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Abstract

This paper uses a unifying absolute stability result for
mixed uncertainty in conjunction with a quasi-Newton
numerical optimization routine to obtain fixed-structure
controllers and fixed-order stability multipliers which
provide robust stability and performance. The robust
controller synthesis technique proposed here permits the
treatment of fully populated real uncertain blocks which
may, in addition, possess internal structure.

1. Introduction

The ability of the structured singular value to ac-
count for complex, real, and mixed uncertainty provides
a powerful framework for robust stability and perfor-
mance problems in both analysis and synthesis g;ee [1]
and the numerous references therein). Since exact com-
putation of the structured singular value is, in general,
an intractable problem, the development of practically
implementable bounds remains a high priority in robust
control research. Recent work in this area includes up-
per and lower bounds for mixed uncertainty [2] as well
as LMI-based computational techniques [3].

An alternative approach to developing bounds for the
structured singular value is to specialize absolute stabil-
ity criteria for sector-bounded nonlinearities to the case
of linear uncertainty [4]. This approach demonstrates
the direct applicability of the classical theory of absolute
stability to the modern structured singular value frame-
work. In particular, the rich theory of multiplier-based
absolute stability criteria can be seen to have a close and
fundamental relationship with recently developed struc-
tured singular value bounds.

The objective of this paper is to use the absolute sta-
bility results of [4], which unify and extend existing struc-
tured singular value bounds for mixed uncertainty, in
conjunction with a quasi-Newton numerical optimization
routine to obtain fixed-structure controllers and fixed-
order stability multipliers which provide robust stability
and performance. Using the results of [4], the robust
controller synthesis technique proposed here permits the
treatment of fully populated real uncertain blocks which
may, in addition, possess internal structure. Such prob-
lems arise in a variety of applications, such as the study
of modal dynamics, in which transformation to ‘stan-
dard’ diagonal form may introduce additional conser-
vatism, computational complexity, as well as destroying
the parameter space of the original uncertainty charac-
terization [4]. The ability to address real uncertain blocks
is based on the use of an appropriate class of multipliers
whose structure is compatible with the real block uncer-
tainty. Hence, tailoring the multipliers to the structure
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of the uncertainty not only leads to the ability to ad-
dress more general uncertainty characterizations but can
also lead to less conservative controllers than obtained
from the standard mixed-u synthesis techniques. This
more general class of multipliers has no counterpart in
standard mixed-p theory.

2. Absolute Stability Criterion with General-
ized Positive Real Stability Multipliers

In this section we review the absolute stability crite-
rion for multivariable systems with generalized positive
real stability multipliers given in [4]. This criterion in-
volves a square nominal (open-loop or feedback) trans-
fer function G(s) in a negative feedback interconnection
with a complex, square, uncertain matrix A. Here, we
consider the set of block-diagonal matrices with possibly
repeated blocks defined by

Aps é{A € CP*P: A =block-diag [I, ®AT, ...
Iy, s @ ALy, Dy, ®Afn+c] Al € RV <P
i=1,...,1; A E(Cpixpi’i:r—l—l,...,r—l—c},

7Iwr®Ar

r

where the dimension p; of each block and the num-
ber of repetitions ; of each block are given such that
v

Z Y;p; = p, where v = r+cis the number of distinct un-

i=1
certain blocks and where ® denotes the Kronecker prod-
uct. Furthermore, define the subset A C Ay consisting
of sector-bounded matrices

A . _
A={A€ Ay 2(A — My)*(My — M) (A = My)
< (A - M)+ (A= M),
where My, My € Aps are Hermitian matrices such that

M = Ms — M is positive definite. Note that M; and M
are elements of A. Alternate characterizations of A are
given in [4].

