specifying the mapping � 2
[�; �]! 
(�) since it is irrelevant to our developments.

Example 1 Let

N1(s) =
s� 2

s+ 2
; 
�1 := fs 2 C ; js� 2j = 1 g: (8)

The path 
�1 is shown in Fig. 1. Choosing 
 = C+

and 
� = 
�1 , we can easily check that all hypotheses of
Theorem 1 hold. From the fact

inffjN1(s)j ; s 2 
�1g = 0:2; (9)

Corollary 1 proves that every plant ~N1 2 Bh(N1; 0:2)
has only one zero inside 
�1 . Moreover, this zero should
stay on the real interval [1; 3] in order to guarantee ~N1

to be real rational.
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Figure 1: Path 
0 and 
1

In fact, we can prove a much stronger result that ev-
ery ~N1 2 Bh(N1; 0:2) has only one zero (no additional
zeros) on [0;1]. Firstly numerical computations give

inffjN1(s)j ; s 2 [0; 0:5]g = 0:6 (10)

inffjN1(s)j ; s 2 [5;1 ]g = 0:4286 (11)

Thus it follows that every ~N1 2 Bh(N1; 0:2) has no ze-
ros on these two intervals from the maximum modulus
theorem, since ~N1 �N1 2 H(C+ ) and k ~N1 �N1k1 �
0:2. Finally let's check the possibility of new additional
zeros inside 
�0 and outside 
�1 at the same time. Since
it holds that

inffjN1j; s 2 
�0g = 0:2826; (12)



applying Corollary 1 with 
�0 again, we conclude that
~N1 2 Bh(N1; 0:2) has only one zero inside 
�0 , which is
actually inside 
�1 .

We can generalize Example 1 in an obvious way for a
plant N 2 RH1 having �nite positive real zeros 0 <
s1 < � � � < sn < 1. It should be noted here that each
sk may be a multiple zero and that N may have zeros
at s = 0 or s =1.

We choose paths f
�k ; k = 0; 1; � � � ; ng as shown in
Fig. 2. Here 
�0 is chosen not to include any complex
zeros of N with a suÆciently small ym > 0.

Lemma 1 Suppose N 2 RH1 has �nite positive real
zeros 0 < s1 < � � � < sn < 1. Let's choose
paths f
k ; k = 0; 1; � � � ; ng as shown in Fig. 2. Then
there exists " > 0 such that every ~N 2 Bh(N; ")
has the same number of zeros as N inside 
�k for all
k = 0; 1; � � � ; n, counting multiplicity. Moreover, if
N(0) 6= 0 (N(1) 6= 0) then we can choose " > 0 such
that every ~N 2 Bh(N; ") has no zero in [0; xa] ([xb;1],
respectively).
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Figure 2: Paths f
�k ; k = 0; � � � ; ng

The core of this lemma is that, if the magnitude of
perturbation is suÆciently small, we can group all zeros
inside 
�0 according to each path 
�k or, equivalently, to
their original location sk. With this grouping in mind,
we can say that all zeros of ~N inside 
�k are shifted from
sk 2 R+ without ambiguity.

Since the strong stabilizability depends on the set of
nonnegative real pole-zeros (see Theorem2), we are now
interested in characterizing the path 
�k that includes

at least one real zero of ~N for every ~N 2 Bh(N; ")
where " > 0 is determined from Lemma1. In fact, this
task turns out to be fairly easy since we are working in
RH1, the real rational function space. Let's consider
a numerical example.

Example 2 Let

N2(s) =
(s� 2)2

(s+ 2)2
; 
�1 := fs 2 C ; js� 2j = 1 g (13)

Following the reasoning of Example 1 with Fig. 1, we
can prove that every ~N2 2 Bh(N2; 0:04) has two zeros

inside 
�0 and none on [0; 1][[3;1]. However we should
note a key di�erence that these two zeros need not to be
real in this case. For instance, let

~N2;�(s) :=
(s� 2)2 + "2

(s+ 2)2
; " > 0 (14)

Then it follows that k ~N2;� � N2k1 ! 0 as " ! 0 and

that ~N2;" has two non-real zeros s = 2� j" inside 
�1 .

