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Abstract

In this paper we derive guaranteed hybrid gain,
sector, and disk margins for nonlinear optimal and
inverse optimal hybrid regulators that minimize a
nonlinear-nonquadratic hybrid performance functional.
Furthermore, we develop a hybrid return di�erence in-
equality to provide connections between dissipativity and
optimality of nonlinear hybrid controllers. Speci�cally, we
show that optimal hybrid controllers imply dissipativity
with respect to a quadratic supply rate.

1. Introduction

Modern complex engineering systems typically possess
a multiechelon hierarchical architecture characterized by
continuous-time dynamics at the lower levels of the hi-
erarchy and discrete-time dynamics at the higher levels
of the hierarchy. Hence, it is not surprising that hybrid
systems have been the subject of intensive research over
the past recent years (see [1, 2] and the numerous refer-
ences therein). The mathematical descriptions of some
of these systems can be characterized by impulsive dif-
ferential equations [3{5]. Impulsive dynamical systems
can be viewed as a subclass of hybrid systems and consist
of three elements; namely, a continuous-time di�erential
equation, which governs the motion of the dynamical sys-
tem between impulsive or resetting events; a di�erence
equation, which governs the way the system states are in-
stantaneously changed when a resetting event occurs; and
a criterion for determining when the states of the system
are to be reset.

In a recent two-part paper the authors in [6, 7] devel-
oped a general framework for hybrid feedback systems by
addressing stability, dissipativity, optimality, and inverse
optimality of impulsive dynamical systems. In particu-
lar, [7] considers a hybrid feedback optimal control prob-
lem over an in�nite horizon involving a hybrid nonlinear-
nonquadratic performance functional. The performance
functional involves a continuous-time cost for address-
ing performance of the continuous-time system dynam-
ics and a discrete-time cost for addressing performance
at the resetting instants. Furthermore, the hybrid cost
functional can be evaluated in the closed-form as long as
the nonlinear-nonquadratic cost functional considered is
related in a speci�c way to an underlying Lyapunov func-
tion that guarantees asymptotic stability of the nonlinear
closed-loop impulsive system. This Lyapunov function is
shown to be a solution of a steady-state, hybrid Hamilton-
Jacobi-Bellman equation and thus guaranteeing both op-
timality and stability of the feedback controlled impulsive
system. The overall framework provides the foundation
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for extending linear-quadratic feedback control methods
to nonlinear impulsive dynamical systems.

For continuous-time nonlinear systems, the problem of
guaranteed stability margins for inverse optimal regula-
tors is well known [8{10]. Speci�cally, nonlinear inverse
optimal controllers that minimize a meaningful nonlinear-
nonquadratic performance criterion involving a nonlinear-
nonquadratic, nonnegative-de�nite function of the state
and a quadratic positive de�nite function of the control are
known to possess sector margin guarantees to component
decoupled input nonlinearities lying in the conic sector
( 1
2
;1). These results also hold for disk margin guaran-

tees where asymptotic stability of the closed loop system
is guaranteed in the face of a dissipative dynamic input
operator. In addition, an equivalence between dissipativ-
ity with respect to a quadratic supply rate and optimality
of a nonlinear regulator also holds [8].

In this paper we use the results of [6, 7] to develop suf-
�cient conditions for hybrid gain, sector, and disk mar-
gins guarantees for nonlinear hybrid dynamical systems
controlled by optimal and inverse optimal hybrid regula-
tors. Furthermore, we develop a hybrid counterpart of
the return di�erence inequality for continuous-time sys-
tems [8, 11] to provide connections between dissipativity
and optimality of nonlinear hybrid controllers. In par-
ticular, we show that unlike the case for continuous-time
systems, the equivalence between dissipativity and opti-
mality of hybrid controllers breaks down. However, we do
show that optimal hybrid controllers imply dissipativity
with respect to a quadratic supply rate.

2. Mathematical Preliminaries

In this section we establish de�nitions, notation, and
several key results used later in the paper. Let R denote
the set of real numbers, let Sn denote the set of n�n sym-
metric matrices, let Nn denote the set of n�n nonnegative
de�nite matrices, let ( )T denote transpose, let N denote
the set of nonnegative integers, and let In or I denote the
n� n identity matrix. Furthermore, we write k � k for the
Euclidean vector norm, �max(�) for the maximum singular
value, �min(�) for the minimum singular value, andM � 0
(resp., M > 0) to denote the fact that the Hermitian ma-
trix M is nonnegative (resp., positive) de�nite.

