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Abstract : In this note we give some results on the
convergence of the Kalman Filter (K.F.) when used as an
observer for linear time-varying systems. Based on the
block-input / block-output state model, we prove that the
state observer given in [7] is equivaent to the K.F.
algorithm. One of the main features, however, is that no
assumption on the invertibility of the state matrix, namely
A, in the paper, is needed and the computational
requirements are reduced. Furthermore, the obtained
result can be extended, by duality, to resolve the state

feedback control problem.

1. Introduction
In the last decade, many research activities were focused
on the theory of linear time-varying systems. One of the
main reasons is that most of the works on non-linear
systems studied first linearized models. This may be
important to establish local properties and to set up
analysis and synthesis [2]-[3]-[5]-[8]-[9]-[10]-[11]. In
this note we deal with state observers design for linear
discrete-time time-varying systems. In 1988, Baras et al.
[2] have shown that under some strong observability and
controlability assumptions the Kaman filter ensures
global convergence when used as an observer for linear
time varying systems. Similar conditions were aready
established in the work of Deyst et a. [5]. More recently,
Song et al. 11] have shown that, under invertibility of the
state matrix and the observability conditions, the Kalman

filter isa globa and uniform asymptotic observer. In [8],

authors use the reconstructibility condition, which also
needs the invertibility of the state matrix, to guarantee
global convergence of the Kalman filter.

A second approach to build observers for linear time-
varying systems consists in using a block-input / block-
output model from the state space represenation [7] (see
also [1] and [6] for control design). The main result of
this technique is that only the observability condition is
needed. The strong invertibility of the state matrix
assumption is not required. However to prove global
convergence of the proposed observer, we have to
compute inversion of an pg.pq matrix build upon square
of the observability matrix.

To avoid such computational requirements, in particular,
for large scale-systems or when q is large, we prove by
induction that the state observer given in [7] may be
written as the K.F. algorithm when used as an observer
for linear time-varying systems. On the other hand, no
assumption on the invertibility of the state matrix is
needed.

2. Problem formulation

Consider the linear time-varying system :
Xk+1:Aka+Bkuk 1)
Yk = CiXg (2
whereu [ R™, x O R" and y, O RP represent the input,

the state and output vectors at time instant k respectively.
Ak, Bk and Ck are known matrices of appropriate

dimensions.



Following the notations in [7], (1)-(2) can be written in

terms of the g-block input / block output state model :

Xgrk = PqakXk + TgskUxk (©)

York = QqekXk + Eq+ Uk 4

where ®q.c OR™, T OR™ and Qg+ ORP"

q+k
denote the g-step transition matrix, the g-step reachability
matrix and ¢-step observability matrix respectively,
defined by :

Pgik = Agrk-1Agrk-2--Ax 5
rq+k = [Bq+k-1 Aq+k-1Bq+k-2...Aq+k-1Aq+k-2...Ak+1Bk]
(6)
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Uq+k and Yq+k are the g - block input / block output

Vectors:
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Yq+k= B/I YI+1 y-(!|—+k-1] (8)

Now, let us summarize the main result developed in [7]

through the following theorem :

Theorem 1
If we assume that Ak and Ck are bounded and system (1)-

(2) is g-step observable, that is Q. has a left inverse,
then the error dynamics when the state observer is:
Xgrk = PauicXic +TMgerU gk
+Lge (Ygek = QaeicXi ~EqikUgsk)

©)
Lg+k = ®g+ kQ;+k %ik (10)

with  Wgek = QqekQ ek + Ol (11)

converges to zero.
| isthe pg.pg identity matrix and o is a small positive real

number.