A direct generalization can be done with ease. Suppose
N(sk) = 0, sk 2 (0;1), whose multiplicity is 2p > 0.
Then we can write

N =
(s�sk)

2p

(s+ 1)2p
M for some M 2 RH1 (15)

and choose

~N" =
(s�sk)

2p + "2p

(s+ 1)2p
M (" > 0): (16)

Then it holds that k ~N" � Nk1 ! 0 as " ! 0. Note
that each shifted zero of ~N",

~s";` := sk�" exp
�(1 + 2`)�

2p
j
�
; ` = 0; � � � ; p�1 (17)

satis�es j~s";` � skj ! 0 as " ! 0 for all ` but none of
them is real unless " = 0.

Suppose the multiplicity of sk is an odd number. In
this case, the shifted zeros of ~N inside 
�k should be

symmetric with respect to the real axis since ~N is real
rational. This implies that at least one real zero exists
inside 
�k .

Lemma 2 Suppose N 2 RH1 has positive �nite real
zeros 0 < s1 < � � � < sn < 1. Let's �x paths
f
�k ; k = 0; � � � ; ng as shown in Fig. 2 and choose " > 0
from Lemma1. Then, for all k = 1; � � � ; n, every
~N 2 Bh(N; ") has at least one real zero inside 
�k if
and only if the multiplicity of sk is an odd number.

Now consider the cases where N(0) = 0 or N(1) = 0.
Firstly suppose N(0) = 0 with multiplicity q. Then we
can write N = sq=(s + 1)q �M for some M 2 RH1.
Let's de�ne ~N" = (s+")q=(s+1)q �M with " > 0. Then
it follows that



 (s+ ")q � sq

(s+ 1)q




1
� "

q�1X
k=0



sq�1�k(s+ ")k

(s+ 1)q




1

� " n


s+ "

s+ 1



q
1
� " q: (18)

Thus k ~N" � Nk1 ! 0 as " ! 0 and ~N(0) 6= 0. This
shows that the zero s = 0 can be shifted to the nega-
tive real axis with an arbitrary small perturbation re-
gardless of its multiplicity. From the usual mapping



z = (s�1)=(s+1), we can similarly prove that the zero
z = 1 can be shifted to z = 1 + ", whose inverse image
is outside C+ .

Lemma 3 Suppose N 2 RH1, given any " > 0, we
can construct ~N 2 Bh(N; ") having the same positive
real zeros as N but ~N(0) 6= 0 and ~N(1) 6= 0.

Proof: By a successive application of two zero shift-
ings : s = 0 and s =1.

5 Robustness Problem

5.1 Strong Stabilizable Case
Let P = ND�1 be a coprime representation of P 2
R(s). The following theorem provides a standard crite-
rion of the strong stabilizability [7, 10].

Theorem 2 Let �1 < �2 < � � � < �l be nonnegative
possibly in�nite (�l = 1) zeros of N and let �i denote
the numbers of zeros of D in the interval (�i; �i+1),
counting multiplicity. Then P is strongly stabilizable if
and only if each �i is even for all i = 1; � � � ; l � 1.

The described pattern of pole-zeros in Theorem2 is
called as the parity interlacing property (p.i.p.).

Fact 1 Suppose P 2 R(s) is strongly stabilizable. Then
there exists " > 0 such that every ~P 2 Bg(P; ") is also
strongly stabilizable.

This result can be easily proved from the standard fact
that closed loop stability is a robust property [6, 7].
Concretely, we have only to select any stable controller
for P and then compute the maximum magnitude of
perturbation with which the closed stability can be pre-
served [8].

Our next aim is to develop a new proof of Fact 1 based
on our previous developments.

Proof: Let's start with a temporal assumption that
0 < �1 and �n <1. We choose paths shown in Fig. 3.
The path Æ�k includes all poles in (�k ; �k+1) and 


�

0 does
not include any complex pole-zeros of P . In addition
we assume D(xa) 6= 0 and D(xb) 6= 0. It is obvious that
we can choose fxa; xb; ymg satisfying these conditions
for any P 2 RH1.

Since the perturbation we are considering is arbitrary
small, we may assume that the perturbation of N , say
it ~N , satis�es ~N 2 Bh(N; "1) where "1 > 0 is decided
from Lemma1 with f
�0 ; � � � ; 


�

ng. In the same way, we

assume ~D 2 Bh(D; "2) where "2 > 0 is decided from
the paths f
�0 ; Æ

�

1 ; � � � ; Æ
�

n�1g.