In this paper we consider state-dependent impulsive dy-
namical systems G of the form

_x(t) = fc(x(t)) +Gc(x(t))uc(t); x(0) = x0;

x(t) 62 Z ; (1)

�x(t) = fd(x(t)) +Gd(x(t))ud(t); x(t) 2 Z ; (2)

yc(t) = hc(x(t)) + Jc(x(t))uc(t); x(t) 62 Z ; (3)

yd(t) = hd(x(t)) + Jd(x(t))ud(t); x(t) 2 Z : (4)

where t � 0, x(t) 2 R
n , uc(t) 2 R

mc , ud(tk) 2 R
md , tk

denotes the k
th instant of time at which x(t) intersects



Z for a particular trajectory x(t), yc(t) 2 R
lc , yd(tk) 2

R
ld , fc : Rn ! R

n is Lipschitz continuous and satis�es
fc(0) = 0, Gc : R

n
! R

n�mc , fd : Z ! R
n is continuous,

Gd : Z ! R
n�md , hc : R

n
! R

lc and satis�es hc(0) = 0,
Jc : R

n
! R

lc�mc , hd : Z ! R
ld , Jd : Z ! R

ld�md , and
Z � R

n is the resetting set. Here we assume that if x 2 Z
then x+fd(x)+Gd(x)ud 62 Z , ud 2 R

md . In addition, we

assume that if at time t the trajectory x(t) 2 ZnZ , then
there exists " > 0 such that for 0 < Æ < ", x(t+ Æ) 62 Z so
that Assumptions A2 and A3 of [6] are satis�ed.

De�nition 2.1 [6]. An impulsive dynamical system G

given by (1){(4) is zero-state observable if (uc(t); ud(t)) �
(0; 0), (yc(t); yd(t)) � (0; 0) implies x(t) � 0. An impul-
sive dynamical system G is completely reachable if for all
xi 2 R

n , there exist a �nite time ti � 0, square integrable
inputs uc(t) de�ned on [ti; 0], and inputs ud(t) de�ned on
[ti; 0), such that the state x(t), t � ti, can be driven from
x(ti) = xi to x(0) = 0.

For the impulsive dynamical system G given by (1){
(4) a function (rc(uc; yc); rd(ud; yd)), where rc : Rmc �

R
lc ! R and rd : R

md � R
ld ! R are such that

rc(0; 0) = 0 and rd(0; 0) = 0, is called a hybrid sup-

ply rate [6] if rc(uc; yc) is locally integrable; that is, for
all input-output pairs uc(t) 2 R

mc , yc(t) 2 R
lc , rc(�; �)

satis�es
R
t̂

t
jrc(uc(s); yc(s))j ds < 1; t; t̂ � 0. Note that

since all input-output pairs ud(tk) 2 R
md , yd(tk) 2

R
ld , are de�ned for discrete instants, rd(�; �) satis�esP
k2N[t;t̂)

jrd(ud(i); yd(i))j < 1, where k 2 N[t;t̂)

4

= fk :

t � tk < t̂g.

De�nition 2.2 [6]. An impulsive dynamical system G

of the form (1){(4) is dissipative with respect to the hybrid

supply rate (rc; rd) if there exists a C
0 nonnegative-de�nite

function Vs : R
n
! R called a storage function, such that

the hybrid dissipation inequality

Vs(x(t2)) � Vs(x(t1)) +

Z
t2

t1

rc(uc(t); yc(t))dt

+
X

k2N[t1;t2)

rd(ud(tk); yd(tk)); (5)

is satis�ed for all 0 � t1 < t2 <1, and where x(t), t � t0,
is a solution to (1){(4) with (uc; ud) 2 R

mc � R
md and

x(t0) = x0.

The following result proven in [6] gives necessary and
suÆcient conditions for dissipativity over an interval t 2
(tk ; tk+1] involving the consecutive resetting times tk and
tk+1.

Theorem 2.1 [6]. G is dissipative with respect to the
supply rate (rc; rd) if and only if there exists a C0

nonnegative-de�nite function Vs : R
n
! R such that, for

all k 2 N ,

Vs(x(t̂))� Vs(x(t)) �

Z
t̂

t

rc(uc(s); yc(s))ds;

tk < t � t̂ � tk+1; (6)

Vs(x(tk) + fd(x(tk)) + Gd(x(tk))ud(tk))� Vs(x(tk))

� rd(ud(tk); yd(tk)): (7)