To draw connections with the structured singular value
for real and complex block-structured uncertainty, we
specialize the set A to the case of norm-bounded, inter-
nally block-structured uncertainty. Specifically, by let-

ting My = —y~'I and My = ~'I, where v > 0, it
follows that M = 2y 'I so that M~ = ~I. In this
case, A becomes

Ay ={A€ Aps 1 y(A+77 ) (A +971)
<A+ D+ A+
Now, A € A, if and only if omax (A) < y~'. Therefore,
A, is given by Ay = {A € Apg : Omax (A) <771}

Next we give the multivariable absolute stability cri-
terion for sector-bounded uncertain matrices. To state



this criterion, we define the sets D and N of Hermitian
rational scaling matrix functions by

DE{D:C— " : D(jw) >0, D(jw)A = AD(jw),
w € ]R, A S Abs},

NE(N:C— T : N(jw) = N*(jw),
N(jw)A = A*N(jw), w € R, A € Aps}.

Furthermore, define the set Z of rational multiplier func-
tions by

Z2{7:C— " Z(jw) = D(jw) — jwN(jw),
D(-) €D, N(-) € N'}.

Note that if Z(-) € Z, D(-) € D, and N(-) € N, then

Z(jw) = D(jw) — jwN(jw) if and only if D(jw) =

He Z(jw) and N(jw) = ;—LjSh Z(jw), w # 0, where He

and Sh denote the Hermitian and skew-Hermitian part of

a complex matrix. Hence, since D(jw) > 0, w € R U oo,

Z(-) € Z consists of generalized positive real functions.
We now state our main robust stability result.

Theorem 2.1 [4]. Suppose (I + G(s)M;) 1G(s) is
asymptotically stable. If there exists Z(-) € Z such that

He [Z(s)(M™' + (I + G(s)M1)"*'G(s))] >0, (1)

for all s = jw, w € RU oo, then the negative feedback
interconnection of G(s) and A is asymptotically stable
for all A € A.

3. Stability Multiplier Structure

To ensure the commutability of the rational scaling
matrix functions D(s) and N (s) with the uncertainty set
A, we must structure Z(s) = Cp(sI — Ay) ' Bm + Dy
so that Z(s) € Z. To assure this, we construct the mul-
tiplier Z(s) from the constituent multipliers D(s) and
N(s). Furthermore, instead of obtaining a realization
for N(s), we obtain a realization for sN(s) directly since
Z(s) = D(s) — sN(s). We therefore choose multiplier

realizations D(s) ~ [éd gd} and N(s) ~ [én Bn:|,
a|Da A

where Ayq € SAd; A, € SA,,; Bg € SBd; B, € SB,];
Ca € Sc,, Ch € Sc,, and Dq € Sp,. The sets Sa,, Sa,,
SBy» SB.» Scys Sc,,, and Sp, are chosen to enforce the
diagonal structure of D(s) and N(s) given by

D(S) = C'd(sl — Ad)ile + Dd
= block-diag [D1(s) ® I,,, ...
N(s) =Cyn(sI — Ag) ™' B,
=block-diag [N1(s) ® I,,, . ..

7DU(S) ® Ipv] ’

7Nv(5) ® Ipv] )

where 0 < D;(s) € C¥i*¥i i = 1,...,v, and Ny(s) =
Ny (s) € C¥V*¥i Ni(s)A; = Ni(s)Af,i=1,...,v. The
structure chosen for the rational functions representing
D(s) and N (s) in this paper is similar to the one for the
curve-fitting operation in standard p-synthesis [5]. In
particular, we define Sa,, Sa,, S,, SB,, Scy, Sc,, and

Sp, as follows:

A .

‘SAd = {Ad = block—dlag [I¢1p1 ® Adl, . ’Id)vpv ® Adv] :
Aq, € R™:iXMis Ay is in controllable
canonical companion form with the

1%¢ row = |0 ad; » 0 Ad; 4 """ 0 a’di.nd.] ;
7v;j:17 s 7ndi}7 (2)
Sa, £ {A, = block-diag [Iy,p, ® An,,- -, Ly, p, ® An,] :

Ap, € R™i *™i: A, is in controllable
canonical companion form with the

sgn aq, = (—1)0/DHi=1 ..