Suppose that the multiplicity of �k is odd for all k =
1; � � � ; n. From Lemma2, for every ~N 2 Bh(N; "1),
there exists at least one real zero inside 
�k for all k.
Since P satis�es the p.i.p., for each k, Æ�k includes an
even numbers (:= �k in Theorem2) of real zeros (poles
of P ) of D. Now consider the perturbation of D into
~D 2 Bh(D; "2). A key observation here is that, since
the shifted zeros inside Æ�k should be symmetric with
respect to the real axis, still there is an even numbers of
real zeros inside Æ�k (even�even=even). This is because
the shifted zeros can escape from the real axis only in
pair (even). Hence the p.i.p. is conserved for all ~P 2
Bg(P; ") with " = min("1; "2).

Suppose the multiplicity of some �1<kÆ<n is an even
number. Then, from Lemma2, 
�kÆ may have no real
zero. If this happens, the number of real zeros inside
Æ�kÆ�1 and Æ�kÆ are added to be an even number again,

since each of them is even number for all ~D 2 Bh(D; "2).
Thus the p.i.p. survives again. The cases where 
�1 or

�n has no real zeros do not e�ect on the p.i.p. Thus it
follows that small perturbations of P in graph topology
does not break the p.i.p. under the assumptions ; 0 < �1
and �n <1.

Now suppose �n =1, i.e. P is strictly proper. In this
case we choose xb > 0 strictly greater than the max-
imum real zero of D. This is always possible because
N;D are coprime. Since D(1) 6= 0, from Lemma1, we
can choose "3 > 0 such that every ~D 2 Bh(D; "3) has
no zeros in [xb;1]. Thus the number of poles (= the
zeros of D) in the interval (�n�1;1) is the same with
that of (�n�1; xb) for all ~D 2 Bh(D; "3). Equipped with
this observation, we can resort to the same reasoning
as before. Similarly the case �1 = 0 can be dealt.

Æ�1 Æ�n�1
�1 
�2

xa

ym

Im

�1 �2

Re


�0

�n

�n xb

�ym

Figure 3: Paths f
�k=0;��� ;ng and fÆ
�

k=1;��� ;n�1g

5.2 Non-strongly Stabilizable Case
An essential advantage of our approach is that, with
the reasoning developed in the proof of Fact 1, we can
tackle the Problem1. That is, we are considering the
possibility that a perturbed system becomes strongly
stabilizable by a clever pole-zero shifting.



Theorem 3 Suppose P = ND�1 is not strongly sta-
bilizable. Let 0 < �1 < �2 < � � � < �n < 1 be strictly
positive �nite zeros of N whose multiplicity is odd. We
de�ne �i as the numbers of poles of P in the interval
(�i; �i+1), counting multiplicity. Then there exists " > 0
such that every ~P 2 Bg(P; ") is not strongly stabilizable
if and only if �i is odd at least one i 2 f1; � � � ; n� 1g.

Proof: For consistence, we use the notations of Fig. 3.
With the paths f
�k ; Æ

�

kg, we choose a suÆciently small

" > 0 such that both the perturbations ~N 2 Bh(N; ")
and ~D 2 Bh(D; ") satisfy the condition of Lemma1.

Firstly suppose that the multiplicity of �k is odd for all
k = 1; � � � ; n. Then each ~N 2 Bh(N; ") has at least one
real zero inside 
�k for all k. Fix any k

Æ 2 f1; � � � ; n�1g
such that Æ�kÆ includes odd numbers of real zeros of D.
Note that this number can be decreased by only an
even number because ~D is real rational. Thus there
should be odd number of real zeros inside ÆkÆ for all
~D 2 Bh(D; ") (odd�even=odd). This implies that the
p.i.p. does not hold for all ~N 2 Bh(N; ") and ~D 2
Bh(D; ").

Let E be the set of all k 2 f1; � � � ; ng such that the mul-
tiplicity of �k is even. Choose ~NE 2 Bh(N; ") having
no real zeros inside 
�k for all k 2 E and check the p.i.p.

of ~NED
�1. If the p.i.p. holds, since " can be arbitrary

small, it follows that P can be slightly perturbed to
satisfy the p.i.p. in this case.

Now assume ~NED
�1 does not satisfy the p.i.p. That

is, ~NED
�1 has odd numbers of real poles between 
�k1

and 
�k2 where the multiplicity of both �k1 and �k2 are
odd for some 1 � k1 < k2 � n. Since this number can
change by even numbers for all ~D 2 Bh(D; ") from the
same reasoning as before, it follows that ~NE

~D�1 does
not satisfy the p.i.p. either (odd-even=odd).