If in Theorem 2.1 Vs(x(�)) is C
1 a.e. on [t0;1) except on

an unbounded closed discrete set T = ft1; t2; : : :g, where
T is the set of times when jumps occur for x(t), then an
equivalent statement for dissipativeness of the impulsive
dynamical system G with respect to the hybrid supply rate
(rc; rd) is

_
Vs(x(t)) � rc(uc(t); yc(t)); tk < t � tk+1; (8)

�Vs(x(tk)) � rd(ud(tk); yd(tk)); k 2 N ; (9)

where _
Vs(�) denotes the total derivative of Vs(x(t)) along

the state trajectories x(t), t 2 (tk; tk+1], of the impulsive

dynamical system (1){(4) and �Vs(x(tk))
4

= Vs(x(t
+
k
)) �

Vs(x(tk)) = Vs(x(tk) + fd(x(tk)) + Gd(x(tk))ud(tk)) �
Vs(x(tk)), k 2 N , denotes the di�erence of the storage
function Vs(x) at the resetting times tk, k 2 N , of the
impulsive dynamical system (1){(4).

Next, we consider feedback interconnections of dissipa-
tive impulsive dynamical systems. Speci�cally, consider
the impulsive dynamical system G given by (1){(4) with
the nonlinear feedback system Gc given by

_xc(t) = fcc(xc(t)) +Gcc(ucc(t); xc(t))ucc(t); xc(t) 62 Zc;

(10)

�xc(t) = fdc(xc(t)) +Gdc(udc(t); xc(t))udc(t); xc(t) 2 Zc;

(11)

ycc(t) = hcc(xc(t)) + Jcc(ucc(t); xc(t))ucc(t); xc(t) 62 Zc;

(12)

ydc(t) = hdc(xc(t)) + Jdc(udc(t); xc(t))udc(t); xc(t) 2 Zc;

(13)

where t � 0, xc(t) 2 R
nc , ucc(t) 2 Ucc � R

mcc , udc(tk) 2
Udc � R

mdc , ycc(t) 2 R
lcc , ydc(tk) 2 R

ldc , fcc : R
nc ! R

nc

is Lipschitz continuous and satis�es fcc(0) = 0, Gcc :
R
mcc � R

nc ! R
nc �R

mcc , fdc : R
nc ! R

nc is continuous
and satis�es fdc(0) = 0, Gdc : R

mdc � R
nc ! R

nc � R
mdc ,

Jcc : Rmcc � R
nc ! R

lcc � R
mcc , hcc : Rnc ! R

lcc and
satis�es hcc(0) = 0, Jdc : Rmdc � R

nc ! R
ldc � R

mdc ,
hdc : Rnc ! R

ldc and satis�es hdc(0) = 0, mcc = lc,
mdc = ld, lcc = mc, ldc = md, and Zc � R

nc is
such that Assumptions A2 and A3 of [6] hold. Note
that with the feedback interconnection given by Figure 1,
(ucc; udc) = (yc; yd) and (ycc; ydc) = (�uc;�ud). Further-
more, even though the input-output pairs of the feedback
interconnection shown on Figure 1 consist of two-vector
inputs/two-vector outputs, at any given instant of time
a single-vector input/single-vector output is active. Here,
we assume that the negative feedback interconnection of G
and Gc is well posed; that is, det[Imc

+Jcc(yc; xc)Jc(x)] 6= 0
and det[Imd

+ Jdc(yd; xc)Jd(x)] 6= 0 for all yc; yd; x, and
xc. The following result gives suÆcient conditions for
asymptotic stability of the negative feedback interconnec-
tion given by Figure 1.

Theorem 2.2 [7]. Let Qc 2 S
lc, Sc 2 R

lc�mc , Rc 2

S
mc, Qd 2 S

ld, Sd 2 R
ld�md , Rd 2 S

md, Qcc 2

S
lcc, Scc 2 R

lcc�mcc , Rcc 2 S
mcc, Qdc 2 S

ldc, Sdc 2

R
ldc�mdc , and Rdc 2 S

mdc. Consider the closed-loop
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Figure 1: Feedback interconnection of G and Gc

system consisting of the nonlinear impulsive dynamical
systems G given by (1){(4) and Gc given by (10){(13)
and assume G and Gc are zero-state observable. Fur-
thermore, assume G is dissipative with respect to the
quadratic supply rate (rc(uc; yc); rd(ud; yd)) = (yTc Qcyc+

