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Abstract

In this paper, we present a new control design strategy
for a class of single-input nonlinear dynamical systems.
The design consists in transforming the system into a
new controllable canonical form which we call the Jor-
dan controllable canonical form (JCCF). In fact, the
Brunowski controllable canonical form is an special case
of the JCCF. We first show that any controllable pair
can be transformed into the JCCF. We next, extend the
result to a controllable pair which is state dependent.
Using this extended Jordan controllable canonical form
we propose a control design strategy for a class of single-
input control affine systems. The design is simple and
systematic and provides two degrees of freedom to fix
the convergence of the closed-loop system. An example
is given to illustrate the control design.

1 Introduction

During the last few decades, a considerable number of
research efforts has been dedicated to control design
for nonlinear systems. Consequently, several techniques
has appeared on the scene, namely, feedback lineariza-
tion, passivity, Lyapunov design and fairly recently the
back-stepping (see list of references herein). Most of
these techniques relies on purely differential geomet-
ric approaches since the latter is well suited to deal
with nonlinear systems ([5], [6], [8], [9]). However,
some of these techniques, namely the feedback lineari-
sation, may lead to highly complicated control laws and
their implementation is sometimes questionable or sim-
ply unthinkable. On the other hand, the back-stepping
approach attempts to reduce such complexity. Roughly
speaking, its basic idea is to keep the "good” terms of
the system while cancelling the "bad” terms in an at-
tempt to keep the control law as simple as possible (see
[8]). The good terms are those which helps in the sta-
bilsation of the system while the bad terms are those
which are susceptible to lead to instability.

In this paper, we present a new controller design
strategy for a class of nonlinear systems. The design is

an attempt to employ linear design techniques to non-
linear control design. It comnsists in transforming the
system into a new controllable canonical form which
we call the Jordan controllable canonical form (JCCF).
In fact, the Brunowski controllable canonical form [3],
is an special case of the JCCF. We first show that any
controllable pair can be transformed into the JCCF. An
interesting feature of the JCCF is that it provides ad-
ditional degrees of freedom to tune the controller. We
next, extend the result to a controllable pair which is
state dependent. Using this extended JCCF we propose
a controller for a class of control affine systems. The
design is simple and systematic and requires only some
matrix computations and, as a result, avoids the use
of differential geometric tools such as Lie derivatives.
The price to be paid while using such linear techniques
is that the resulting control law is of high gain type in
general, except for few special cases.

The paper is organised as follows: In the next sec-
tion, we present some preliminary results concerning
controllability pairs and their equivalence. In Section
3, we show the construction of a linear transformation
which permit to transform a controllable pair into the
JCCF. In Section 4, the JCCF is used in the special
case of linear controllable systems to illustrate the de-
sign strategy adopted in the paper. In Section 5, we ex-
tend the design strategy to a class of nonlinear systems.
Finally, an example is given to illustrate the proposed
control design.

2 SOME PRELIMINARIES

In this section, we are going to recall some prelimi-
nary results, on the equivalence of controllable systems,
which are used in the subsequent sections.

Definition 1 The pair of matrices (F,G) where F €
R™™ and G € R™ ! is said to be controllable if the
rank of the matrix

U.=[G, FG, ..., F"'q]

is equal to n.



Definition 2 Let (F,G) be a controllable pair. Then,
the pair (F,G) is said to be an equivalent controllable

pair of (F,_G) if there exists a nonsingular matriz P.
such that F = P.FP! and G = P.G.

An important result on controllable equivalent pairs
is given in [3]:

Lemma 1 [3] Let (F,G) and (F,G), with F, F € R"*"
and G,G € R™1, be two equivalent controllable pairs.
Then, the matriz P. such that F = PCFPC’1 and G =
P.G is given by
P.=Y.U* (1)
where U, = [G,FG,...,F”AG} and Y, =
(G.FG,... . F"d].

Remark 1.

1. If two controllable pairs (F,G) and (F,G) are
equivalent then necessarily the characteristic equa-
tion of F' and F are equal; i.e. det [\, — F] =
det [)\In - F] where I, is the n X n identity ma-
trix.

2. For the formula (1) to be applicable the pairs
(F,G) and (F,G) must be known.

3 The Jordan controllable

canonical form

It is well-known that any controllable pair (F,G); F €
R™ "™ and G € R™™! is equivalent to the Brunowski
controllable pair (A + BL, B) where

0 1 0
A= : .
0 1 (2)
0 ... 0
L= [*(17“*(171_1,...,*(11]
B:col(O, -, 0, 1)

and the a;’s are the coefficients of the characteristic
equation

det [N, — F] = A"+ a A"+ -+ ap 1A +ay.

