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Abstract

This paper is concerned with stability and stabilization
of implicit systems. Stability criteria are provided in
terms of the Kronecker form, Lyapunov equation and
inequality and conditions on extended rank and invert-
ibility of the system pencil. Then stabilization of im-
plicit systems via interconnection is considered based
on the notion of initial-freedom preservation as a for-
mulation of regularity of interconnection. To analyze
stabilization with initial-freedom preservation, we de-
fine complete-stabilizability and zero-detectability. It
is shown that stabilizability via interconnection with
initial-freedom preservation is equivalent to complete-
stabilizability and zero-detectability. Thus standard re-
sults on output feedback stabilization of state-space and
descriptor systems are generalized to stabilization of
implicit systems via interconnection.

1 Introduction

Implicit systems are mathematical models defined with
variables of interest and dynamic and static relations
among them. While analysis of dynamical systems
based on implicit system models has been mainly based
on descriptor systems with the regular system pencil
[1,6,7], in the last decade lots of new insight and refine-
ment of theory have been provided for differential sys-
tems as an application of the Behavioral approach [4,9].
In the descriptor systems context, differential-algebraic
equations have been considered mainly in the distribu-
tion sense with initial condition described with Dirac’s
delta, such as

Eẋ = Ax + Eδx0, (1)

where x0 is intended to represent the initial condition
at t = 0. On the other hand, The differential systems
of the Behavioral approach considers e.g. Eẋ = Ax
as first-order representations. These are distinct sys-
tems providing different mathematical models. Also in
Behavioral approaches, Geerts and Schumacher [10,11]
proposed impulsive-smooth Behavior defined by the
first-order differential-algebraic equations of (1).
There have been several results on analysis of the
impulsive-smooth Behavior or implicit systems pro-
posed based on the equation (1). Geerts [10,11], Geerts

et al. [10, 11]. have shown structure analysis of the
impulsive-smooth Behavior. Masubuchi [15], Masub-
uchi and Shimemura [16] have proposed Lyapunov in-
equality and equation for implicit systems (1) with no
assumptions on the regularity of the system pencil. Re-
cently Takaba [13] has shown a Lyapunov equation for
implicit systems with a detectability condition. On the
other hand, many of synthesis problems for implicit sys-
tems, which have potential applications for such as com-
bined design of control and structure in mechanical sys-
tems, are still open. One of the most important synthe-
sis problems is stabilization via interconnection [3, 26].
Since interconnection has been proposed in the Behav-
ioral context as a basic notion including input-output
or feedback connections of systems, several approaches
have been shown for stabilization [3], pole assignment
[26], LQ-optimal control [24, 25] and H∞-optimal con-
trol [20,28,29] via interconnection. There can be differ-
ent types of interconnections according to restriction on
dynamics of interconnected systems, such pointed out
in [26] as singular/regular interconnections and singu-
lar/regular feedback interconnections. These are de-
fined in terms of kernel representations of the Behavior
of differential systems [26]. One important issue in sta-
bilization via interconnection is to characterize each of
them in terms of data of the system or Behavior to
be stabilized. Problems of interconnection with certain
specified regularity have never been considered before
particularly for implicit systems or impulsive-smooth
Behavior.
This paper is concerned with stability and stabilizabil-
ity of implicit systems. In particular, we consider ‘sta-
bilization with initial-freedom preservation,’ which is
one formulation of regularity of interconnections and
gives an answer to a problem of interconnection with
regularity. For this purpose, first we show an explicit
representation of the all solutions of implicit systems
via the Kronecker form, following which we summarize
several stability criteria. Next, we define stabilizabil-
ity of implicit systems via interconnection with initial
freedom preservation, where ‘initial-freedom’ means the
freedom of x0 in (1) that the implicit system possesses
when it is not interconnected to other systems. The
initial-freedom corresponds to the freedom of dynamics
of implicit systems and preservation of initial-freedom
avoids stabilization achieved by limiting the inherent
freedom of dynamics of the implicit system through in-



terconnection.
To analyze the stabilizability with initial-freedom
preservation, we define complete-stabilizability and
zero-detectability, which correspond to stabilizabil-
ity plus impulse-controllability and detectability plus
impulse-observability of descriptor systems, respec-
tively. We give a necessary and sufficient condition for
each to hold in terms of the Kronecker form of the sys-
tem pencil. We prove that a implicit system to be stabi-
lizable via interconnection with initial-freedom preser-
vation if and only if it is completely-stabilizable and
zero-detectable. Thus the equivalence of stabilizability
plus detectability and (well-posed) output-feedback in
state space systems is generalized to implicit systems
due to the notion of initial-freedom preservation.
The organization of the paper is as follows: In Sec-
tion 2, we define the implicit system and show an ex-
plicit representation of the solutions. Section 3 is de-
voted to stability analysis, where previous results for
stability are summarized as well as new stability crite-
ria are shown. Stability criteria under a certain mini-
mality condition are provided. In Section 4, we define
stabilizability with initial-freedom preservation as well
as complete-stabilizability and zero-detectability. Then
we show the main results on stabilizability with initial-
freedom preservation.