2yTc Scuc + u
T
c Rcuc; y

T
d Qdyd + 2yTd Sdud + u

T
dRdud) and

has a radially unbounded storage function Vs(�), and Gc
is dissipative with respect to the quadratic supply rate
(rcc(ucc; ycc); rdc(udc; ydc)) = (yTccQccycc + 2yTccSccucc +

u
T
ccRccucc; y

T
dcQdcydc + 2yTdcSdcudc + u

T
dcRdcudc) and has

a radially unbounded storage function Vsc(�). Finally, as-
sume there exists a scalar � > 0 such that

Q̂c
4

=

�
Qc + �Rcc �Sc + �S

T
cc

�S
T
c + �Scc Rc + �Qcc

�
< 0; (14)

Q̂d
4

=

�
Qd + �Rdc �Sd + �S

T
dc

�S
T
d + �Sdc Rd + �Qdc

�
< 0: (15)

Then the negative feedback interconnection of G and Gc is
globally asymptotically stable.

Corollary 2.1. Consider the closed-loop system
consisting of the nonlinear impulsive dynamical sys-
tems G given by (1){(4) and Gc given by (10){(13)
and assume G and Gc are zero-state observable. Let
ac; bc; acc; bcc; Æc; ad; bd; adc; bdc; Æd 2 R be such that
bc; bd > 0, 0 < ac + bc, 0 < ad + bd, 0 < 2Æc < bc � ac,
0 < 2Æd < bd � ad, acc = ac + Æc, adc = ad + Æd,
bcc = bc � Æc, bdc = bd � Æd, and let Mc 2 R

mc�mc

and Md 2 R
md�md be positive de�nite. If G is dis-

sipative with respect to the quadratic supply rate
(rc(uc; yc); rd(ud; yd)) = ( acbc

ac+bc
y
T
c Mcyc + u

T
c Mcyc +

1
ac+bc

u
T
c Mcuc;

adbd

ad+bd
y
T
d Mdyd+u

T
dMdyd+

1
ad+bd

u
T
dMdud)

and has a radially unbounded storage function and
Gc is dissipative with respect to the quadratic sup-
ply rate (rcc(ucc; ycc); rdc(udc; ydc)) = (uTccMcycc �

1
acc+bcc

y
T
ccMcycc �

accbcc

acc+bcc
u
T
ccMcucc; u

T
dcMdydc �

1
adc+bdc

y
T
dcMdydc �

adcbdc

adc+bdc
u
T
dcMdudc) and has a radially

unbounded storage function, then the negative feedback
interconnection of G and Gc is globally asymptotically
stable.

Proof. The proof is a direct consequence of Theorem
2.2 with Qc =

acbc

ac+bc
Mc, Sc =

1
2
Mc, Rc =

1
ac+bc

Mc, Qcc =
1

acc+bcc
Mc, Scc =

1
2
Mc, Rcc =

accbcc

acc+bcc
Mc, Qd =

adbd

ad+bd
Md,

Sd = 1
2
Md, Rd = 1

ad+bd
Md, Qdc = 1

adc+bdc
Md, Sdc =

1
2
Md, and Rdc = adcbdc

adc+bdc
Md. Speci�cally, let � > 0 be

such that

�

�
Æ
2
c

(ac + bc)2
�

1

4

�
+
1

4
> 0; �

�
Æ
2
d

(ad + bd)2
�

1

4

�
+
1

4
> 0:

In this case, Q̂c and Q̂d given by (14) and (15), respec-

tively, satisfy Q̂c < 0 and Q̂d < 0 so that all the conditions
of Theorem 2.2 are satis�ed.

Now, we consider impulsive nonlinear systems G of the
form given by (1){(4) with lc = mc, ld = md, Jc(x) � 0,
Jd(x) � 0, hc(x) = ��c(x), and hd(x) = ��d(x), where
�c : Rn ! R

mc and �d : Rn ! R
md are such that G

is asymptotically stable with (uc; ud) = (�yc;�yd). Fur-
thermore, we assume that the system G is zero-state ob-
servable. In this case, G becomes

_x(t) = fc(x(t)) +Gc(x(t))uc(t); x(0) = x0;

x(t) 62 Z ; (16)

�x(t) = fd(x(t)) +Gd(x(t))ud(t); x(t) 2 Z ; (17)

yc(t) = ��c(x(t)); x(t) 62 Z ; (18)

yd(t) = ��d(x(t)); x(t) 2 Z : (19)

Next, we de�ne the hybrid robustness margins for G given
by (16){(19). Speci�cally, consider the negative feedback
interconnection of G and �(�; �) given in Figure 2, where
� : Rmc � R

md ! R
mc � R

md is either a linear oper-
ator �(yc; yd) = (�cyc;�dyd), a nonlinear static opera-
tor �(yc; yd) = (�c(yc); �d(yd)), or a dynamic operator
�(�; �). In this case, (uc; ud) = (��c(yc);��d(yd)). Fur-
thermore, we assume that in the nominal case �(�; �) is
such that (uc; ud) = (��c(yc);��d(yd)) = (�yc;�yd)
so that the nominal closed-loop system is asymptotically
stable.