1% row = [0 An; 5 0 an,, -+ 0 ani_nni] ;
i=1,...,v}, (3)
Sp, £ {By = block-diag[Iy,p, ® Ba,,- .-, Iy, p, @ Ba.] :
By, eR™*5BY =[10---0]5i=1,...,0}, (4)
Sp, £ {B, = block-diag[Iy,p, @ Bu,, ., Iy, p, @ Bu,] :
B,, e R 5 BT =[10---0]3i=1,...,0}, (5)
Sc, £{C4 = block-diag [Ty, p, ® Cay, .. Ty, p, @ Ca,] :
Cq, ERY M, Oy = [0 Cdip 0 Cdyy -+ 0 Cdi.ndi] ;
sgn cq, ; = (—1)j/2;i =1,...,v;5=1,...,n4,},(6)
Sc, £{C = [block-diag [Ty, p, ® Ca,, .- Ip.p, @ Cu]] :
Cy, ERY ™, O = [cni,1 0cng - 0cn,, | 0] :

i=1,...,v}, (7)
Spy 2 {Dg = block-diag [da, T, py» - - -y da, Ty, p.] :
da; € Rydg, > 0;i=1,...,v}, (8)

where nq, and n,, are the a priori fixed even orders of the

rational functions representing the i*" diagonal element
of the multipliers D(s) and N(s), respectively. Thus we
v v

A A
see that nqg = Z ng;Y; and ny = Z nn,;Y; are the total

i=1 i=1
number of states describing D(s) and N (s), respectively.

To construct Z(s) = D(s) —sN(s), we obtain the aug-
mented realizations

A =block-diag[Aq4, An], Bm = [gd } ) 9)

Cm=[Ca —Chn], Dy, = Dy, (10)
where A4 € SAd, A, € SA,], By € SBd, B, € SB,.; Cq €
Sc,, Cn € Sc,,, and Dq € Sp,. Note that A, € R X"m |
where ny, = ng + nn. Furthermore note that there is no
contribution to Dy, from the sN(s) term. This is due to
the fact that the rational function N(s) is strictly proper
and has only even powers of s. Thus N(s) necessarily

has a relative degree of two and hence sN(s) is strictly
proper.

Next, we note that with Z(s) ~ [él,m gm ], as de-

fined in (9)-(10), we obtain the necessary commutabil-
ity properties, as well as ensuring that D(s) > 0 and



N(s) = N*(s). However, to satisfy the condition
N(s)A = A*N(s), we require that the i*" block of N(s)
be zero whenever the i*" uncertainty block A; is com-
plex. Thus, in the case where A; € CPi*Pi,| we require
that the realization of N;(s) be given by A,, = [ Joxo,
Bp;, =[]ox1, Cn: = []1x0, where [ Jox; is the 0 x j empty
matrix [6]. Thus, in this case, the i*® block of N(s) is
given by N;(s) = Cy,(sI — Ay,) 1By, = 0.

Finally, we note that the stability multipliers cannot
have arbitrary realizations and still be elements of their
appropriate sets Sa,, Sa,, SBy, SB.,, Sc,, Sc.,, and Sp, .
Thus we recast the stability multiplier matrices so that
the free parameters appear along the diagonal of a sep-
arate matrix, /Cp,. The stability multipliers can then be
constructed as

Am = AmC + AmLICmAmRa
Cn=

B, = BmCa

mLICmCmRa D, = DmLKmDmRa

where the matrices Amc, AmL, Amr, Bmc, CmL, CmR,
Dy, and Dyg are structured appropriately. To illus-
trate the structure of these matrices, consider the scalar
multiplier