Notation
Dn: The set of n-component vectors of distributions.
Cn
∞: The set of n-component vectors of infinitely

differentiable functions defined on (−∞,+∞).
C+: The closed right half complex plane.

2 Preliminaries

2.1 Description of Implicit Systems
Throughout this paper we consider implicit systems
represented as follows:

Eẋ = Ax + Ex0δ, x ∈ Dn
+, x0 ∈ Rn, (2)

where E, A ∈ Rm×n, and δ is the Dirac’s delta dis-
tribution. We denote by Dn

+ the following set of n-
component vectors of distributions with support t ≥ 0:

Dn
+ = {x = xc1 +

Nx∑
i=0

ξiδ
(i) : xc ∈ Cn

∞, ξi ∈ Rn},

where 1 is the unit step function; 1(t) = 1, t ≥ 0 and
1(t) = 0, t < 0 and δ(i) represents the i-th derivative
of δ. The number of the terms in the summation Nx

is finite and depends on x. This is a class of distribu-
tions adopted in [10,11,22,23], particularly in [10,11] it
is used to define the impulsive-smooth Behavior. The
system (2) is a generalization of descriptor systems in-
cluding impulsive phenomena [7] or switching [10] and

intended to describe trajectories on t ≥ 0 according to
‘initial condition’ x0 at t = 0.
In the following we call the equation (2) system
Σ(E, A). The set of x ∈ Dn

+ satisfying (2) is defined
as:

X (E, A) = {x ∈ Dn
+ : ∃x0 ∈ Rn, Eẋ = Ax + Ex0δ},

which exactly coincides with the impulsive-smooth Be-
havior [10, 11]. It has been pointed out in [15] that the
‘initial value’ x0 can not always take arbitrary value
of Rn, which will be reviewed below. Accordingly we
define the following set:

X0(E, A) = {x0 ∈ Rn : ∃x ∈ Dn
+, Eẋ = Ax + Ex0δ}.

We call X0 the initial-freedom of system Σ(E, A). The
sets X (E, A) and X0(E, A) are linear subspaces of Dn

+

and Rn, respectively.

2.2 Explicit representation of the solutions of
(2) via the Kronecker form
In this subsection we show an explicit representation of
the solutions x ∈ X (E, A). The Kronecker form of the
pencil sE − A gives a blockwise representation of the
solutions and later plays more important role to analyze
stability and stabilization of implicit systems.
It is widely known that for a pencil sE − A there ex-
ist nonsingular matrices L, R that lead sE − A to the
Kronecker form [5]:

LT(sE − A)R = diag{L(s), M(s),N(s), E(s), 0} (3)

with the following structure of each block:

L(s) =
[
sI − AL BL

]
, M(s) =

[
sI − AM

CM

]
,

N(s) = I − sΛ, E(s) = sI − AE ,

where (AL, BL) and (CM , AM ) are controllable and ob-
servable pairs in the state space sense, respectively, and
Λ is a nilpotent matrix. This block structure is unique
up to sE − A. Though the Kronecker form has more
specific structure in the blocks L(s), M(s), etc., we only
indicate their structure required in the paper.
Now we can show an explicit representation of the so-
lutions to (2) in the Kronecker form. According to the
above block structure, we represent

R−1x =
[
xT

L xT
M xT

N xT
E xT

Z

]T

R−1x0 =
[
xT

0L xT
0M xT

0N xT
0E xT

0Z

]T
.

and xL =
[
xT

L1 xT
L2

]T
, x0L =

[
xT

0L1 xT
0L2

]T
, the

partitions of which agree with that of L(s). Then the
possible values of x0 in (2) are such that x0L, x0N , x0E

and x0Z are arbitrary, while x0M = 0. Every solution
x to the equation (2) is represented componentwise as



follows:

xL1(s) = (sI − AL)−1(x0L1 + BLxL2(s)),
xL2 ∈ D•

+ : arbitrary,
xM = 0,
xN = (I − sΛ)−1Λx0N ,
xE(s) = (sI − AE)−1x0E ,
xZ : arbitrary.