G

�(�) �

-

+

{

Figure 2: Feedback interconnection of G and �(�)

De�nition 2.3. Let �c; �c; �d; �d 2 R be such that
0 � �c < 1 < �c < 1 and 0 � �d < 1 < �d < 1.
Then the nonlinear system G given by (16), (19) is said
to have a hybrid gain margin ((�c; �c); (�d; �d)) if the
negative feedback interconnection of G and �(yc; yd) =
(�cyc;�dyd) is globally asymptotically stable for all �c =
diag(k1c; � � � ; kmcc), where kic 2 (�c; �c), i = 1; : : : ;mc

and �d = diag(k1d; � � � ; kmdd), where kid 2 (�d; �d),
i = 1; : : : ;md.

De�nition 2.4. Let �c; �c; �d; �d 2 R be such that
0 � �c < 1 < �c < 1 and 0 � �d <

1 < �d < 1. Then the nonlinear system G given



by (16), (19) is said to have a hybrid sector margin

((�c; �c); (�d; �d)) if the negative feedback interconnec-
tion of G and �(yc; yd) = (�c(yc); �d(yd)) is globally
asymptotically stable for all static nonlinearities �c :
R
mc ! R

mc and �d : Rmd ! R
md such that �c(0) = 0,

�d(0) = 0, �c(yc) = [�1c(y1c); � � � ; �mcc(ymcc)], �d(yd) =
[�1d(y1d); � � � ; �mdd(ymdd)], �cy

2
ic < �ic(yic)yic < �cy

2
ic,

for all yic 6= 0, i = 1; : : : ;mc, and �dy
2
id < �id(yid)yid <

�dy
2
id, for all yid 6= 0, i = 1; : : : ;md.

De�nition 2.5. Let �c; �c; �d; �d 2 R be such that
0 � �c < 1 < �c < 1 and 0 � �d < 1 < �d < 1.
Then the nonlinear system G given by (16), (19) is said
to have a hybrid disk margin ((�c; �c); (�d; �d)) if the
negative feedback interconnection of G and �(yc; yd) =
(�c(yc);�d(yd)) is globally asymptotically stable for all
dynamic operators �(�; �) such that �(�; �) is zero-state
observable and dissipative with respect to the hybrid sup-
ply rate (rc; rd) where rc(uc; uc) = u

T
c yc �

1

�̂c+�̂c
y
T
c yc �

�̂c�̂c

�̂c+�̂c
u
T
c uc, rd(ud; ud) = u

T
d yd�

1

�̂d+�̂d
y
T
d yd�

�̂d�̂d

�̂d+�̂d
u
T
d ud,

and where �̂c = �c + Æ, �̂c = �c � Æ, and Æ 2 R such that
0 < 2Æ < minf(�c � �c); (�d � �d)g.

Remark 2.1. Note that if G has a hybrid disk mar-
gin ((�c; �c); (�d; �d)) then G has hybrid gain and sector
margins ((�c; �c); (�d; �d)).

3. Gain, Sector, and Disk Margins of Optimal
Hybrid Regulators

In this section we derive the robustness margins for an
optimal hybrid regulator that minimizes a hybrid perfor-
mance functional involving a continuous-time cost for ad-
dressing performance of the continuous-time system dy-
namics and a discrete-time cost for addressing perfor-
mance at the resetting instants. Speci�cally, we consider
the impulsive nonlinear system given by (16), (17) with a
nonlinear-nonquadratic performance criterion

J(x0; uc(�); ud(�))

=

Z 1

0

[L1c(x(t)) + u
T
c (t)R2c(x(t))uc(t)]dt

+
X

k2N[0;1)

[L1d(x(tk)) + u
T
d (tk)R2d(x(tk))ud(tk)]; (20)

where L1c : Rn ! R and satis�es L1c(x) � 0, x 2 R
n ,

R2c : R
n
! P

mc , L1d : Rn ! R and satis�es L1d(x) � 0,
x 2 R

n , and R2d : Rn ! P
md . The optimal nonlinear

hybrid feedback controller (uc; ud) = (�c(x); �d(x)) that
minimizes the nonlinear-nonquadratic performance crite-
rion (20) is given in [7]. For the statement of the following
result de�ne the set of asymptotically stabilizing hybrid
controllers by

