PROBING INPUTS FOR SUBSPACE IDENTIFICATION
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Abstract

There is experimental evidence that the standard sub-
space methods (e.g. the N4SID method) perform
poorly in certain conditions where the past signals
(past inputs and past outputs) and future input spaces
are nearly parallel. Based on an elementary numeri-
cal conditioning analysis, this paper describes a class
of (system-dependent) input signals (called probing in-
puts) which lead to the worst possible conditioning of
the identification problem. Numerical results are in-
cluded demonstrating how these input signals may lead
to a substantial deterioration of performance of the al-
gorithms in some experimental conditions.

Keywords: Subspace Identification; Exogenous in-
puts; Numerical Conditioning; State-space identifica-
tion

1 Background and Notations

Assume, ideally, that we have observations on some
long time interval [0, T of one sample path {y(¢)},
{u(t)}, {«(t)}, of the zero mean stationary processes
{y(®)}, {u®)}, {x(¢)}, which satisfy the dynamical
equations of a linear stochastic system

{ x(t+1)
y(t)

Ax(t) + Bu(t) + Ke(t) (1.1)
Cx(t) + Du(t) + e(t) ’

where u is an exogenous input process. The system
can be taken, without loss of generality, in “innovation
form”, in particular one can assume that {e(t)} is a
white noise process uncorrelated with the past history
of all other variables. All through this paper we shall
assume that there is no feedback from u to y. In this
case e is in fact uncorrelated with the full history of the
input process (see e.g. [9]).

Since the processes generating the data satisfy the the
dynamical relation (1.1), it is obvious that the “tail”
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matrices (of length N) at time ¢, Uy, Y, Xy, defined as

U = Ju(t) uw(l+1) u(t+ N —1)]
i o= [y(t) y(t+1) y(t+ N —-1)]
X = [z(t) z(t+1) x(t+N—-1)]
also satisfy equation (1.1), i.e.:
Xin = AXe + BU + KB
)/t = CXt + DUt + Et )

where, for N — oo, By L (X;,Us) for all s < ¢, or-

thogonality of two semi-infinite sequences, &, 1 € RZ+
being understood with respect to the scalar product

N
(€)= Jim > )

It is straightforward to see that knowledge of
Xit+1, X, Up and Y; permits to solve uniquely (1.2)
for the unknown parameters (4, B, C, D), say by least
squares. Hence in this ideal situation the identification
(of the deterministic part) of the system (1.1) is rather
trivial. In practice however we only have finite input-
output data, say 2k tail matrices {Uy, Y: }i—o,... 2k—1 and
the state needs to be constructed from the available
data. This construction can be seen as the central con-
ceptual step in subspace identification.

2 Conditioning of N4SID

In this section we shall present an elementary numerical
analysis of the N4SID algorithm of [10]. A similar anal-
ysis can be made for the so-called MOESP algorithm of
[12] and also for the CCA algorithm [7]. Since a unified
treatment of these procedures would require a lengthy
preliminary technical detour, they will not be discussed
in this paper. A general approach will be found in the
forthcoming publication [2].

We shall use the notations of [10]. The first object
which is computed in the N4SID algorithm is the pre-
dictor matrix based on joint input-output data

Zy = EYior—1 | Yor—1V Uojar—1]
Uojr—1
= [L§ L L5 Ukar
Yoik—1

From this an estimate, f‘k, of the observability ma-
trix I'y, can be obtained by an oblique projection along



Uy o1 followed by an SVD step*. Once ') is com-
puted, the second crucial step of the procedure is to
solve the overdetermined linear system

f;;flzkﬂ _ |4
Y, c

K
+ [ IC; } Uk|2k—1 + Wt

:| f,:LZk+
(2.3)

This relation is interpreted as a multiple regression
problem for the unknown parameters (A,C) and
(K1, K2), (see eq. (43) in [10]). We recall, for further
reference, that

.52, = X + I HeUpjor—1 (2.4)
(see equation (15) in [10]), where X} is the n x N
state tail matrix and Hj is a lower triangular block
Toeplitz matrix made with the first & Markov param-
eters (D, CB, CAB,...,CA*=2B), of the “determinis-
tic” subsystem (A, B,C, D).