In the following sections we will frequently exploit the
Kronecker form and the equivalence of pencils by pre-
and post-multiplying of regular matrices, which we call
coordinate transformation of implicit systems.

Definition 1 Two polynomial matrices P (s), P̂ (s) are
said to be equivalent if there exist regular matrices L, R
such that LTP (s)R = P̂ (s). This is an equivalence
relation and denoted as P (s) � P̂ (s).

If sE−A � sÊ− Â, it holds that X (Ê, Â) = RX (E, A)
and X0(Ê, Â) = RX0(E, A) for some regular matrix R.

3 Analysis of the internal stability

We consider internal stability of the linear system
Σ(E, A) defined as follows.

Definition 2 System Σ(E, A) is said to be internally
stable (or admissible) if X (E, A) ⊂ An, where

An := {x = xc1 : xc ∈ Cn
∞, lim

t→∞xc(t) = 0}.

This definition of the internal stability of Σ(E, A) cor-
responds to that of descriptor systems as being impulse
free and having no unstable modes (e.g., [1]). Note
that the internal stability is invariant under coordinate
transformations.
If Σ(E, A) is internally stable, it can not have columns
of zeros and block L(s), since they bring arbitrary com-
ponents in x. Thus if Σ(E, A) is internally stable, only
one element x ∈ X corresponds to one element x0 ∈ X0,
i.e., internal stability implies autonomy [15]. Further,
the following criterion is easily verified which charac-
terizes the internal stability via the Kronecker form:

Lemma 1 [15] System Σ(E, A) is internally stable if
and only if sE − A has the following Kronecker form

sE − A �



M(s)

I
sI − AE

0 · · · 0


 (4)

with AE Hurwitz.

Further, the following criteria are proved via Lemma 1
to characterize the internal stability.

Theorem 1 The system Σ(E, A) is internally stable if
and only if any one of the following conditions holds.

i) The following generalized Lyapunov equation

ETX = XTE, ATX + XTA + Q = 0 (5)

has a solution X ∈ Rm×n satisfying XTE ≥ 0.

ii) The following generalized Lyapunov equation

ETX = XTE, ATX + XTA < 0 (6)

has a solution X ∈ Rm×n satisfying XTE ≥ 0.

iii) The pencil sE − A is column proper and of full
column rank at each s ∈ C+.

iv) There exists F (s) ∈ RHn×m
∞ such that

F (s)(sE − A) = I.

Proof: Omitted (See [15–17]).

Next, let us consider a minimality of Σ(E, A) in the
following sense. It will be invoked in the next section.

Definition 3 Representation (E, A), E, A ∈ Rm×n,
is minimal if any representation (Ê, Â) satisfying
X (E, A) = X (Ê, Â) has the size of m̂×n with m̂ ≥ m.

The sets of initial-freedom X0(E, A) and X0(Ê, Â) can
be different even though X (E, A) = X (Ê, Â). Thus
the equivalence ‘�’ in Definition 1 is stronger than the
equivalence induced by X (E, A) = X (Ê, Â).
In modeling of a certain system by using implicit equa-
tions, one can always use a minimal representation and
it is not likely to pick a nonminimal representation.
On the other hand, implicit systems such as derived
through interconnection can be nonminimal.
The definition of the internal stability does not depend
on the representation of the system and criteria shown
above do not assume the minimality. However, in this
subsection we consider minimality and show criteria
about it because it is related to theory of descriptor
systems and some duality-type results are shown later
with the minimality.

Lemma 2 Representation (E, A) is minimal if and
only if sE − A has the following Kronecker form

sE − A �


L(s) 0

N(s)
...

sI − AE 0


 . (7)

4 Stabilization of implicit systems with
initial-freedom preservation

4.1 Interconnection and the sets of the solutions
and initial-freedom
Let us consider stabilization via interconnection. For
the system Σ(E, A) of (2), let

w = Cx



be the variable of p components that is accessible for
interconnection. An implicit system is denoted as
Σ(E, A,C) if interconnection through w is considered.
The whole expression of Σ(E, A,C) is{

Eẋ = Ax + Ex0δ
w = Cx.