C(x0)
4
= f(uc(�); ud(�)) : (uc(�); ud(�)) is admissible and

the zero solution x(t) � 0 to (16); (17)

is asymptotically stableg:

Theorem 3.1 [7]. Consider the nonlinear impulsive
controlled system (16) and (17) with performance func-
tional (20). Assume there exists a C1 function V : Rn !
R, and functions P12 : R

n
! R

1�md and P2 : R
n
! N

md

such that V (0) = 0, V (x) > 0, x 2 Rn , x 6= 0,

V
0(x)[fc(x) �

1
2
Gc(x)R

�1
2c (x)G

T
c (x)V

0T(x)] < 0;

x 62 Z ; x 6= 0; (21)

V

�
x+ fd(x)

�
1
2
Gd(x)(R2d(x) + P2(x))

�1
P
T
12(x)

�
� V (x) � 0;

x 2 Z ; (22)

V (x + fd(x) +Gd(x)ud)

= V (x+ fd(x)) + P12(x)ud + u
T
d P2(x)ud; (23)

where ud is admissible, and

V (x) !1 as kxk ! 1: (24)

Then the zero solution x(t) � 0 to the closed-loop system

_x(t) = fc(x(t)) +Gc(x(t))�c(x(t));

x(0) = x0; x(t) 62 Z ; (25)

�x(t) = fd(x(t)) +Gd(x(t))�d(x(t)); x(t) 2 Z (26)

is globally asymptotically stable with the hybrid feedback
control law

�c(x) = �
1
2
R
�1
2c (x)G

T
c (x)V

0T(x); x 62 Z ; (27)

�d(x) = �
1
2
(R2d(x) + P2(x))

�1
P
T
12(x); x 2 Z ; (28)

and performance functional (20), with

L1c(x) = �
T
c (x)R2c(x)�c(x)� V

0(x)fc(x); (29)

L1d(x) = �
T
d (x)(R2d(x) + P2(x))�d(x)

�V (x+ fd(x)) + V (x); (30)

is minimized in the sense that

J(x0; �c(x(�)); �d(x(�)))

= min
(uc(�);ud(�))2C(x0)

J(x0; uc(�); ud(�)); x0 2 R
n
: (31)

Finally,

J(x0; �c(x(�)); �d(x(�))) = V (x0); x0 2 R
n
: (32)

The following key lemma is needed for developing the
main result of this paper.

Lemma 3.1. Consider the impulsive nonlinear dynam-
ical system G given by (16){(19) where (�c(x); �d(x)) is
a stabilizing optimal hybrid control law given by (27),
(28) and where V (x), P12(x), and P2(x) are such that
V (0) = 0, V (x) > 0, x 2 Rn , x 6= 0, and satisfy (21){(24).
Then for all uc(�) 2 R

mc , ud(�) 2 R
md , the solution x(t),

t � 0, to (16), (17) satis�es

V (x(t̂))� V (x(t))

�

Z
t̂

t

f[uc(t) + yc(t)]
T
R2c(x(t))[uc(t) + yc(t)]

�u
T
c (t)R2c(x(t))uc(t)gdt; tk � t < t̂ < tk+1; (33)

V (x(t+
k
))� V (x(tk))

� f[ud(tk) + yd(tk)]
T

�
R2d(x(tk))

+P2u(x(tk))
�
[ud(tk) + yd(tk)]

�u
T
d (x(tk))R2d(x(tk))ud(tk)g; k 2 N : (34)



Proof. Note that it follows from (29) that for all x 2 Rn

and uc 2 R
mc ,

u
T
c R2c(x)uc � L1c(x) + u

T
c R2c(x)uc

= �
T
c (x)R2c(x)�c(x) � V

0

(x)fc(x)

+uTc R2c(x)uc

= y
T
c R2c(x)yc(x) + 2yTc R2c(x)uc

�V
0

(x)[fc(x) +Gc(x)uc] + u
T
c R2c(x)uc

= [uc + yc]
T
R2c(x)[uc + yc]

�V
0

(x)[fc(x) +Gc(x)uc];

which implies that, for all uc(�) 2 R
mc and t � 0, t 6= tk,

k 2 N ,

u
T
c (t)R2c(x(t))uc(t)

� [uc(t) + yc(t)]
T
R2c(x(t))[uc(t) + yc(t)]

� _
V (x(t)):

Now, integrating over [t; t̂] yields (33).