In an ideal situation (N — oo) the term W+ is or-
thogonal to the row span of Uyox—1 and to the row
span of F,:LZk. In practice, due to the fact that only a
finite amount of data is available, this is only approx-
imately true. Assuming that orthogonality is satisfied
with good approximation, it follows, see e.g. [6], that
the Least-Squares parameter estimates of (A, C') and
(K1, K3) obtained from (2.3), are the obhque projec-
tions of the LHS onto the rowspace of F L7, along
the rowspace of Uy|2;—1 and, respectively, onto Ukj2k—1

along the rowspace of f‘,;LZk.

Apparently, a crucial issue in the computation of the
solutions is how “parallel” are the rowspaces of Ugap,_1

and IA“,:LZk. Here “nearly parallel” subspaces means
subspaces for which some canonical angles are nearly
zero (see [3], p. 584). For nearly parallel row spaces one
expects that the computation of the parameters (A, C)
and (K1, K2) of the regression will be ill-conditioned,
and the parameter estimates could be affected by large
€ITOorS.

Actually, it turns out that the regression problem and,
in particular, the computation of (K1 ,Ks) will be ill-
conditioned also if the canonical correlations between
past and future inputs is close to one (see Proposition
2.2 below). This possible cause of ill-conditioning has
to do with wide variations in the amplitude of the input
spectrum and with frequency bands where the spectrum
is nearly zero causing “insufficient excitation”. We shall
not consider this aspect in this paper. Some simula-
tions in [1] show that the consequences of this kind of
ill-conditioning can be quite dramatic. In this paper

*This oblique projection may be the first source of ill-
COHdlthHng. [12] argues that an orthogonal projection onto the

space uk|2k , is to be recommended instead.

we shall concentrate instead on the situations where
there could be “small” canonical angles between the
state space of the (deterministic) system to be identi-
fied, and the future input space. Since sample fluctu-
ations (i.e. finite data length) play a secondary role
in this analysis, we shall henceforth assume that the
sample size N — oo and adopt the stochastic setup
(the corrispondence between the stochastic and the tail
matrices settings is described in detail in [8]). All tail
matrices will henceforth be substituted by their corre-
sponding stochastic quantities, denoted by lower case
boldface symbols. For simplicity, the pk-dimensional
stochastic vector corresponding to Upar—1 will be de-
noted by u'k" and that corresponding to Yyox—1 by y:.
The state vector of the model at time k, %X(k), evolves
according to a transient Kalman filter

%(t+1) = AX(t) + Bu(t) + K(H)8(t)
x(0) E [x(0) | Upjzk—1]

In (2.4) the quantity x,(k) := ', “Hyuy is a compo-
nent of the state vector at time k made of future inputs,
which contributes to the predictor variables. Hence, de-

€ [0,2k — 1]

noting x(k) := %(k)+ T L Hyul = %(k)+x,(k) we may
rewrite (2.3) as
[ k) } = [ o :|X(k')+ [ Ky ]u;erkl (2.5)

where wi- is orthogonal (i.e. uncorrelated) to the space
spanned by the random variables x(k), u;. We shall
assume that the subspaces spanned by (the components
of) x(k) and u} have only the zero random variable in
common (the generic consistency condition of [4]). In
this situation we can use the oblique projection Lemma
of [6] to express the parameter estimates as solutions of
the Wiener-Hopf type equations

A Yz x
. — x1x|ut
|: C %xxl_ﬁr |: Eyi\u-*- :| y (26)
K1 _ | Xgutx
|: K:2 :| Eu+u+|i - |: Zqur‘,—( :| 5 (27)

involving various conditional covariance matrices. The
expressions appearing on the left hand side are

Bxar = B{R(K) = B G(k) | w))] [%(k) — B (k) | w)]'}
Suturix = B{ [ — B(uf | (k)] [uf ~ B(uf |(>2< ®)

the formulas for g g+, etc. are similar, involving
%1 = x(k+1) and y = y(k). Note that the equations
(2.6) (2.7) express how the solutions of (2.5) depend
on the data and have nothing to do with the algorithm
which is used to compute them. It follows that the con-
ditioning of the problems (2.6) and (2.7) is determined
by the singular values of the symmetric matrices Xgg|u+
and Yy+y+x- Note the obvious equality Yggu+ =
B{[x(k) = B (x(k) | ul)] [%(k) = E (x() [uf)]} =