Cdy,»
s? —aq,, s°

Cny 1S

Z(S) =dg, +

— Qny

The gain and structure matrices for the stability multi-
plier with n, = nq = 2 are then given by

ag, 0 0 0 0
0 ¢g,, 0 O 0
Kmn = 0 0 dg, O 0 ,
0 0 0 ap,, O
0 0 0 0 cp,
(00007 (1 10000
1000 0 00000
Amc =10 000> Bme= |14 =100010
_OOIOJ | 0 00000
CmL:[0100—1], DmL:[OOIOO],
(01007 (0000 0
0000 0100 0
Anr=10000|,Chr=10000]|,Dyr=11
0001 0000 0
_OOOOJ (10010 0
With these definitions, we see that
0ag, 0 O 1
1 0 0 O 0
Am = 0 0 Oan, |’ Bum 11’
0 0 1 0
Cm—[00d12 cn“O], Dm:[ddl],
and thus

Z(s) =Cm(sI — Ap) ™' Bm 4 Dy

Cdy » Cniq S
= ddl —+

2 2 :
S% — Qg o §% — Any o

4. Decentralized Static Output Feedback For-
mulation

In this section we review the decentralized static out-
put feedback problem formulation for fixed-structure
controller synthesis [7]. Consider the (m + g + 1)-vector-

Figure 1: Decentralized Static Output Feedback Frame-
work

input, (m + ¢ + 1)-vector-output decentralized system
shown in Figure 1, where e; and d;, i = 1,...,q, are
used to account for model uncertainty, w is the exoge-
nous disturbance input, z is the performance variable,
and the signals y; and w;, ¢ = 1,...,m, are measure-
ment and control signals, respectively. The decentralized
static output feedback multi vector-input, multi vector-
output system shown in Figure 1 is characterized by the
dynamics

B(t)= AZ(EHY  Buuj(tY | Baydi(t)+Buyw(t),  (11)

j=1 k=1

m q
yi(t)= Cy; 'i'(t)"'z Dyuij u; (t)+z Dyayy. di (t) +Dywiw(t)v
j=1 k=1

i=1,2,...,m, (12)

m q
ei(t)=Ce, (Y Deusy i (DY Dedyyo i () +Dews, w(t),
j=1 k=1

i=1,2...,q, (13)

2(t)=Co&(HY_Dauy i ()Y _Diay di ()+ D (). (14)
j=1 k=1

In the above formulation, model uncertainty is repre-
sented by the decentralized static output feedback map

dz(t) = Aiei(t), (15)

where the uncertain matrices A; are not necessarily dis-
tinct. To represent decentralized static output feedback
control with possibly repeated gains, we consider

ui(t) = Kiyi(t), (16)

where the matrices K; are not necessarily distinct. Re-
ordering the variables in (15) and (16) if necessary and
defining

a(t)=[ul (t) - (0] 9t)=[yF(t) ---

1=1,...,q,

1=1,...,m,

yr ()] (17)
T

d()y=[dr(t) --- dF ()] et)=[eF (1) -~ eI @®)]5 (18)
BuZ [Bu - Bu,], BaZ=[Ba - B, (19)
D.w 2 [Dawy -+~ Dawn]s Dot 2 [Daay - Dia,], (20)



A Cy1 A DyUu : Dymm
Cy=1|1|,Dyu= : . : , (21)
Cym Dyuml : Dyumm
_Cel Deuu : Deulm
A A
Ce = y Dey = -, ) (22)
_Ceq Deuql ° Deuqm
A _Dydll : Dydlq A Dywl
Dya = . . , Dyw = . , (23)
_Dydml e Dydrrw YWm
Ded11 e Dedlq Dewl
Ded é T . 9 Dew é ) (24)
Dedql e Dedqq Dewq
(15) and (16) can be rewritten
d(t) = Aé(t), a(t) = Ki(t), (25)
where A and K have the form
A Eblock-diag [Ty, ® Aq, ..., Iy, ® Ay],  (26)
K £ block-diag [I5, ® K1,..., 15, ©K,],  (27)

where v is the number of distinct uncertainties A; €
CPi *Pi or RPi *Pi q); is the number of repetitions of uncer-
tainty A;, g is the number of distinct gains K; € R *¢
and ¢; is the number of repetitions of gain K;. Note
that KCy,..., K4 are not necessarily square matrices, and