(8)

Consider also the following compensating implicit sys-
tem Σ(Ec, Ac, Cc){

Ecẋc = Acxc + Ecxc
0δ

wc = Ccxc (9)

defined in the same way as the system (8), where
Ec, Ac ∈ Rmc×nc

and Cc ∈ Rp×nc

.
The interconnection of the systems (8) and (9) via

w = wc (10)

is represented by

Eicẋic = Aicxic + Eicxic
0 δ, (11)

where

xic =
[

x
xc

]
, Eic =


E 0
0 Ec

0 0


 , Aic =


A 0
0 Ac

C −Cc




with Eic, Aic ∈ R(m+mc+p)×(n+nc). Below we abbrevi-
ate as Σ = Σ(E, A,C), Σc = Σ(Ec, Ac, Cc) and Σic =
Σ(Eic, Aic). Similarly X = X (E, A), X c = X (Ec, Ac),
and X ic = X (Eic, Aic) and so are X0, Xc

0 and Xic
0 .

Since

X ic =
{[

x
xc

]
: x ∈ X , xc ∈ X c, Cx = Ccxc

}
, (12)

obviously we have

X ic ⊂ X × X c, Xic
0 ⊂ X0 × Xc

0 (13)

and setting Π =
[
In 0

]
, Πc =

[
0 Inc

]
gives the fol-

lowing relations of inclusion:

ΠX ic ⊂ X , ΠXic
0 ⊂ X0, (14)

ΠcX ic ⊂ X c, ΠcXic
0 ⊂ Xc

0. (15)

4.2 Formulation of stabilization problem with
initial-freedom preservation
In the rest of this section we consider the following con-
ditions for the interconnected system Σic.

1. The interconnected system Σic is internally sta-
ble;

X ic ⊂ An+nc . (16)

2. The ‘plant-subspace’ of the initial-freedom of the
interconnected system Σic includes the initial-
freedom of the plant alone;

X0 ⊂ ΠXic
0 (17)

From the relation (14) that always holds, the condition
(17) is equivalent to X0 = ΠXic

0 .
We say that a system Σ is stabilizable with initial-
freedom preservation if there exists a compensating sys-
tem Σc such that the interconnected system Σic satis-
fies the above two conditions. In particular, the sec-
ond condition is intended to avoid that stabilization is
achieved by limiting the inherent freedom of dynamics
of the plant. Thus it is one formulation of regularity of
interconnection.
The purpose of this section is to derive a neces-
sary and sufficient condition to the stabilization with
initial-freedom preservation. In the following two sub-
sections we define ‘complete-stabilizability’ and ‘zero-
detectability’ conditions and prove each of them is nec-
essary to the stabilization with initial-freedom preser-
vation, as well as we show Kronecker-form character-
izations of the complete-stabilizability and the zero-
detectability. Then, by proving the sufficiency of them,
we show that the complete-stabilizability and zero-
detectability are a necessary and sufficient condition for
system Σ to be stabilizable with initial-freedom preser-
vation.

4.3 Complete-stabilizability
Definition 4 System Σ is said to be completely-
stabilizable if for any x0 ∈ X0 there exists x ∈ X ∩ An

such that

Ex(0) = Ex0. (18)

This may be an ‘impulse-smooth behavior’ version of
stabilizability defined in the behavioral context in e.g.
[4]. Complete-stabilizability is invariant under coordi-
nate transformations.

Lemma 3 System Σ is stabilizable with initial-freedom
preservation only if Σ is completely-stabilizable.

Proof: Suppose that the interconnected system Σic is
internally stable, i.e., X ic ⊂ An+nc . Then ΠX ic ⊂ An,
which implies with the relation in (14) that

ΠX ic = ΠX ic ∩An ⊂ X ∩An (19)

holds. On the other hand, since Σic preserves the
initial-freedom, it holds that

∀x0 ∈ X0, ∃xc
0 ∈ Xc

0, xic
0 :=

[
x0

xc
0

]
∈ Xic

0 .

From the definition of Xic
0 , there exists xic which satis-

fies (11) for xic
0 ∈ Xic

0 above. Denoting it by xic =
[

x
xc

]
,

we see x ∈ ΠX ic, and from (19) we have x ∈ X ∩ An.
Further, Ex(0) = Ex0 holds since Eicxic(0) = Eicxic

0

is always true if Σ(Eic, Aic) is internally stable.



Lemma 4 System Σ = Σ(E, A) is completely-
stabilizable if and only if in the Kronecker form (3) of
the pencil sE − A it holds that N(s) = I and AE is
Hurwitz.

Proof: (Sufficiency) To the component of x0M (=
0) and x0N with N(s) = I, corresponding component in
the solution x is 0 ∈ A•, where A• means Ak for some
k. Next, since AE is Hurwitz, xe = eAEtx0E1 ∈ A•.
Lastly, consider the block L(s). Recall that Li(s) is
represented as Li(s) =

[
sI − Ai −bi

]
, where

Ai =




0 1 0

0
. . . . . .