Yegjut-

)

}



Introduce the covariance matrices ¥4 = E [%x(k) %(k)'],
II := Efufx(k)], I :== E[u} %(k)'], and let A,
be the covariance matrix of u; We shall need also
the Cholesky factors L, of A,, and Li of Y4, so that
L, L, =A, , LiL,=%%

Proposition 2.1 The condition number k (Zﬁ,}‘u+) of
Yixjut can be bounded by

g o
K (Sxxput) < K (2x) % (2.9)
where 11 is the normalized cross-covariance
=L 'nr,” (2.10)
Similarly, consider the factorization
Sututix = Lu (I _ ﬁﬁ') L, (2.11)

where 1 is the normalized cross-covariance [ =
L;lﬂLgT Then the condition number k (Eu+u+‘,—<) can
be estimated by
1
K (Suturjx) <6 (Ay) ————— (2.12)

1- U?na:r: (1:‘[)

These bounds are sharp.

The conditioning of the matrices (2.8) depends on the
maximum canonical correlation coefficient between the
subspaces generated by u;” and x(k) and on the maxi-
mum canonical correlation coefficient between the sub-
spaces generated by u; and %q(k). As the maximum
canonical correlation coefficient approaches one, these
matrices tend to be singular, making the problem ill-
conditioned. More useful bounds are obtained if we as-
sume that the data are available from the infinite past.
In this case one uses the predictor based on the the
infinite past

z, = F [y;'_|uk_ \ yk_ \/uk|2k71j| = Fkx(k) + Hku;:

where the state vector x(k) is just the state of a sta-
tionary innovation model (1.1). When dealing with the
infinite past case (which we shall do from now on), we
shall eliminate the hats (= prediction based on a finite
history) on the relevant symbols.

Recall [9] that there exist an orthogonal change of
basis on the state space under which (1.1) can be
written in a block diagonal form with state x(k) =
[xa(k) xs(k)']’, where x4(k) and x,(k) are the de-
terministic and stochastic components of the state,
mutually uncorrelated at all times. Let X; :=
E{xa(k) (xa(k))'}, Ra(k) = xa(k) — E{xa(k)| uf},
Ya = E{xq(k) (%a(k)))}, Iy = E [uf x4(k)’] and
introduce the Cholesky factor L, of ¥4

Proposition 2.2 Assume there is no common dynam-
ics to the deterministic and stochastic components of
the state process. Then there exist an orthogonal change
of basis on the state space under which I1 = [I14 0] and

Sixjut = 24 © X, (2.13)
(direct sum) where

$q = Lo, (I - ﬂ;ﬂd) L, (2.14)

f[d being the normalized cross-covariance ﬁd =
L;lﬂdL;dT. The condition number kK (E;(;(|u+) in this
case can be estimated as

K (Bxgpur) < 6 (Bx) ———=— (2.15)
This bound is sharp.

Now the singular values of the normalized covariance

matrices II, Il are the cosines of the canonical angles
between the spaces spanned by u; and %x(k), and by
u; and x,4(k) respectively. From (2.12) it can also be
seen that if x(Ay) is large (which happens when the
amplitude of the spectrum of u varies widely and if
the deterministic state at time k is highly correlated
with future inputs, the maximum and minimum sin-
gular values of ¥+,+x may differ widely. The situa-
tion is relatively safe if u is a white noise process, in
which case k(A,) = 1. Formula (2.13) reduces to the
direct sum of the two covariance matrices of the deter-
ministic and stochastic components of the state. This
means that, if an appropriate basis is chosen and the
system order is estimated correctly, the computation of
(A, C) should not provide surprises. However, even if
u is nearly white, it may appear from (2.12) that (2.7)
could still be ill-conditioned.