Next, it follows from (30) that for all x 2 R
n and ud 2

R
md ,

u
T
dR2d(x)ud � L1d(x) + u

T
dR2d(x)ud

= �
T
d (x)(R2d(x) + P2(x))�d(x)

�V (x+ fd(x)) + V (x) + u
T
dR2d(x)ud

= y
T
d (R2d(x) + P2(x))yd(x)

+2yTd (R2d(x) + P2(x))ud

�V (x+ fd(x) +Gd(x)ud)

+V (x) + u
T
dR2d(x)ud + u

T
d P2(x)ud

= [ud + yd]
T(R2d(x) + P2(x))[ud + yd]

�V (x+ fd(x) +Gd(x)ud) + V (x);

which implies (34), for all ud(tk) 2 R
md , k 2 N .

Note that with R2c(x) � Imc
and R2d(x) � Imd

con-
ditions (33) and (34) are precisely the hybrid counter-
part of the return di�erence condition for continuous-time
and discrete-time systems [8, 11, 12]. However, in the
continuous-time case an optimal feedback control law �(x)
satisfying the return di�erence condition is equivalent to
the fact that a continuous-time nonlinear aÆne system
with input u and output y = ��(x) is dissipative with
respect to the quadratic supply rate [u+y]T[u+y]�u

T
u.

Hence, using the nonlinear Kalman-Yakubovich-Popov
lemma [13] one can show that a feedback control law �(x)
satis�es the return di�erence inequality if and only if �(x)
is optimal with respect to a performance criterion involv-
ing a nonnegative-de�nite weighting function on the state.
Alternatively, in the hybrid case, (33) and (34) are not
equivalent to the dissipativity of (16){(19) due to the pres-
ence of P2u(x) in (34). However, it follows from Lemma
3.1 and Theorem 2.1 that (33) and (34) do imply that if
(�c(x); �d(x)) is a stabilizing optimal hybrid control law
then G is dissipative with respect to a quadratic supply
rate.

Next, we present our main result which provides hybrid
disk margins for the optimal hybrid regulator given by
Theorem 3.1. For the following result de�ne


c

4

= sup
x2Rn

�max(R2c(x)); 
c
4

= inf
x2Rn

�min(R2c(x)); (35)


d

4

= sup
x2Rn

�max(R2d(x)+P2(x)); 
d
4

= inf
x2Rn

�min(R2d(x)):

(36)
Furthermore, assume that 
c = 
d.

Theorem 3.2. Consider the impulsive nonlinear dy-
namical system G given by (16){(19) where (�c(x); �d(x))
is an optimal stabilizing control law given by (27), (28)
and where V (x), P12(x), and P2(x) are such that V (0) =
0, V (x) > 0, x 2 R

n , x 6= 0, and satisfy (21){
(24). Then the impulsive nonlinear system G given by
(16){(19) is dissipative with respect to the hybrid sup-

ply rate (rc(uc; yc); rd(ud; yd)) = (uTc yc +
(1��2c )

2
u
T
c uc +

1
2
y
T
c yc; u

T
d yd+

(1��2d)

2
u
T
d ud+

1
2
y
T
d yd) and has a hybrid disk

margin ( 1
1+�c

;
1

1��c
); ( 1

1+�d
; ( 1

1��d
), where �c

4

=
q


c
=
c

and �d
4

=
q


d
=
d.

Proof. Note that for all uc(�) 2 R
mc and ud(�) 2 R

md ,
the solution x(t), t � 0, to (16), (17) satis�es (33) and
(34) which implies that

V (x(t̂))� V (x(t))

�

Z
t̂

t

f
c[uc(t) + yc(t)]
T[uc(t) + yc(t)]

�

c
u
T
c (t)uc(t)gdt; tk � t < t̂ < tk+1;

and

V (x(t+
k
))� V (x(tk))

� f
d[ud(tk) + yd(tk)]
T[ud(tk) + yd(tk)]

�

d
u
T
d (x(tk))ud(tk)g; k 2 N :

Hence, with the storage function Vs(x) =
1

2
c
V (x), it fol-

lows from Theorem 2.1 that G is dissipative with respect
to hybrid supply rate (rc(uc; yc); rd(ud; yd)) = (uTc yc +
(1��2c )

2
u
T
c uc +

1
2
y
T
c yc; u

T
d yd +

(1��2d)

2
u
T
d ud +

1
2
y
T
d yd). Now,

the result follows immediately from Lemma 3.1 and Def-
inition 2.5 with �c = 1

1+�c
, �c = 1

1��c
, �d = 1

1+�d
, and

�d =
1

1��d
.