...
. . . . . . 1

0 · · · 0 0


 , bi =



0
...
0
1




with a controllable pair (Ai, bi). Taking an arbitrary
stabilizing feedback gain fi for (Ai, bi), we obtain a sta-
ble element

xLi =
[

I
fi

]
(sI − Ai − bifi)−1

[
I 0

]
x0Li ∈ A•

satisfying Li(s)xi =
[
I 0

]
x0Li and

[
I 0

]
xLi(0) =[

I 0
]
x0Li.

(Necessity) If N(s) �= I, i.e., if there exist some
Ni(s)’s of the size larger than 1, the solution to (2)
contains xNi with impulses δ(j) for some nonzero x0Ni.
Similarly if AE is not Hurwitz xE does not converge to
zero for some nonzero x0E .

Under the minimality of (E, A), we have duality-type
results as follows.

Lemma 5 1. Representation (E, A) is minimal and
system Σ = Σ(E, A) is completely-stabilizable if
and only if sE − A has the following Kronecker
form

sE − A �


L(s) 0

I
...

sI − AE 0


 (20)

with AE Hurwitz.

2. Representation (E, A) is minimal and system Σ =
Σ(E, A) is completely-stabilizable if and only if
Σ(ET, AT) is internally stable.

Proof: The statement 1. is obvious from Lemmas 2
and 4. The statement 2. immediately follows from the
statement 1. and Lemma 1.

From Lemma 5, criteria for complete-stabilizability of
system Σ(E, A) with the minimal representation are au-
tomatically derived from those for the internal stability
of Σ(ET, AT) shown in the previous section.

4.4 Zero-detectability
Definition 5 System Σ = Σ(E, A,C) is zero-
detectable if x ∈ An holds for all x ∈ X if w(= Cx) = 0.

This is a necessary and sufficient condition for Σ to be
stabilized without caring its initial-freedom:

Theorem 2 System Σ is stabilized via interconnection
if and only if Σ is zero-detectable.

Proof: (Necessity) Suppose that Σ(Eic, Aic) is
internally stable. Then from the statement iii) of The-
orem 1 the pencil sEic − Aic has full column rank at

s ∈ C+ ∪ {∞}. This implies that also


E
0
0


−


A
0
C


 has

full column rank at s ∈ C+ ∪ {∞} and we immediately

see so is s

[
E
0

]
−

[
A
C

]
. Thus from Theorem 1 the system

Σ
([

E
0

]
,

[
A
C

])
is internally stable, which proves that

Σ(E, A,C) is zero-detectable.
(Sufficiency) If Σ(E, A,C) is zero-detectable, the sys-

tem Σ
([

E
0

]
,

[
A
C

])
is internally stable. This obviously

shows that Σ is stabilized via interconnection with a
trivial system w = 0.

Corollary 1 System Σ is stabilizable with initial-
freedom preservation only if Σ is zero-detectable.

As seen in the proof above, the zero-detectability of
Σ(E, A,C) is characterized through the results for in-

ternal stability of system Σ
([

E
0

]
,

[
A
C

])
obtained in

the previous section.

4.5 Main result for stabilization with initial-
freedom preservation
In Subsections 4.3 and 4.4, we proved that the stabiliz-
ability and zero-detectability are necessary conditions
for stabilization with initial-freedom preservation. In
this section, we prove that they are also sufficient, by
utilizing the Kronecker-form results in previous sub-
sections. Further, in the same time we obtain one of
the interconnections that achieves the stabilization with
initial-freedom preservation via well-developed state-
space methods from data of sE − A in the Kronecker
form.

Theorem 3 System Σ is stabilizable with initial-
freedom preservation if and only if Σ is completely-
stabilizable and zero-detectable.

Proof: The necessity is shown in Lemma 3 and Corol-
lary 1. The sufficiency is proved through the Kronecker
form of a completely-stabilizable pencil with applying
the rank condition that holds for zero-detectable sys-
tem. The detail of the proof of the sufficiency is omit-
ted.



5 Conclusions

In this paper, we presented several stability criteria
of implicit systems and considered stabilization of im-
plicit systems via interconnection. Employing notion
of stabilization with initial-freedom preservation, we
formulated stabilization without prohibiting the inher-
ent freedom of dynamics of the given implicit system.
It was shown that complete-stabilizability and zero-
detectability conditions are necessary and sufficient to
the stabilizability with initial-freedom preservation.
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