v g9
Z%anﬁd Z¢i:m-

With the definitions in (17)—(24), the transfer function

G(s) from [aT,d",w™]" to [§T,eT, 211"

ized system has the realization

of the decentral-

A|B Bu |

By

(28)
C |Dzu Dzd Dzw

which represents the linear, time-invariant dynamic sys-
tem

i(t) = AZ(t) + Bua(t) + Bad(t) + Bow(t), (29)
§(t) = Cyi(t) + Dyuii(t) + Dyad(t) + Dyww(t), (30)
&(t) = Coit(t) + Doy i(t) + Deqd(t) + Dew(t), (31)
2(t) = Co(t) + Doy ti(t) + Dagd(t) + Dayw(t), (32)

which is equivalent to (11)—(14). Furthermore, by rewrit-
ing the decentralized control signals (16) in the compact
form given by (25), the closed-loop system realization

from [dT, wT]T to [T, 2T]T is given by
A|By. D
G(s) ~ | Co|Do, D |, (33)
E|E,' Ey

where

A2 A+BKLEC,, By £ By + B,KLg' Dy,
[) By + BJKLE' Dy, Co £ Co+ DouKLE'C,

Do £ Deg + Deuk L' Dya, D1 = Dewy + DeukK L' Dy,
EZ2C. +D..KL'Cy, By 2D.q+DouKL Dy,
By

A
=D,y + Dzuch 1’Dywa

A
and where Ly = I — D, K. Note that we assume

det(Lx) # 0 for all K given by (27) to ensure the well-
posedness of the feedback interconnection.

Finally, given the closed-loop system realization given
by (33) with Dy = 0, Dy = 0, B, = 0, and
Ey = 0, and the multiplier realization given by Z(s) ~

[#’gfm}, the realization of (/(s) 2 Z(s)(M~1 + (I +

Gea(s)M1) " Goa(s)), where Goq(s) is the closed-loop
transfer function from uncertainty inputs d(¢) to uncer-

tainty signals é(t), is given by G(s) ~ [é go ] , where
o|Do

P A /I—B[)Mléo 0 STAN Bg
A‘{ B Co Am}’ Bo = {Bli]’
é()é[Dmé() Cm], boé[DmMil].

5. Specialization to Centralized Strictly Proper
Dynamic Compensation

Consider the uncertain dynamical system

z(t) = Az(t) + Bu(t) + Bod(t) + Diw(t), (34)
y(t) = Cx(t) + Du(t) + F1d(t) + Dow(t), (35)
e(t) = Cox(t) + Fru(t), (36)
z(t) = Eyx(t) + Exu(t), (37)

with uncertain plant perturbations AA = ByACy, AB =
BoAF,, AC = F1ACy, AD = F;AF5,, of the nominal
system matrices (4, B,C, D).

The dynamics of the centralized, strictly proper con-
troller are given by

o (t) = Acxe(t) + Bey(t), (38)
u(t) = Cexe(t), (39)
so that the closed-loop system can be written as
#(t) = A#(t) + Bod(t) + Dw(t) (40
e(t) = Coi(t), (41)
2(t) = Ei(t) (42
where
oA x(t) ol A BC.
2= [wc(t)} , A= [B C A, +BCDC’C]
22| n] 2[5
Co2[Co FC.], EZ[E EC.].