This comes from the fact that for any L =
[ I, In-1, -+, I ] €R", we have

det [\, — (A+ BL)] = A" — LA™ — oo — 1, A — 1.,

Consequently, if (F,G) is equivalent to (A + BL, B),
then (see Remark 1)

li = —a;. (3)

We can generalise the above result to a more general
controllable pair defined by (As, + BL, B) where

) 0 0
0 6 ~
Asy = K 0 (4)
0 IR Y
0 - o 0 &

and § and v # 0 are arbitrary constants, B is as in (2)
and L is some 1 x n vector. We call such a pair a Jordan
controllable canonical pair.

Lemma 2. Let (F,H) ; F € R™", G € R"! be a
controllable pair and U, its corresponding controllability
matrix

U.=[G,FG,...,F"'G] (5)
Let (Asy + BL, B) be a Jordan controllable canonical
pair, with L = [ly,, lu—1, ..., l1] and let W be its corre-

sponding controllability matriz
W; =B, (Asy +BL)B, ..., (Asy +BL)"'B].
Then, the matrix defined by o
My, = W,U;! (7)

satisfies

MsyFMg ' = Asy + BL and Ms;G =B  (8)

1
Ak=1

k
I =— Cho% + > aChish™ 9)
i=1
with CF = (71_”7,;)%, and the a;’s are the coefficients the
characteristic equation of F

det M\, — F] = A"+ @ \" '+ 4 a, 1\ +a,.

In other words, the pair (F,G) is equivalent to the pair
(Asy + BL, B) if the entries of L is as in (9).

Proof

First of all, it is easy to check that the pair
(Asy + BL, B) is controllable for every vector L =
[ O l1 ] . Indeed, the controllability ma-
trix Wy is lower triangular and its diagonal entries
Wy(i,i) = v'~1. Therefore, the determinant of W is
independent of L and is nonzero since v # 0, i.e. Wy
is nonsingular. Notice that As, = I, + vA where
A is as in (2). It can be checked that for any L =
[ L ly ] € R", det [\, — (yA+ BL)] =
A\ _l1>\n—1 . ’Yn_2ln71>\ _,yn—lln.

Consequently, since det[Al, — (4sy +BL)] =
det [(A —0) I, — (YA + BL)] we have



det [\, — (Asy + BL)]

_: S\n—llX’n‘ilf...f
Y20, A — 4", where A = A

— 4.
Now,
det[M[, = F] = N4+a\" '+ +a, 1\+a,

= A+)"+a(A+6) 1+
vt a1 (A +90) +an

Using the binomial expansion of (A+4)"~* one can show
that

det [N, = F] = A"+ X" by A1y
where

re = Cho" +aiCpZ10" T+ asCrTi6 R 4
e a,CR ISR gy,

k
Cho% + 3 a,Chish .
i=1

As noted in Remark 1, if (F, G) is equivalent to A, +
BL, B) then, the characteristics equations of F and
Asy + BL are the same. It is then easy to see that
det [AI,, — F] = det [\, — (Asy + BL)] if

k
Tk 1 k sk k—isck—i
b= =7 =~y | Ond" + DG
v v i=1
O
Remark 2.

1. In the above lemma, the Brunowski canonical con-
trollable form consists of the particular case where
6 =0 and v = 1. In such a case I, = —a; which is
consistent to (3).

2. We have deliberately denoted the elements of the
vector L = [l,,, ln—1, ..., [1] in the reverse order so
as to keep the formula (9) as simple as possible.

Now, since the determinant of the controllability ma-
trix W defined in (6) is independent of the vector L,
this implies that we can allows L to be state dependent,
i.e. L:= L(x(t)) for x € R™. This in turn implies that
we can allow F' and G to be state dependent and the
formula (7) still holds provided that the matrix U, is of
full rank for every state x € R"™.

The lemma below give the condition under which a
state dependent pair (F(z),G(x)); F € R™", G €
RYX™ ¢ € R™ can be transformed into the extended
Jordan controllable canonical pair (Asy + BL(x), B)
where Aj., is as in (4), B is as in (2) and L(z) is some
state dependent 1 x n vector.