We notice that the general form of (10)-(11) may be
obtained by duality to the optimal state feedback control
solution given in [6], the gain matrix for the state

estimation is therefore:

Xq+k = q)q+kxk +rq+kUq+k

+ Lq+k(Yq+k - Qq+k),zk - Eq+kUq+k)

(12)
Lgek = PgakPe Qe Wa ik (13)
with  Wark = Qqek Qe + Ri (14)

Pk is a n.n positive semidefinite matrix and Rk is apg.pq
positive definite matrix. (10)-(11) is obtained for P.=1

andR =gl .
k pq

In this paper we will show that the Kalman filter (the
correct term isin fact the Kalman predictor) is equivalent
to the state observer (12)-(14). Therefore we obtain a

one-step recursive observer without inversion of the
pg.pq matrix Wy,. On the other hand the strong
assumption on invertibility of the state matrix Ak,

frequently used in the literature, is not required.

The following theorem summarizes then the main result
of this paper :

Theorem 2

If we assume that Ak and Ck are bounded, and system (1)-

(2) is g-step observable then the Kalman filter algorithm :

Xq+k = Aq+k—l§(q+k—l + Bq+k—luq+k—l
+ Kq+ k—l(yq +k-1 7 Cq+ k—l)A(q +k—1)
(15)
Kgek-1 = Aqek1Pysk-1CarkaZqik (16)
and
Piok = AgrictParka(Agek-1- CaekaK gek1)

(17)



with Zq+k -1= Cq +k—1Pq +k —1C(-qr+k at Rq+ k-1 (18)

R is a positive definite matrix.
g+k-1

is equivalent to the optimal state observer (12)-(14).

Pr oof
The proof that we detail here, is by induction. For
simplicity and without loss of generality, we set u = 0.
First, suppose that g = 1, we have:
Qg = Qe =G
Work= Wi = 2i
and D = Py = Ag
the 1-step observability condition means that :
rank (C,) =n
it isclear that (12)-(14) is equivalent to (15)-(18).
For g=2we have:

Xz = AraXier + Kiga(Yiesn = CrarXian)

19
Kisr = AkiPerCrunZi (20)

and
Perz = (Agia- Kk+le+l)Pk+lAI+l (21)

(19) may be written in the extended form as:
Xz = Apaa(AX Ky =G X))
+ Kis1(Y ko1 = CrarArXi ~ CraaKi (Vi ~ CiX)
(22)
or
Xks2 = AkriAkXk
O ye-Cx O

+[Ak+1Kk—Kk+1Ck+1Kk Kkﬂ]B, -c A)”(H
k+1 k+17 k™ k

(23)
We notice that Kk+1 isintheform:
Kt = Ak AkP (AL ~ CiKQ) CrnZici (24)
o TAT 1
Kk+1 = AkrAxF [CI AICLl]E-Kk?SlZEHD
k+1
(25)

On the other hand, we have :
Ak 41Kk = Kk+1Cr+1Kk = AgsA kR %

0 __ K ¢ Crs1Z kr1CrsrK i [F

ECIZkl—[CI AICIA]H k EJlrl k+1Ck+1Kk

O 2 k+1Ck+1Kk

(26)
or
Ak +1Kk = Kkr1Cri1Kk = AytA kR x
I+ K Cr K O
[CI AICIH]H k k_lk+l k +1%k +1N k 27
_Zk+1Ck+lKk

the gain matrix in (23) isthen written as:
[Ak+1Kk = Kis1CraK I‘(k+1]
= AsAkR[CE - AkCa] x

3+ K CranZiciiCraK e —KgCarZisn O

-5 G Kk S
(28)
with
Zir1 = CratAkPAKCog + Ry -
Crr1AKPC K CuPA K Cran
Now if we set :
a,= 2k (= W)
3, = CrstAkPALC K + Riay
a,= CRAKChs1 = Q1 R®PLCiaa

and by the use of the inversion lemma of a partitioned
matrix, the right hand side matrix of (28) may be written
as:
I+ Kk CranZi 41CraKk  ~KkCraqZgar U
_ZﬁlckﬂKk ZEJlrl
0 (an-apapah)™ ~a a,(ag, - aszal_llalz)_lg
@y — abaian,) anan (3 - apanap) O

or equivalently :
O+ K CraaZy 31C ek ~KiCrarZirs O

-1 -1
= Z51Ckn Ky 2

_B apl
1T2 a22H

i 1
= [Qz+k PR3y + diag(Ry, Rk+1)]