Writing this system in the decentralized static output
feedback framework, we obtain

+ZB uj(t) + Bad(t) + Byw(t),  (43)

yi(t) =C,. 8 (t) + ZDW” u;(t) + Dya; d(t) + Dyw,w(t),
i=1,2,3, (44)
: + Z DeuJ ’LL] (45)
: + ZDZUJ U’] (46)

and uy(t) = Acyl( )s U2 (t) = Ceys(t),

where
A0

A A |0 A0 A |B
A_ |:0 0:|7 Bul - |:Inc:|’ BUZ - |:Inc:|, Bu?) - |:0:|7

A& | By A& | Dy
Bd_|:0:|7 Bw_|:0:|7
A AN
Cyy =[0I, ], DWHA:(), Dyuyy =0, Dyyys =0,

A
DyAdl =0, D
Cyy = [C 0]’ DyumA: 0,  Dyuyy =0, Dyuyy =D,

(t) = ch2(t)7 us

AN
Dyd2:F17 Dyw2—D2;
A A A A
Cys = [OAInc 1, Dyus, A: 0,  Dyugy =0, Dyugy =0,
Dyas 20, Dyuy 20,
Ceé [CO 0]; Deul éoa Deu2é0; Deu3—F2;
AN AN AN
Cz = [El 0]7 Dzul - 07 DzuZ = 07 Dzu?) - E2
Next, defining
N A T . A T
a(t)= [uf (t) us (t) uz ()], 9(O)=[yf (©) y2 () y3 ()],

IID

2

[Bul Bu2 Bu3] D Deul DeuQ Deu3]

A
Dzu = [Dzul Dqu Dzu3] )
Cyl Dyull DyUIQ Dyu13
¢, Dyu £ | Dyuy, D
Yy — Y2 ) Yyu — yuzil yuzz yu3 ’
LYY3 Dyu31 Dyu32 Dyu33
Dya, Dy
A A
Dyd = ydo | > Dyw = Dyw2 s
| Dyay Dyuy

and rewriting the decentralized control signals in the
compact form 4(t) = Kg(t), where

A A. 0 O
K=|0 B 0],
0 0 C;

the system matrices A, By, D, Cy, and E in the closed-
loop dynamics

z(t)
e(t)
z(t)

Az(t) + Bod(t) + Dw(t), (47)
? z(t), (48)
Ei(t), (49)

can now be written as

B.C A; + B.DC.

- _ B
By =By + B,KLE Dy = [B %1]
c
~ 1 D,
D =By + B,KL' Dy = [B Dz]
c

Co=C. +D..KL'Cy = [Cy BrC. ],
E=C.+D.,KLg'C, = [E, E:C.].

Furthermore, closing the uncertainty loop from d(t) to
e(t) yields the closed-loop realization
~ A+ ByACy|D
G ~ .
al®) [ E |0

6. Robust Stability and Performance

In this section we present sufficient conditions for ro-
bust stability of G(s) and a robust Hs performance
bound for ||G..(s)||3. For the statement of the next

theorem define the notation £ = [E 0 ], D& [ ] , and

D
0

recall the definition for a strongly positive real transfer
function.

Theorem 6.1. Suppose there exists an i+, XA+nm,
nonnegative definite matrix P satisfying

0=ATP+ PA+ (BIP - Cy)(Do + DF)~

HBgP—Co)T
+ETE. (

50)

Then Z(s)[M ' + [I + Gea(s)Mi] ' Goq(s)] is strongly
positive real. Consequently, the feedback 1nterconnect10n
of G(s) and A is asymptotically stable for all A € A.

Furthermore, ||G..(s)[3< tr PDDT.

To apply Theorem 6.1 to controller synthesis, we use
the modified Riccati equation (50) to guarantee that the
closed-loop system is robustly stable. This leads to the
following optimization problem.

Optimization Problem. Determine gain matrices
K € RE=mx 2z and Ky € R(m+0)X(mtv) that
minimize J (K, Kp) 2 tr PDDT, where P is an 7 x @t
nonnegative definite matrix satisfying (50), and where

LA L
n=n44nNm-

7. Sufficient Conditions for Fixed-Order Robust
Compensation with Dynamic Multipliers

In this section we state sufficient conditions for char-
acterizing dynamic output feedback controllers and dy-
namic stability multipliers guaranteeing robust stability
and robust Hy performance. For the statement of the

next theorem, partition the matrices P and Q as

D Py Py A Q11 Q12
P_[Plgsz’ Q_[Qﬁ sz]



where Pj1, Q11 are 7i X 7 nonnegative definite matrices
and Pz, Q22 are ny, X ny, nonnegative definite matrices,
and define