Lemma 3: Consider the pair (F(z),G(x)); F € R™*",
G e R and x € R™. Assume that the matriz

T
(10)
is of full rank for all x € R™. Let (Asy + BL(x), B)
be an extended Jordan controllable canonical pair with
L(z) = | (=), , () ], and let
Wi(x) = [B, (Asy + BL(x))B,
.., (Asy + BL())"'B.] (11)

Uc(z) = [G(z), F(2)G(z), ..., F" '(2)G(z)]

Then, the matriz defined by

My () = Wy(2)U; (@) (12)
satisfies
Asy+ BL(x) = Mg (2)F(z)M; ! (z)
and B = M;(z)G(x).
if

k
1 ) )
zk(x):_kal Cho% + 3 ai(z)Chzish | (13)

i=1

where the functions a;(x) are the ”coefficients” of char-
acteristic equation of F(x)

det [\, — F(z)] = AN'+ai(z)A\" !+
st ap—1 ()X + an ().
That is, the pair (F(x),G(z)) is equivalent to the pair
(Asy + BL(z), B) if the entries of L(x) is as above.

The proof of this lemma can be done in a similar fashion
as for the proof of Lemma 2.

In the subsequent sections, this last result will be
used to synthesize an controller for a class of control
affine systems. First of all, we treat the simple case of
linear controllable systems in order to clarify the design
strategy.

4 Control design for single-input
linear systems using JCCF
Consider the single-input linear system
= Fzr+ Gu (14)

where x € R", u € R. F and G are constant matrices
of appropriate dimensions.
Consider the feedback law defined by

u(r) = —LMs oz + vKMsyx (15)

where



o Ms. is defined as in (7),

o L= [ ln7
as in (9),

, ] where the [;’s are defined

e K is a vector such that the matrix (A + BK) is
Hurwitz and A and B are as in (2).

Theorem 1. The origin of the closed-loop system
& = Fx + Gu(z) (16)

where u(x) is as in (15), is globally asymptotically sta-
ble for all v > 0 and § < 0.

Proof:
Consider closed-loop system (16) and let £ = Mz, .
Then,

T = MsyFM; 'z + My, Gu(x)
(Asy + BL)T + Bu(z)

(01, +vA+ BL)Z + Bu(x)
= 0T+ ~yAZ + BLZ + Bu(z)

Since u(x) = —LZ + yKZ we have

T = 06T+~yAz+yBKzT
= 0z+v(A+BK)Z

Now, since (A + BK) is Hurwitz, there exists a sym-
metric positive definite matrix P such that:

(A+BK)'P+ P(A+ BK) = —1I,.

Consider the following candidate Lyapunov function
V(z) = 7 Px. Then,
V = 2i"Pzx
202" Pz + 272" P(A+ BK)z
< 26zTPz —27vzTz <0
if 6 < 0and y > 0. This completes the proof of Theorem

1.
U

5 Controller design for a class of
single-input control affine sys-
tems

In this section, we extend the above controller design
to a class of control affine systems. We consider the
single-input control affine systems described by

&= F(z)x + G(z)u (17)

where 2 € R", v € R and F(z) and
G(z) are of the following form F(z) =

fi(zy) fr2(zy) 0 - 0
: 0
fn—l,l(ln_l) fn—l,n(gn_l)
G(‘T) = col [ 0, -, 0, g(gn) ]
where z; = (x1,22,...,2;).

We assume that

A1) the functions f;;+1(z;);i =1,...,n — 1 and g(z,,)
are not identically zero for all x € R"

A2) the entries of the matrix F(x) are smooth and
bounded.

A3) the state of the system is bounded.

Note that if A1) is satisfied then the matrix

T (@)G(2) ]

(18)
is of full rank for all x € R™. Consequently, the pair
(F(z),G(z)) can be steered into a Jordan controllable
pair (As +BL(x), B) by applying Lemma 3, when the
vector L(x) is appropriately defined.

Based on these remarks and the previous design
strategy, we consider the control law given by

u(z) = —L(z) Mg, (x)x + yK Mg, (z)z (19)
where

o M;,(z) is as in (12) with v > 0 and 6 < 0,

o L(z) = [ Lu(x),

are as in (13) and

, li(x) ]| where the l;(z)’s

e K is a vector chosen such that the matrix (A+BK)
is Hurwitz with A and B are as in (2).

We then state the following

Theorem 2. Assume that system (17) satisfies As-
sumptions A1) to A3). Then, there exists 69 < 0 such
that for all § < g, there exists vy > 0 such that for all
v > o the origin of the closed-loop system

& = F(x)x + G(x)u(z) (20)

where u(x) is as in (19), is globally asymptotically sta-
ble.