— -1
= Woiy



The final form of (23) isthen:
Risz = P okt Loe (Youk = QX)) (29)
with
_ T T i B
Lowk = ¢2+kPsz+k[Qz+kPk92+k +d|ag(Rkka+1)]
(30)
Now assume that :
Xgrk = PoeiXi +Lq+k(Yq+k _Qq+k§(k) (31)

with
Lq+k = ¢q+k Png+k X

) -1
[Qq+k PRI + diag(Ry ... Rq+k_1)] (32)

From (15) and (31) at time instant q+k+1, we have :
Xgrk+1 = Agek (¢'q+k)2k +Lg+k (Yq+k - Qq+k)A(k))+

Kq+k qu — Cqk (‘Dq+k§<k + Lq+k(Yq+k _Qq+k§(k)))

(33)
or
Xgekor = PorparXi +
[Aq+qu+k_Kq+qu+qu+k Kq+k]x
O Yok ~ QX O
B’q+k _Cq+k¢q+k§(kB (39
where

oy -Q X O
g+k g+k™k _ ~
B’q+k - Cq+ kq)q+k)2k H: Varkat Qq+k+1Xk (3)

Hereafter we will show that the gain matrix in (34) isin

theform :
[A‘q+k|-q+k_Kq+qu+qu+k Kqe | =

T T : 1
q)q+k+1Pqu+k+l[Q ark+1PQqrie1 T diag(Ry, ..., Ry +k)]

T -1
=0 g+ k+1Pqu+ k+ll‘|Jq +k +1

First of all, by the use of the recursive form (17), Kq+k is

written as:
Kgsk = AqekPyskCask Zq ik (36)

or
Kgu = AgerAgria-AiP (AL - CEKR ). x

(A qrke1 - Cark-tK gr k-1)3£+ kZqtk (37)

The extended form of (37), and by the use of (31)-(32),
leadsto :

L, CliZot O
gtk ~g+k4< gtk

Kgek = Pge k+1Png+k+l 1 )
zq+k E

on the other hand we have :

— T -1
Aq+k Lq+k _Kq+qu+qu+k _Aq+kq)q+kPqu+kl'pq+k -

D s S
g+k+1Tk><qg+k+1 _ g+k=qg+k
B Igw B
(39

or
— T
Aq+k I-q+k _Kq+qu+qu+k = ch+k+lPqu+k+l x
-1 T AT -
E'Pq+k + Lq+kcq+kzq+kcq+qu+kD

b (40)
O _qujrkcq+k|-q+k O
The gain matrix in (34) may be then written as::
[A\q+k Lq+k - Kq+qu+k|—q+k I‘(q+k
= q)q+k+1PkQ;+k+1 X
- - T AT -1
gpqi-k + LL+kCg+kzq];qu+k Lq+k I-q+qu+kzq+kg
_s1 _
E zq+qu+qu+k Zqik E
(41)
Now if we set : a, = Yok
8, = CqskPqrk PcPqu Craa +Rau

a,= Qq+k|:’k¢'g+k(-\'1+1
and by the use of the inversion lemma of a partitioned

matrix as above, we obtain :

_ _ T T -1
%quk + Lk Caa Zg 1k Cqri Lgk Lq+qu+qu+kg:
_l —_
=i ~2q+kCqrkLq+k zqik =

[Cq R Qs + dia(Ri o Ret)] (42)
and finally the gain matrix in (34) is equivalent to (13) :
|2Aq+k|-q+k_ KgrkCarklgrk Kquk| =
Dy k+lPkQZ|—+ k+1qu_1k +1 (43)

3. Conclusion



In this paper we have shown that the state observer given
in [7] is equivalent to the Kalman filter when used as an
observer for linear time-varying systems. One of the
main features of this technique is that the strong
invertibility condition on the state matrix, as usualy used

in the literature, and the computation of the g-step matrix
W4k are not required.
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