3 Probing Inputs for Identification

In this section we shall investigate the class of in-
puts which lead to the highest correlation coefficient
amax(ﬁd). From what we have seen before, if amax(ﬁd)
is close to one, then in most cases omax(I1) will also be
near one. To simplify the canonical correlation analysis
between the spaces spanned by x4(k) and uﬁ, we shall

assume that span{u; } ~ " (infinite future).

The following lemma is instrumental in the analysis.
Here span{x4(0)} = X;/_ C U™, is the oblique pre-
dictor space of the deterministic component y4 of the
process y [?].

Lemma 3.1 Denote by ak()(;/_,bﬁ) the k—th

canonical correlation coefficient of X;/_ and U' and



by ok (U™, UT) the k—th canonical correlation coeffi-
cient of U~ and UT. Then the following inequalities
hold:

o (XUt <o Ut) , k=12,
(3.16)
Moreover

ok (X UN) = o (U, UY) k=1,2,...,n (3.17)

if and only if the first n principal directions of U™ are
contained in X;_ .

Assume the spectral density of u is rational and let
U/~ be the v-dimensional forward predictor space of
the process u. A (stochastically balanced) basis x in
U*/~ is made of random variables which are propor-
tional to the principal directions [8]. If the first n prin-
cipal directions of U/~ are contained in X ; / ~, then x
can be decomposed as

]

X =

X

where span{x_} = X;/f and x| L X;r/f.

Let Hg4 be the Hankel operator

Ha = B4y (3.18)

The canonical correlation coefficients between future in-
puts Ut and the deterministic state space X d+ /= can be
computed as singular values of a matrix representation
of the Hankel operator (3.18).

Since X ; /= C U~ the Hankel operator can be factor-
ized as follows:
/= - /=yt -
Ha=E% E" . =E%" EY .
The operator O := E“+|u 4/ is the usual observability
operator of the process u. Let us define the projection
operator

/-
P = E dlzjﬁ,/,
It is easy to show that the adjoint of P is given by
« _ Ut/ —
P =F /-

Therefore Hy4 admits the factorization Hy = PO* and
the squared canonical correlation coefficients between
future inputs T and the deterministic state space

X J /= are the eigenvalues of the “squared” Hankel op-
erator HjHg, i.e.,

HiHali = 07&, i=1,...,n
Using the factorization introduced above we obtain
00} = MOP*PO™} = MO"OP"P}
(3.19)

The following Lemma gives an explicit matrix represen-
tation of the Hankel operator.

{o%,03,...

Lemma 3.2 Let x be a basis in the forward predictor
space U/~ of the process u and xq be a basis in the
obligue Markovian splitting subspace X;/_, Let P be
the covariance matrix

_ Xd ’ 1 Paq  Pau
P_E|:X:|[Xd X]_<Pud Puu)
where Py, = Var{x}. Then
P*Pa'x = d' Pua Py Pau Py x (3.20)

and B
O*Od'x = o' Py Puux (3.21)

where P, is the covariance of the dual (backward) basis
in the backward predictor space U~/T ([5]).

From the Lemma above we obtain the expression of
the canonical correlation coefficients as eigenvalues of
the matrix representation of (3.19) as follows

,02} = MO*OP*P} = M PuaPy} PP}
(3.22)

{0%,03,...

Remark. Note that, if 4T/~ > X;_/_ we can choose
Xq = X_ whereby P,q = [P_0] = P, where P_ :=
Var x_. In this situation formula (3.22) reduces to

MO*OP*P} = MP_P .} ={0} .00 0. 00}

where o, ; are the canonical correlation coefficients be-
tween past and future inputs. In other words, we have
proven that the maximal canonical correlation coeffi-
cients (smallest canonical angles) between X; /= and

U™ are obtained when U+/~ > X;/f.

In the following we shall give spectral conditions to in-
sure that the deterministic state space is contained in
the forward predictor space of the input process u.