Proof:



Consider the closed-loop system (20) and let z =
Ms~(x)z. Then,
T = My FMy' + Ms,G(x)u(x) + My, My ' T
= (Asy + BL)Z + Bu(x) + Ms, My 'z
= (8, +vA+ BL)Z + Bu(z) + Ms, M, 'z

Since u(x) = —Lz + yKZ we have
Z= 0T+ (A+ BK)Z + Ms,M; 'z

Now, since (A + BK) is Hurwitz, there exists a sym-
metric positive definite matrix P such that:

(A+ BK)'P+ P(A+ BK) = —I,.

Consider the following candidate Lyapunov function
V(z) = 27 Pz. Then,
V = 2i"Pz
= 2627 Pz + 2yzT P(A + BK)Z
+22" PMs, My '%

< 262" Pz —2y2"x + 22" PMs, M, 'z
Using the fact that 227 Py < 27 Px 4 y* Py for all
z,y € R", we get

V < 26z"Pz—2vz"z+z' Pz
+2" (Msy My "\ P My, M 'z
20z Pz — 2vz'z + 1 Pz

IN

. 2
Fmasl P || M5 M52 |12

Now, to bound the term I's, = MMM(;YI it is im-
portant to point out some particular features of the
matrix Ms,. In effect, due to the particular structure
of F(z) and G(z), it can be checked that the matrix
M., is lower triangular. This comes from the fact that,
in this case, both controllability matrices (10) and (11)
are lower triangular. Next, it can be checked that the
entries of I's, are polynomials in the argument . This
implies that if we choose v > 1, then the entries of
I's, are all bounded by some terms which are indepen-
dent on « since 1 < 1. Consequently, since the state is
bounded and entries of Ms, are smooth and bounded
as well, there exists a constant ¢; > 0 independent of

2
such that ‘ MMM(;H < ¢5. It is in fact for this par-
ticular reason that such structure on F(z) and G(x)
were imposed. In effect, such particular properties on
the matrix Ms(z) does not hold for general state de-
pendent matrices F(x) and G(x).

Therefore, assuming that v > 1, we get

V <2627 Pz — 27 ||Z|)* + 2T PZ + csAmax|P] |1 Z]|?

where Apax[P] is the largest eigenvalue of P.

Now, .choosing 0 < —% = §p and v > M = Yo,
we get V < 0.
This completes the proof of Theorem 2.
|
6 Example
Consider the following example
T1 = X2 + x0e™ "1
j32 = I3 (21)

Sb3:U

which is of the form (17) with

0 I+e ™ 0
F@)=| 0 0 1
0 0 0

and G(z) =B=col (0 0 1).

It can readily be checked that assumption A1) is sat-
isfied. The entries of F'(x) are obviously smooth and
bounded so that A2) is also satisfied. We can thus
transform the pair (F(z), G(z)) into a Jordan control-
lable canonical pair. First, let us calculate

Ulz) = [ G), F(z)G(z), F*(z)G(z) |
0 0 1+e™
= 0 1 0
10 0
Next,
det(\3 — F(x)) = \®
consequently,
L=| -5, -%, 3]
¥ ¥
and
) o 0
A[;,Y—I—BL: 0 , 0 ) y
_8 38 g
¥ ¥
Therefore,
Wy = [B, (Asy+BL(x))B, (As, + BL(2))?B]
0 0 ~?
= 0 ~ —d
1 =26 42
and hence
My, () = Wy(2)U; ' (2)
”Zﬁ 0 0
= _1@77—11 v 0
g -25 1



Notice that

Isy(z) = M(;W(x)M(;rl(x)
o 1 00
_ o me™ s g
l+e™ %5 00

which show that the entries of I'5, (x) are polynomials

in the arguments % It can also be verified that

02 ot

[Ty @)l = foae ™|\ [1+ 25 + 5.

Consequently, if v > 1 and |zae™ "] < ¢¢ (bounded
state), then

ITsy(@)lly < |ooe™ | V1462 + 6
< Com:qy

Finally, the control law which stabilise (21) is given by

w(xz) = —L(z)Ms(v)x +~vKMsy(z)x
B L Y
T 1iem 2 L3
$1k’1’)/3 - 1‘1/{525’}/2 + $1]€3752

1+e 1
+xokoy? — 2a0ksdy + kgyxs

where K = [ ki ko k3 ] is chosen such that the ma-
trix A + BK is stable where

0 1 0
A=10 0 1
0 0 O
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