Finally consider the possibility that a partial restora-
tion of removable real zeros of N inside 
�k (k 2 E ; k1 <
k < k2) can be helpful for the p.i.p. Suppose that it
is, then, in the opposite direction, we come to conclude
that a �nite addition of even numbers (�i of Theorem3)
becomes odd, which is impossible.

At this stage, Theorem3 and Theorem2 should be care-
fully compared. Especially note that we have only to
consider the zeros in the open interval (0;1) whose
multiplicity is odd number.

Example 3 Consider two cases shown in Fig. 4 and
Fig. 5. Here Nm denotes the multiplicity of order N .
Note that both plants do not satisfy the p.i.p. The lower
part of each �gure shows the pole-zeros of ~NED

�1 de-
�ned in the above proof (unconcerned poles for the p.i.p.
are not shown).

In the case of Fig. 4, we have f�ig = f1g (de�ned in
Theorem 3) and thus we can �nd some neighborhood
whose elements are not strongly stabilizable. However,
since f�ig = f4g in the second case, this plant can be
strongly stabilizable with arbitrary small perturbation.

Im

3m

Im

1

Re1m

4m1m 2m 3m 1m 1m 3m 1m

Figure 4: Case 1

1m 2m 1m1m 3m 2m

Im

Im

1

3m 2m

1m 2m 1m Re

Figure 5: Case 2

Remark 1 The existence of a non-strongly stabilizable
SISO rational plant, which is robust to small perturba-
tions in graph topology, implies that the strong stabiliz-
ability is not a generic property [9].

6 Simultaneous Stabilization Problem

Suppose we are given two plants P0; P1 2 R(s). The
simultaneous stabilizing problem concerns with the ex-
istence of a common controller K 2 R(s) stabilizing
both P0 and P1 [1, 2, 4, 7].

Let
P0 = N0D

�1

0 and P1 = N1D
�1

1 (19)

be coprime (within RH1) representations and suppose
X0; Y0 2 RH1 satisfy the Bezout identity

X0N0 + Y0D0 = 1 (20)

It is a standard fact that the pair fP0; P1g is simulta-
neous stabilizable if and only if the following system ;

F := BA�1;

�
B
A

�
:=

�
D0 �N0

X0 Y0

��
N1

D1

�
(21)



is strongly stabilizable.

In this section, we are interested in the next problem ;

Problem 2 Suppose that a plant pair fP0; P1g � R(s)
is not simultaneously stabilizable. Is there a slightly per-
turbed system of P1 which is now simultaneously stabi-
lizable with P0 ?

We believe Problem2 has importance interpretation not
only in theory but in practice. For instance, suppose
we are given two plants fP0; P1g which are not simulta-
neously stabilizable. Since our system modeling is not
perfect in practice, we should ask if this unhappy situ-
ation is just a numerical coincidence or a fundamental
limitation of our design.

From (21) it holds that






�
N1

D1

�




1

�






�

Y0 N0

�X0 D0

�




1






�
B
A

� 




1

(22)






�
B
A

�




1

�






�
D0 �N0

X0 Y0

�




1






�
N1

D1

�




1

(23)

From these inequalities, the robustness results of the
non-strongly stabilizable plant BA�1 can be straight-
forwardly interpreted for the non-simultaneously stabi-
lizable pair fP0; P1g. Explicitly, as an answer to Prob-
lem 2, we have the next results.

Corrollary 2 The following conditions are equivalent ;

1. There exists " > 0 such that every ~F 2 Bg(F; ")
is not strongly stabilizable.

2. There exists " > 0 such that every ~P1 2 Bg(P1; ")
is not simultaneously stabilizable with P0.

7 Conclusion

We studied on the robustness of non-strongly stabiliz-
able SISO plants in graph topology setting. Developing
a new notion of pole-zero shifting, we proved that there
are two types of non-strongly stabilizable plants ; one is
marginal type in the sense that it can be slightly per-
turbed into a strongly stabilizable plant and the other is
essential type since there exists a neighborhood where
every plant is not strongly stabilizable. The criterion
for this grouping turned out to depend on the strictly
positive, �nite real pole-zeros of plant. Finally corre-
sponding implications in terms of simultaneous stabi-
lization problem were also presented.
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