Proposition 3.1 Let (A, Ky, Cy, I) be a minimal in-
novation representation of u and let (Aq, Bq,Cq, Dg)
be a minimal realization of the deterministic subsys-
tem associated to the oblique Markovian splitting sub-
space X;/f. We have U/~ D XJF if and only if
there is an n-dimensional invariant subspace Z C R”
for Ay, — K, C,, such that the restricted pair ((A, —
K.Cy)z,(Ku)|z) is similar to the pair (Aq, Bg). In
other words there exists a non singular T such that
Ag = T(A, — KuCu)|ZT_1 and T(Ky)z = Bq. In
particular, UT/~ and X:/_ coincide if and only if
(A, — K,,Cy, K,,) is similar to the pair (A4, Bq).

Remark. When U/~ > XJF the poles of the deter-
ministic subsystem are cancelled by the stable zeros of
the spectrum of u.



Proposition 3.2 For a scalar input process of given
rational spectral density matriz ®,, and state dimension
v having canonical correlation coefficients, o, (U™, UT),
k=1,...,v, the mazimal canonical correlation coeffi-
cients Uk(é\f;/f,lfr) are obtained when and only when
there are n zeros of the spectral density matriz ®,, which
cancel the poles of the deterministic transfer function of
the system.

Remark. In a sense this proposition describes the
worst n-dimensional deterministic subsystem to iden-
tify with a given input process. Conversely, if the sys-
tem is given and we have freedom to choose the input
spectrum, once its zero-structure is fixed, we still have
freedom to place the poles of ®,. It is easy to see
that in this case, by placing the poles arbitrarily close
to the unit circle, it is possible to move the maximal
canonical correlation coefficients o (U ~,U™T), arbitrar-
ily close to one. Hence in this setting we can make
omaX(X;/77Z/{+) arbitrarily close to one.

4 Experimental Results

We shall report the results of simulations made on a
simple scalar system described in Table 1. below. The
identification algorithm used in the simulations is a “ro-
bustified” version of the N4SID algorithm described in
[11].

|| | Poles | Zeros | K ||
—0.1+1,06 05
Stoch. System 01— 750.6 0.7 1
0.75 + j0.55 —0.1+408
Det. System 0.75 — j0.55 ~0.1— j0.8 0.2
0.9 0.5
08+ 7055 0.35 + 0.95
Input 1 0.8 — §0.55 0.35 — j0.95 | %77
0815+ j05 | 0.75 F 70.55 ]
Input 2 —0.815 — 0.5 | 0.75—j0.55 | 132
—0.8+505 0.75 F 4j0.55
Input 3 0.8 — j0.5 0.75 — 50.55 3

Table 1: Poles, Zeros and Gains for the stochastic, deter-
ministic subsystems and for the 3 inputs consid-
ered.

The simulations are performed with three different in-
put spectra denoted ®1, @5, P3. See fig. 1.

1. The (stable) zeros of ®; cancel exactly the poles
of the deterministic system. However ®; is
nearly constant with frequency and u; is a nearly
white process. In this case the singular values
ak(X;/_,Z/ﬁ) = o,(U,UT) are all nearly the
same and rather small (since past and future of
a white noise form angles of 90 degrees). Then
02,..(I4) is small so that the problem, in spite of
the cancellation, is well-conditioned.

2. The zeros of ®5 are far apart from the system
poles but the input process is ill-conditioned. In

this example x(A,) ~ 105 and the identification
is rather poor.

3. The (stable) zeros of @3 cancel exactly the sys-
tem poles and in addition the input process is
ill-conditioned. In this example k(A,) is nearly
the same as in example 2. The identification is
very poor.

In all three experiments the input r.m.s. power and the
stochastic disturbance spectrum are the same so as to
keep the same SNR ratio.

Figure 1: Input spectrum. Crosses (+): Input 1, stars
(*): Input 2, circles (0): Input 3.

Figure 2: Standard deviation vs. frequency. Crosses (+):
Input 1, stars (%): Input 2, circles (0): Input 3.

5 Conclusions

The standard deviation of the deterministic transfer
function estimates corresponding to the three different
input processes is shown in fig. 2. Going from input 1 to
2 to 3, an increase of the standard deviation, roughly
of one order of magnitude (in the frequency band of
interst), is observed. The estimated poles (Fig. 3) con-
firm that the estimates worsen in the order 1 — 2 — 3.
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Figure 3: Estimated poles (N4SID robust).