Remark 3.1. Note that in the case where R2c(x) �
Imc

it follows that �c = 1. Hence, the continuous-time
dynamics of G has a disk margin of ( 1

2
;1). This of course

does not imply that the hybrid optimal nonlinear regulator
has hybrid disk margin of

�
( 1
2
;1); ( 1

2
;1)

�
.

4. Specialization to Linear Impulsive Dynamical
Systems

In this section we specialize our main results to the case
of linear impulsive systems. First, however, we recall the
specialization of Theorem 3.1 to linear impulsive systems.
For the following result let Ac 2 R

n�n , Bc 2 R
n�mc ,

Ac 2 R
n�n , Bd 2 R

n�md , R1c 2 R
n�n , R2c 2 R

mc�mc ,
R1d 2 R

n�n , and R2d 2 R
md�md be given, where R1c,

R2c, R1d, and R2d are positive de�nite.



Corollary 4.1 [7]. Consider the linear controlled im-
pulsive system

_x(t) = Acx(t) +Bcuc(t); x(0) = x0; x(t) 62 Z ; (37)

�x(t) = (Ac � In)x(t) +Bdud(t); x(t) 2 Z ; (38)

with quadratic hybrid performance functional

J(x0; uc(�); ud(�))

=

Z 1

0

[xT(t)R1cx(t) + u
T
c (t)R2cuc(t)]dt

+
X

k2N[0;1)

[xT(tk)R1dx(tk) + u
T
d (tk)R2dud(tk)]; (39)

where (uc(�); ud(�)) is an admissible hybrid control. Fur-
thermore, assume there exists a positive-de�nite matrix
P 2 R

n�n such that

0 = x
T(ATc P + PAc +R1c � PBcR

�1
2c B

T
c P )x; x 62 Z ;

(40)

0 = x
T(ATc PAc � P +R1d

�A
T
c PBd(R2d +B

T
d PBd)

�1
B
T
d PAc)x; x 2 Z :(41)

Then, the zero solution x(t) � 0 to (37), (38) is globally
asymptotically stable with the hybrid feedback controller

uc = �c(x) = �R
�1
2c B

T
c Px; x 62 Z ;(42)

ud = �d(x) = �(R2d +B
T
d PBd)

�1
B
T
d PAcx; x 2 Z ;(43)

and

J(x0; �c(�); �d(�)) = x
T
0 Px0; x0 2 R

n
: (44)

Furthermore,

J(x0; �c(�); �d(�))

= min
(uc(�);ud(�))2C(x0)

J(x0; uc(�); ud(�)); (45)

where C(x0) is the set of asymptotically stabilizing con-
trollers for (37), (38) and x0 2 R

n .

Next, we present our main result of this section which
provides hybrid disk margins for the optimal hybrid reg-
ulator given by Corollary 4.1. For the following result
de�ne


c

4

= �max(R2c); 
c
4

= �min(R2c); (46)


d

4

= �max(R2d +B
T
d PBd); 
d

4

= �min(R2d): (47)

Furthermore, assume that 
c = 
d.

Corollary 4.2. Consider the linear impulsive system
given by (37), (38), (18), and (19) where (�c(x); �d(x))
is an optimal stabilizing control law given by (42), (43).
Then the linear impulsive system given by (37), (38), (18),
and (19) is dissipative with respect to the hybrid sup-

ply rate (rc(uc; yc); rd(ud; yd)) = (uTc yc +
(1��2c )

2
u
T
c uc +

1
2
y
T
c yc; u

T
d yd+

(1��2d)

2
u
T
d ud+

1
2
y
T
d yd) and has a hybrid disk

margin ( 1
1+�c

;
1

1��c
); ( 1

1+�d
; ( 1

1��d
), where �c

4

=
q


c
=
c

and �d
4

=
q


d
=
d.

Proof. The result is a direct consequence of Theorem
3.2 with fc(x) = Acx, fd(x) = Acx, Gc(x) = Bc, Gd(x) =

Bd, V (x) = x
T
Px, L1c = x

T
R1cx, R2c(x) � R2c, L1d =

x
T
R1dx, R2d(x) � R2d, P1(x) = x

T
A
T
c PBd, and P2(x) =

B
T
d PBd.

5. Conclusion

SuÆcient conditions for gain, sector, and disk margin
guarantees for nonlinear hybrid systems controlled by non-
linear optimal and inverse optimal hybrid regulators that
minimize a nonlinear-nonquadratic hybrid performance
criterion were derived. Using these results, connections
between dissipativity and optimality of nonlinear hybrid
systems were established.
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