- - - - T
07"1¢1><7‘i 061¢1 Xci
07"2¢2><7‘i OC2¢2><Ci
07‘i—1¢i—1><7"i 06i—1¢i—1><ci
A O iz . A | Oppie ,
QLij = rilf )X 7QRij = eild 1) ) (51)
T C;i

Ocs (¢1—) xei

Cit1Pi+1XCq

Ors (1) xri

Tit1Pit1 XT;

Orvdnxri J L Ocv¢v><ci

where r; and ¢; are the dimensions of the i*" controller
gain, K; e R"*¢% (=1,...,v,and j =1,...,¢;.

Theorem 7.1. ASupp0§e there exists 1 xn nonnegative
definite matrices P and @ satisfying
0= ATP 4 PA+ (BIP — Co)(Dy + DI)~1 (BT P — Co)T
+ETE, (52)
0 = (A—Bo(f)o + bg)_l(égﬁ—éo)) Q
N/ A oA A . PR Y SN
+Q (A= Bo(Do + DF)~"(B] P-Co)) +DDT, (53)

and let /C; satisfy

Pi
0=2>"@Q%, (I+D,,Lc"K") {BE (PLQ1+P12Q15)
j=1

X(CyT_CY(?MIDL)+BEP13wD;fw+DEUC~'ZQ1CyT
+DeTu[B$(P11;Q1 +P2QT2)_MIB:1F(P1Q1 +P12QT2)]CyT
B [(PLQ1+P12QYy) (P Ba+ P1s B M ' —C D)
HP1Q12+P12Qs) (PS5 Bi+PoBp M~ —C1)]
X(DmM ™'+ M ™' D)~ ' Dy,

D}, Din(DpM 7+ M 'Dy,)
X[(PiBi+PisBM * —CF D) Q1

HPL Byt PoBuM =) QLICT | LFTQE.. (54)

Furthermore, let Ky, satisfy

0=diag{2AL (P5Q12 + P2Q2) ALy
=20 (DM ™4+ M " D) (T Q12 + T5' Q2)Ciig
—2D7 (DM ™'+ M ™'Dy) " (T Q1+ T Q) CID L
=D, (DM~ 4+ M ™" D) " (M T Q1 Ty
AT QT M T+ M TS Qo To + Ty QoTo M ™!
+2M I TE QT+ 2T+ QLT M 1)

X(DwM *+M 'Dy,) 'Dig}, (55)

where T3 < PiBy + Pi2BuM™" — é’;rDm, and T» =
PLBy + P,Bp,M~' — CL. Then Z(s)[M~' + [I +

Geda(8)M1]7 Geq(s)] is strongly positive real. Thus the
closed-loop system from w(t) to z(t) is asymptotically
stable for all A € A. Furthermore, the worst-case Hs
performance of the closed-loop system satisfies the bound

1G(3)|3< tr PDDT.

Equations (52)-(55) provide constructive sufficient
conditions that yield dynamic controllers for robust fixed-
order (i.e., full- and reduced-order) output feedback com-
pensation. By using these equations within a numerical
optimization algorithm, the optimal robust fixed-order
controllers and stability multipliers can be determined
simultaneously, thus avoiding D, N — K iterations.

8. Quasi-Newton Optimization Algorithm

To solve the Robust Stability and Performance Prob-
lem posed in Section 6, a general-purpose BFGS quasi-
Newton algorithm is used. The line-search portions of the
algorithm were modified to include a constraint-checking
subroutine which decreases the length of the search di-
rection vector until it lies entirely within the set of pa-
rameters that yield a stable closed-loop system. This
modification ensures that the cost function J remains
defined at every point in the line-search process. Numer-
ical experience indicates that this subroutine is usually
invoked only during the first few iterations of a synthesis
problem, though this number increases as the uncertainty
bounds M; and Ms increase.
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